FRACTIONAL CALCULUS OF WEYL ALGEBRA AND 
FUCHSIAN DIFFERENTIAL EQUATIONS 



TOSHIO OSHIMA 



Abstract. We give a unified interpretation of confluences, contiguity relations 
and Katz's middle convolutions for linear ordinary differential equations with 
polynomial coefficients and their generalization to partial differential equa- 
tions. The integral representations and series expansions of their solutions 
are also within our interpretation. As an application to Fuchsian differential 
equations on the Riemann sphere, we construct a universal model of Fuchsian 
differential equations with a given spectral type, in particular, we construct sin- 
gle ordinary differential equations without apparent singularities corresponding 
to the rigid local systems, whose existence was an open problem presented by 
Katz. Furthermore we obtain an explicit solution to the connection problem 
for the rigid Fuchsian differential equations and the necessary and sufficient 
condition for their irreducibility. We give many examples calculated by our 
fractional calculus. 



Key words and phrases. Fuchsian systems, middle convolution, hypergeometric functions, spe- 
cial functions, Weyl algebra. 

2000 Mathematics Subject ClassiBcation. Primary 34M35; Secondary 34M40, 34M15 
Supported by Grant-in- Aid for Scientific Researches (A), No. 20244008, Japan Society of Pro- 
motion of Science 

Toshio Oshima, Graduate School of Mathematical Sciences, University of Tokyo, 7-3-1, 
Komaba, Meguro-ku, Tokyo 153-8914, Japan 
e-mail address: oshimaOms .u-tokyo . ac . jp. 



Contents 



1. Introduction 

2. Fractional operations 

2.1. Weyl algebra 

2.2. Laplace and gauge transformations and reduced representatives 

2.3. Examples of ordinary differential operators 

2.4. Ordinary differential equations 

2.5. Okubo normal form and Schlesinger canonical form 

3. Confluences 

3.1. Regular singularities 

3.2. A confluence 

3.3. Versal additions 

3.4. Versal operators 

4. Series expansion 

5. Contiguity relation 

6. Fuchsian differential equation and generalized Riemann scheme 

6.1. Generalized characteristic exponents 

6.2. Tuples of partitions 

6.3. Conjugacy classes of matrices 

6.4. Realizable tuples of partitions 

7. Reduction of Fuchsian differential equations 

8. Dclignc-Simpson problem 




12 
12 
13 
15 
20 
22 
24 
24 
28 
29 
30 
33 
35 
37 
37 
41 
43 
44 
48 
58 



2 



TOSHIO OSHIMA 



8.1. Fundamental lemmas 5S 

8.2. Existence theorem 6C 

8.3. Divisible spectral types 65 

8.4. Universal model 67 

8.5. Simply reducible spectral type S£ 

9. A Kac-Moody root system 72 

9.1. Correspondence with a Kac-Moody root system 72 

9.2. Fundamental tuples 81 

10. Expression of local solutions 84 

11. Monodromy 87 

11.1. Middle convolution of monodromies 88 

11.2. Scott's lemma and Katz's rigidity 93 

12. Reducibility 96 

12.1. Direct decompositions 9fi 

12.2. Reduction of reducibility 101 

13. Shift operators 10£ 

13.1. Construction of shift operators and recurrence relations 10£ 

13.2. Relation to reducibility 

13.3. Polynomial solutions 

14. Connection problem 

14.1. Connection formula 

14.2. An estimate for large exponents 

14.3. Zeros and poles of connection coefficients 

15. Examples 

15.1. Basic tuples 

15.2. Rigid tuples |14C 

15.3. Jordan-Pochhammer family 143 

15.4. Hypergeometric family 147 

15.5. Even/Odd family 153 

15.6. Trigonometric identities 15S 

15.7. Rigid examples of order at most 4 15S 

15.8. Other rigid examples with a small order 

15.9. Submaximal series and minimal series 

15.10. Appell's hypergeometric functions 

15.11. Okubo and Risa/Asir 

16. Further problems 188 

16.1. Multiplicities of spectral parameters 188 

16.2. Schlesingcr canonical form 188 

16.3. Apparent singularities 188 

16.4. Irregular singularities 189 

16.5. Special parameters 19C 

16.6. Shift operators 

16.7. Several variables 

16.8. Other problems 

17. Appendix 
References 



WEYL ALGEBRA AND FUCHSIAN DIFFERENTIAL EQUATIONS 



3 



1. Introduction 

Gauss hypergeometric functions and the functions in their family, such as Bessel 
functions, Whittaker functions, Hermite functions, Legendre polynomials and Ja- 
cobi polynomials etc. are the most fundamental and important special functions 



(cf. [EMO, Wa, WW|). Many formulas related to the family have been studied and 
clarified together with the theory of ordinary differential equations, the theory of 
holomorphic functions and relations with other fields. They have been extensively 
used in various fields of mathematics, mathematical physics and engineering. 
Euler studied the hypergeometric equation 

(1.1) x{l ~ x)y" + {c-{a + b+ l)x)y - aby ^ 

with constant complex numbers a, b and c and he got the solution 



(1.2) F(a, b, c; x) V -i- + ^) ' ' ' + k - l) - bjb ^ !)■ ■ . jb + k - I) 
^ ' V ' ' ' ^ c(c+ 1) • • • (c + fc - 1) • fc! 



The series i^(a, &, c; x) is now called Gauss hypergeometric series or function and 
Gauss proved the Gauss summation formula 

, N T(c)T(c~a — b) 

1-3) Fa,b,ql)= > ^ -( 

i (c — a)l (c — o) 

when the real part of c is sufficiently large. Then in the study of this function an 
important concept was introduced by Riemann. That is the Riemann scheme 

{a; = 1 oo 

a ; 

1 — c c — a — b b 

which describes the property of singularities of the function and Riemann proved 
that this property characterizes the Gauss hypergeometric function. 



The equation (1.1) is a second order Fuchsian differential equation on the Rie- 
mann sphere with the three singular points {0, 1, oo}. One of the main purpose of 
this paper is to generalize these results to the general Fuchsian differential equation 
on the Riemann sphere. In fact, our study will be applied to the following three 
kinds of generalizations. 

One of the generalizations of the Gauss hypergeometric family is the hyperge- 
ometric family containing the generalized hypergeometric function „i^„_i(a, /3; a;) 
or the solutions of Jordan-Pochhammer equations. Some of their global structures 
are concretely described as in the case of the Gauss hypergeometric family. 

The second generalization is a class of Fuchsian differential equations such as 
the Heun equation which is of order 2 and has 4 singular points in the Riemann 
sphere. In this case, there appear accessory parameters. The global structure of the 
generic solution is quite transcendental and the Painleve equation which describes 
the deformations preserving the monodromies of solutions of the equations with an 
apparent singular point is interesting and has been quite deeply studied and now 
it becomes an important field of mathematics. 

The third generalization is a class of hypergeometric functions of several vari- 



ables, such as Appell's hypergeometric functions (cf. [AK]), Gelfand's generalized 



hypergeometric functions (cf. \Gt]) and Heckman-Opdam's hypergeometric func- 



tions (cf. JHOl ). The author and Shimeno [OS studied the ordinary differential 
equations satisfied by the restrictions of Heckman-Opdam's hypergeometric func- 
tion on singular lines through the origin and we found that some of the equations 
belong to the even family classified by Simpson , which is now called a class of 
rigid differential equations and belongs to the first generalization in the above. 
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The author's original motivation related to the study in this note is a generaliza- 
tion of Gauss summation formula, namely, to calculate a connection coefficient for 
a solution of this even family, which is solved in §|lj as a direct consequence of the 



general formula (1.23) of certain connection coefficients described in Theorem 14.6 
This paper is the author's first step to a unifying approach for these generalizations 
and the recent development in general Fuchsian differential equations described be- 
low with the aim of getting concrete and computable results. In this paper, we will 
avoid intrinsic arguments and results if possible and hence the most results can be 
implemented in computer programs. Moreover the arguments in this paper will be 
understood without referring to other papers. 

Rigid differential equations are the differential equations which are uniquely de- 
termined by the data describing the local structure of their solutions at the singular 
points. From the point of view of the monodromy of the solutions, the rigid sys- 
tems are the local systems which are uniquely determined by local monodromies 



around the singular points and Katz [Kz| studied rigid local systems by defining 



and using the operations called middle convolutions and additions, which enables 
us to construct and analyze all the rigid local systems. In fact, he proved that 
any irreducible rigid local system is transformed into a trivial equation ^ = 
by successive application of the operations. In another word, any irreducible rigid 
local system is obtained by successive applications of the operations to the trivial 
equation because the operations are invertible. 

The arguments there are rather intrinsic by using perverse sheaves. Dettweiler- 



Reiter [DR, DR2] interprets Katz's operations on monodromy generators and those 



on the systems of Fuchsian differential equations of Schlesinger canonical form 



du Aj 
dx ■'^ X — c 



with constant square matrices yli, . . . , Ap. 

Here Aj are called the residue matrices of the system at the singular points 
X = Cj, which describe the local structure of the solutions. For example, the 
eigenvalues of the monodromy generator a.t x = Cj are g'^'^V^M ^ . . . ^ ^27r^/^\„ ^ 
where Ai , . . . , A„ are eigenvalues of Aj . The residue matrix of the system at a; = oo 
equals — (^i + ■■■ + Ap). These operations are useful also for non-rigid 

Fuchsian systems. 

Related to the Riemann-Hilbert problem, there is a natural problem to determine 
the condition on matrices Bq, Bi, . . . , Bp of Jordan canonical form such that there 
exists an irreducible system of Schlesinger canonical form with the residue matrices 
Aj conjugate to Bj for j = 0, . . . ,p, respectively. An obvious necessary condition 
is the equality ^^^QTT^&ce Bj = 0. A similar problem for monodromy generators, 
namely its multiplicative version, is equally formulated. The latter is called a 



mutiplicativc version and the former is called an additive version. Kostov [Ko 



Ko2| called them Deligne-Simpson problems and gave an answer under a certain 



genericity condition. We note that the addition is a kind of a gauge transformation 

u{x) H> (x — c)^u{x) 

and the middle convolution is essentially an Euler transformation or a transforma- 
tion by an Riemann-Liouville integral 

1 

u(x)^—- u{t){x -ty-^dt 

r(/u) Jc 

or a fractional derivation. 
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Crawley-Boevey [CB| found a relation between the Deligne-Simpson problem 
and representations of certain quivers and gave an explicit answer for the additive 
Deligne-Simpson problem in terms of a Kac-Moody root system. 

Yokoyama |Yo2| defined operations called extensions and restrictions on the sys- 
tems of Fuchsian ordinary differential equations of Okubo normal form 

(1.6) {.-T)^=Au. 

Here A and T arc constant square matrices such that T arc diagonalizable. He 
proved that the irreducible rigid system of Okubo normal form is transformed 
into a trivial equation ^ = by successive applications of his operations if the 
characteristic exponents are generic. 

The relation between Katz's operations and Yokoyama's operations is clarified by 
[07 1 and it is proved there that their algorithms of reductions of Fuchsian systems 
are equivalent and so are those of the constructions of the systems. 

These operations are quite powerful and in fact if we fix the number of accessory 
parameters of the systems, they are connected into a finite number of fundamental 
systems (cf. [06, Proposition 8.1 and Theorem 10.2] and Proposition 9.13), which is 
a generalization of the fact that the irreducible rigid Fuchsian system is connected 
to the trivial equation. 

Hence it is quite useful to understand how does the property of the solutions 
transform under these operations. In this point of view, the system of the equa- 
tion s, the inte g ral r epresentation and the monodromy of the solutions arc studied 
HY| in the case of the Schlesinger canonical form. 



by [DR, DR2 , HY| in the case of the Schlesinger canonical form. Moreover the 
equation describing the deformatio n p reserving the monodromy of the solutions 
doesn't change, which is proved by [SF\. In the case of the Okubo normal form the 
corresponding transformation of the systems, that of the integral representations 



of the solutions and that of their connection coefficients are studied by Yo2 1 , [Ha 



and [Vo3|, respectively. These operation are explicit and hence it will be expected 
to have explicit results in general Fuchsian systems. 

To avoid the specific forms of the differential equations, such as Schlesinger 
canonical form or Okubo normal form and moreover to make explicit calculations 
easier under the transformations, we introduce certain operations on differential 
operators with polynomial coefficients in §|^. The operations in §^ enables us to 
equally handle equations with irregular singularities or systems of equations with 
several variables. 

The ring of differential operators with polynomial coefficients is called a Weyl 
algebra and denoted by W[x] in this paper. The endomorphisms of W[x] do not 
give a wide class of operations and Dixmier [Dix| conjectured that they are the 
automorphisms of VF[a;]. But when we localize coordinate x, namely in the ring 
W{x) of differential operators with coefficients in rational functions, we have a 
wider class of operations. 

For example, the transformation of the pair (x, ^) into (x, ^ — h{x)) with any 
rational function h(x) induces an automorphism of W{x). This operation is called 
a gauge transformation. The addition in [DR, DR2| corresponds to this operation 



with h{x) 



and A, c S C, which is denoted by Ad((a; — c)'*'). 



The transformation of the pair (x, ^) into defines an important au- 

tomorphism L of H^[x], which is called a Laplace transformation. In some cases 
the Fourier transformation is introduced and it is a similar transformation. Hence 
we may also localize ^ and introduce the operators such as — c)~^ and 

then the transformation of the pair (x, ^) into (x — A(^)~^, ^) defines an en- 
domorphism in this localized ring, which corresponds to the middle convolution 
or an Euler transformation or a fractional derivation and is denoted by Ad(9~^) 
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or mcx- But the simultaneous localizations of x and ^ produce the operator 
(s)"^ o x^^ = X^fc^o '''■^"'""^ ( which is not algebraic in our sense and 

hence we will not introduce such a microdifferential operator in this paper and we 
will not allow the simultaneous localizations of the operators. 

Since our equation Pu = studied in this paper is defined on the Riemann 
sphere, we may replace the operator P in W{x) by a suitable representative P G 
C{x)P Pi W[x] with the minimal degree with respect to x and we put RP ^ P. 
Combining these operations including this replacement gives a wider class of op- 
erations on the Weyl algebra VF[x]. In particular, the operator corresponding to 
the addition is RAd((x — c)^) and that corresponding to the middle convolution 
is RAd(9~'^) in our notation. The operations introduced in §|| correspond to cer- 
tain transformations of solutions of the differential equations defined by elements of 
Weyl algebra and we call the calculation using these operations fractional calculus 
of Weyl algebra. 

To understand our operations, we show that, in Example ^.8| , our operations 
enables us to construct Gauss hypergeometric equations, the equations satisfied by 
airy functions and Jordan-Pochhammer equations and to give integral representa- 
tions of their solutions. 

In this paper we mainly study ordinary differential equations and since any or- 
dinary differential equation is cyclic, namely, it is isomorphic to a single differential 



operator Pu = (cf. §2.4), we study a single ordinary differential equation Pu = 
with P S In many cases, we are interested in a specific function u{x) which 

is characterized by differential equations and if u{x) is a function with the single 
variable x, the differential operators P G W{x) satisfying Pu{x) = are gener- 
ated by a single operator and hence it is naturally a single differential equation. 
A relation between our fractional calculus and Katz's middle convolution is briefly 



explained in §2.5 



In §3J^ we review fundamental results on Fuchsian ordinary differential equations. 
Our Weyl algebra W[x\ is allowed to have some parameters Cii • ■ • and in this case 
the algebra is denoted by The position of singular points of the equations 

and the characteristic exponents there are usually the parameters and the analytic 
continuation of the parameters naturally leads the confluence of additions (cf. §^). 

Combining this with our construction of equations leads the confluence of the 
equations. In the case of Jordan-Pochhammer equations, we have versal Jordan- 
Pochhammer equations. In the case of Gauss hypergeometric equation, we have 
a unified expression of Gauss hypergeometric equation, Kummer equation and 
Hermite- Weber equation and get a unified integral representation of their solu- 



tions (cf. Example 3.5). After this section in this paper, we mainly study single 
Fuchsian differential equations on the Riemann sphere. Equations with irregular 
singularities will be discussed elsewhere. 

In §^ and §^ we examine the transformation of series expansions and contiguity 
relations of the solutions of Fuchsian differential equations under our operations. 

The Fuchsian equation satisfied by the generalized hypergeometric series 

(1.7) ^ (/3i)fc...(/3„_i)„_ifc! 

with (7)fc :=7(7+l)---(7 + fc-l) 

is characterized by the fact that it has (n — l)-dimensional local holomorphic solu- 
tions at a; = 1, which is more precisely as follows. The set of characteristic exponents 
of the equation at x = 1 equals {0, 1, . . . , n— 1, — with ai + - ■ ■+an = + - ■ ■+I3n 
and those at and oo are {1 — . . . , 1 — 0} and {ai, . . . , a„}, respectively. 

Then if a; and 13 j are generic, the Fuchsian differential equation Pu = is uniquely 
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characterized by the fact that it has the above set of characteristic exponents at 
each singular point or 1 or oo and the monodromy generator around the point is 
semisimple, namely, the local solution around the singular point has no logarithmic 
term. We express this condition by the (generalized) Riemann scheme 



X — 1 oo 

[0](n-l) "1 



(1.8) 



1 - 





[A] 



(fc) 



f ' \ 

A + 1 



VA + fc-iy 



In particular, when n = 3, the (generalized) Riemann scheme is 




oo 
ai 

0.2 



The corresponding usual Riemann scheme is obtained from the generalized Rie- 
mann scheme by eliminating ^ and ^ . Here [0](„_i) in the above Riemann scheme 

means the characteristic exponents 0,1,..., n — 2 but it also indicates that the 
corresponding monodromy generator is semisimple in spite of integer differences of 
the characteristic exponents. Thus the set of (generalized) characteristic exponents 
{[0](„_i), — at a; = 1 is defined. Here we remark that the coefficients of the 
Fuchsian differential operator P which is uniquely determined by the generalized 
Riemann scheme for generic and Pj are polynomial functions of ai and Pj and 



hence P is naturally defined for any Ui and j3j as is given by (15.21). Similarly the 
Riemann scheme of Jordan-Pochhanimer equation of order p is 



(1.9) 




[0](p-i) 



+ Ap_i + Ap + (p - 1)A; 



oo 

[Ap](p- 
A„ 



p-l. 



The last equality in the above is called Fuchs relation. 

In §^ we define the set of generalized characteristic exponents at a regular singular 
point of a differential equation Pu = 0. In fact, when the order of P is n, it is the 
set {[Ai](„ij), . . . , [Afe](m^.)} with a partition n ~ mi + - ■ ■+mk and complex numbers 
Ai, . . . , A/;. It means that the set of characteristic exponents at the point equals 



1 and j ~ 1, . . . , fc} and the corresponding monodromy 



{Xj + ly ■ V = 0, . . . ,n 
generator is semisimple if Xi — Xj ^ Z for 1 < i < j < k. In §6.1 wc define the 
set of generalized characteristic exponents without the assumption A^ — Xj ^ Z 
for 1 < i < j < k. Here we only remark that when Ai = Ai for i = 1, . . . , /c, it 
is also characterized by the fact that the Jordan normal form of the monodromy 
generator is defined by the dual partition of n = mi + ■ ■ ■ + together with the 
usual characteristic exponents. 

Thus for a single Fuchsian differential equation Pu = on the Riemann sphere 
which has p+1 regular singular points cq, 
scheme 



we define a (generalized) Riemann 



(1.10) 



X — Co Ci 

[Ao,l](mo,i) [Al,l](mi,i) 



[Ap,l](mp,i) 



[Ao 
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Here n = + • • • + Wj.mj for j = 0, . . . ,p and n is the order of P and Xj^i, G 
The (p + l)-tuple of partitions of n, which is denoted by m = ('^i,^) j=o,...,p , i 



IS 



called the spectral ty pe of P and the Riemann scheme ( I.IC ). Here we note that 
the Riemann scheme (1.10) should always satisfy the Fuchs relation 



(1.11) 



(1.12) 



p rip 

i{Am}i -^y^.y^ m^i,^>^. 



idxm 



i=0 
p rip 

EE' 

j=0 u=l 



rdm - 



i idx m = 0, 



[p — 1) ordm. 



Here idx m coincides with the index of rigidity introduced by |Kz| . 

In fj6[ after introducing certain representatives of conjugacy classes of matrices 
and some notation and concepts related to tuples of partitions, we define that 
the tuple m is realiz able if there exists a Fuchsian differential operator P with 
the Riemann scheme ( l.lOj ) for generic complex numbers Aj.^ under the condition 



(1.11). Furthermore, if there exists such an operator P so that Pu = is irreducible, 
we define that m is irreducibly realizable. 

Lastly in §^ we examine the generalized Riemann schemes of the product of 
Fuchsian differential operators and the dual operators. 

In §1^ we examine the transformations of the Riemann scheme under our op- 
erations corresponding to the additions and the middle convolutions, which de- 
fine transformations within Fuchsian differential operators. The operations induce 
transformations of spectral types of Fuchsian differential operators, which keep 
the indices of rigidity invariant but change the orders in general. Looking at the 
spectral types, we see that the combinatorial aspect of the reduction of Fuchsian 
differential operators is parallel to that of systems of Schlesinger canonical form. 
In this section, we also examine the combination of these transformation and the 
fractional linear transformations. 

As our interpretation of Deligne-Simpson problem introduced by Kostov, we 
examine the condition for the existence of a given Riemann scheme in We 
determine the conditions on m such that m is realizable and irreduci bly re alizable, 
respectively, in Theorem B.13. Moreover if m is realizable. Theorem B.IS gives an 



explicit construction of the universal Fuchsian differential operator 



Prr 



(1.13) 



A = (A,,.) 



j=o,. 

u=l,. 



,P 1 



— + ^afc(x,A,g)— ^, 
,ffJv)GC^ 



9 = (51 



with the Riemann scheme (|l.lO| ), which has t he fo llowing properties. 

For fixed complex numbers Aj.^ satisfying ( |l.ll[) the operator with the Riemann 
scheme (I.IC) satisfying cq = 00 equals Pm for a suitable g e up to a left 
multiplication by an element of C(a;) if are "generic", namely, 

(1.14) (A(A)|a) i {-1,-2,. .., 1 - {a\a^)] for any a e A(m) with {a\a^) > 1 



under the notation used in (1.21), or m is fundamental or simply reducible (cf. Dcfi 
nition B.14 and §8.5), etc. Here gi 
N 



gN are called accessory parameters and if m 
idx m. In particular, if there is an irreducible and 



is irreducibly realizable, A'^ = 1- 
locally non-degenerate (cf. Definition 11. 8D operator P with the Riemann scheme 
(I.IC), then Aj_,y are "generic". 

The coefficients ak{x, X,g) of the differential operator P^ arc polynomials of the 
variables x, A and g. The coefficients satisfy = and furthermore g^ can 
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be equal to suitable ai^j^ under the expression Pm ~ S'^i.i^'sj' ^^'^ ^^"^ pairs 
iiuijv) for v = 1, . . . , N are explicitly given in the theorem. 

The universal operator Pm is a classically well-known operator in the case of 
Gauss hypergeometric equation, Jordan-Pochhammer equation or Heun's equation 
etc. and the theorem assures the existence of such a good operator for any realizable 
tuple m. We define the tuple m is rigid if m is irreducibly realizable and moreover 
iV = 0, namely, Pm is free from accessory parameters. 

In particular, the theorem gives the affirmative answer for the following ques- 
tion. Katz asked a question in the introduction in the book [Kz| whether a rigid 
local system is realized by a single Fuchsian differential equation Pu = without 
apparent singularities (cf. Corollary 12.12 iii)). 

It is a natural problem to examine the Fuchsian differential equation PmU = 
with an irreducibly realizable spectral type m which cannot be reduced to an 
equation with a lower order by additions and middle convolutions. The tuple m 
with this condition is called fundamental. 

The equation PmU = with an irreducibly realizable spectral type m can bo 
transformed by the operation dmax (cf. Definition 7.6) into a Fuchsian equation 
Pm'V = with a fundamental spectral type m'. Namely, there exists a non- negative 
integer K such that Pm' ~ d^^^Pm and we define /m := m'. Then it turns out 
that a realizable tuple m is rigid if and only if the order of /m, which is the order 
of P/m by definition, equals 1. Note that the operator dmax is essentially a product 
of suitable operators RAd((x — cj)^^) and RAd(9^^). 

In this paper we study the transformations of several properties of the Fuchsian 
differential equation P^u = under the additions and middle convolutions. If they 
are understood well, the study of the properties are reduced to those of the equation 
PfmV = 0, which are of order 1 if m is rigid. We note that there are many rigid 

Ti\c there are 187 different rigid spectral types m 



spectral types m and for exam 
with ord m < 8 as are given in §|15.2 



As in the case of the systems of Schlesinger canonical form studied by ||CI 
the combinatorial aspect of transformations of the spectral type m of the Fuchsian 
differential operator P induced from our fractional operations is described in §^ 
by using the terminology of a Kac-Moody root system (11, Here 11 is the 

fundamental system of a Kac-Moody root system with the following star-shaped 
Dynkin diagram and Woo is the Wcyl group generated by the simple reflections Sa 
for a e n. The elements of 11 are called simple roots. 

Associated to a tuple m of (p -I- 1) partition s of a positive integer n, we define 
an element am in the positive root lattice (cf. §9.1, (3.5)): 



(1.15) 



n := {ao, aj> ; j = 0, 1, . . . , = 1, 2, . . .}, 

Woo ■■= (sa ; a e n), 

p rij — l rij 

(am I am) = idxm, 



ao.i ao.2 



ail ai2 

o—o — 




OL2,l 0!2,2 

■ o— 

0:3,1 03.2 



We can define a fractional operation on Pm which is compatible with the action of 
w G Woo on the root lattice (cf. Theorem |9^ : 

{^m : Fuchsian differential operators} — > {(A(A),am) ; ^m G A+} 



(1.16) 



J, fractional operations 



iWo. 



-action, +tA^j 



{Pm ■ Fuchsian differential operators} {(A(A),am) ; ctm G ^+}- 
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Here r e C and 



p oo 



A° := ao + ^(1 + v)an^r. + XlIZ^l " 

3 = 1 y=l 



(1.17) 



1^=1 

1 I P °° 

p oo 

A(A) :=-Ao-^5^(^A,,.)a,,. 

j = l/=l 4=1 

and these linear combinations of infinite simple roots are identified with each other 
if their differences are in CA°. We note that 



(1.18) 



|{Am}| = (A(A) + iamlam). 



The realizable tuples exactly correspond to the elements of the set A+ of positive 
integer multiples of the positive roots of the Kac- Moody root system whose support 
contains ao and the rigid tuples exactly correspond to the positive real roots whose 
support contain ao- For an element w € Woo and an element a € A+ we do not 



consider wa in the commutative diagram (1.16) when wa ^ A+. 

Hence the fact that any irreducible rigid Fuchsian equation PmU = is trans- 
formed into the trivial equation ^ = by our invertible fractional operations 
corresponds to the fact that there exists w G Woo such that = ckq because am 
is a positive real root. The monotone fundamental tuples of partitions correspond 
to ao or the positive imaginary roots a in the closed negative Weyl chamber which 
are indivisible or satisfies (a|a) < 0. A tuple of partitions m = (mj.j,) j=o,...,p is 



said to be monotone if ruj^i 
prove the exact estimate 

(1.19) 



> m 



for j = 0, . . . ,p. For example, we 



ordm < 31 idxml + 6 



for any fundamental tuple m in §9.2. Since we may assume 
(1.20) p<i|idxm|+3 

for a fundamental tuple m, there exist only finite number of monotone fundamental 
tuples with a fixed index of rigi dity. We list th e fun damental tuples of the index of 
rigidity or —2 in Remark 3.9 or Proposition ^.10 , respectively. 

Our results in and §y give an integral expression and a power series ex- 

pression of a local solution of the universal equation ~ corresponding to the 
characteristic exponent whose multiplicity is free in the local monodromy. These 
expressions are in § |l0| . 

In §11.1 we review the monodromy of solutions of a Fuchsian differential equation 
from the view point of our operations. The theorems in this section are given by 
[ PR , DR2 , Kz , Kc|. In § 11.2 we review Scott's lemma [|S^ and related results with 



their proofs, which are elementary but important for the study of the irreducibility 
of the monodromy. 
In 



12.1 



we examine the condition for the decomposition Pm = Pm'Pm" of 
universal operators with or without fixing the exponents {Aj_^}, which implies the 
reducibility of the equation PmU = 0. In §12.2 we study the value of spectral 
parameters which makes the equation reducible and obtain Theorem 12.10. In 



particular we have a necessary and sufficient condition on characteristic exponents 
so that the monodromy of the solutions of the equation P^u = with a rigid 
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spectral type m is irreducible, which is given in Corollary 12.12 or Theorem 12.13. 
When TOj,i > mj^2 > • • • for any j > 0, the condition equals 

(1.21) (A(A)|a) ^ Z (Va e A(m)). 

Here A(m) denotes the totality of real positive roots a such that WmCt are nega- 
tive and Wm is the element of Woo with the minimal length so that ao = WmQ^m 
(cf. Definition 9.8 and Proposition v)). The number of elements of A(m) equals 
the length of Wm, which is the minimal length of the expressions of Wm as products 
of simple reflections Sa with a € IT. 

In § p^ we construct shift operators between rigid Fuchsian differential equations 
with the same spectral type such that the differences of the corresponding charac- 
teristic exponents are integers. Theorem 13. 5| gives a recurrence relation of certain 
solutions of the rigid Fuchsian equations, which is a generalization of the formula 



(1.22) 



c(yF(a, h + l,c; x) — F{a, b, c; x)) — axF{a + 1, + 1, c + 1; x) 



and moreover gives relations between the universal operators and the shift operators 
in Theorem 13.3 and Theorem 13.7. In particular, Thorem 13.7 gives a condition 



which assures that a universal operator is this shift operator. 

The shift operators are useful for the study of Fuchsian differential equations 
when they are reducible because of special values of the characteristic exponents. 



Theorem 13.9 give a necessary condition and a sufficient condition so that the shift 
operator is bijectivc. In many cases we get a necessary and sufficient condition by 
this theorem. As an application of a shift operator we examine polynomial solutions 
of a rigid Fuchsian differential equation of Okubo type in 
In 



13.3 



14.1 we study a connection problem of the Fuchsian differential equation 



0. 



First we give Lemma 14.2 which describes the transformation of a 
connection coefficient under an addition and a middle convolution. In particular, 
for the equation PmU = satisfying mo^ng 
connection coefficient c(co : Ao,tio ci : Ai,- 
to the exponent Ao,no 



nil 



1, Theorem 14.4 says that the 



) from the local solution corresponding 
to that corresponding to Ai,„j in the Riemann scheme ( 1.10| ) 
equals the connection coefficient of the reduced equation PfmV = up to the gamma 
factors which are explicitly calculated. 



In particular, if the equation is rigid. Theorem 14.6 gives the connection coeffi- 
cient as a quotient of products of gamma functions and an easier non-zero term. For 
example, when p = 2, the easier term doesn't appear and the connection coefficient 
has the universal formula 

no — 1 71 1—1 

Y[ r(Ao,„„ - Ao,, + 1) • n r(Ai,, - Ai,„J 

(1.23) c{co:Xo,no-^ci:\i,ni) ^ — 



n r(|{A™4|) 



m tt)m — m 
mn „^ — m'/ „ , — 1 



Here the notation (1.11) is used and m = m' m" means that m = m' + m" with 



rigid tuples m' and m". Moreover the number of gamma factors in the above de- 
nominator is equals to that of the numerator. The author conjectured this formula 
in 2007 and proved it in 2008 (cf. ]0^). The proof in § pZT| is different from the 
original proof, which is explained in §14.3. 

Suppose p — 2, ordm = 2, rrij 
equals 

24) r(Ao,2-AQ,i + l)r(Ai,2-Ai,i) 

^' ' r(Ao,l+Ai,2+A2,l)r(Ao,l+Ai,2 + A2,2)' 

which implies ( |l.3| ) under (|l.4|). 



1 for < j < 2 and 1 < J/ < 2, Then (1.23) 
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The hypergeometric series F{a, h, c; x) satisfies limfe_j.+oo -F(a, h,c -\- k]x) ~ 1 
if |a;| < 1, wliicli obviousiy impiies iimfc_i.+oo ^"(a, fe, c + fc; 1) = 1. Gauss proves 
the summation formula (1.3) by this limit formula and the recurrence relation 
F{a,b,c; 1) = ^^^^^^^F{a,b,c + 1; 1). We have limfc^+op c(co : Ao,„o + k ci : 
Ai,ni — fc) = 1 in the connection formula ( p_.25| ) (cf. Corollary 14.7 ). This suggests a 
similar limit form ula fo r a local solution of a general Fuchsian differential equation, 
which is given in 5^14.2. 



we propose a procedure to calculate the connection coefficient (cf. Re- 
mark 14.19), which is based on the calculation of its zeros and poles. This procedure 
is different from the proof of Theorem 14.6 in §14.1 and useful to calculate a certain 



connection coefficient between local solutions with multiplicities in eigenvalues of 
local monodromies. The coefficient is defined in Definition 14.17. 

In § [l5| we show many examples which explain our fractional calculus in this paper 
and also give concrete results of the calculus. In §15.1 we list all the fundamental 
tuples whose indices of rigidity arc not smaller than —6 and in §15.2 we list all the 
rigid tuples whose orders are not larger than 8, most of which are calculated by 
a computer program okubo explained in § [15.11[ In §15.3 and §15.4 we apply our 
fractional calculus to Jordan-Pochhammer equations and the hypergeometric fam- 
ily, respectively, which hel ps us to understand our unifying study of rigid Fuchsian 
differential equations. In § 15. 5| we apply our fractional calculus to the even/odd 
family classified by and most of the results there have been first obtained by 
the calculus. 

In § 15.7 , § 15.8 and j |l5.£ we study the rigid Fuchsian differential equations of 
order not larger than 4 and those of order 5 or 6 and the equations belonging to 12 
submaximal series classified by [Elo|, respectively. Note that these 12 maximal se- 
ries contain Yokoyama's list [Yo]. In §15.9.2, we explain how we read the condition 



of irreducibility, connection coefficients, shift oper a tors etc. of the corresponding 
differential equation from the data given in §15. 7 -§15. 9. In §15.6, we show some 



interesting identities of trigonometric functions as a consequence of the concrete 
value (1.23) of connection coefficients. We examine Appell's hypergeometric equa- 



15.10 by our fractional calculus, which will be further discussed in another 




tions in 
paper. 

we give some problems to be studied related to the results in this paper, 
a theorem on Coxeter groups is given, which was proved by K. Nuida 
through a private communication between the author and Nuida. The theorem is 
useful for the study of the difference of various reductions of Fuchsian differential 
equations (cf. Proposition |9.9| v)). The author greatly thanks Nuida for allowing 
the author to put the theorem with its proof in this paper. 

The author express his sincere gratitude to Kazuo Okamoto and Yoshishige 
Haraoka for the guidance to the subjects developed in this paper and to Kazuki 
Hiroe for reading the manuscript of this paper. 



2. Fractional operations 

2.1. Weyl algebra. In this section we define several operations on a Weyl alge- 
bra. The operations are elementary or well-known but their combinations will be 
important. 

Let C[xi, . . . , Xn] denote the polynomial ring of ri independent variables xi, . . . ,Xn 
over C and let C{xi, . . . , x„) denote the quotient field of C[a;i, . . . , a;„]. The Weyl 
algebra W[xi, . . . , a;„] of n variables xi, . . . ,Xn is the algebra over C generated by 
cci , . . . , x„ and , ■ ■ ■ , gf- with the fundamental relation 

(2.1) [x.^^a:,] = [£-,£-]=0, [£-,x,]^S,^, {l<^,J<n). 
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We introduce a Weyl algebra W[xi, . . . ,a;„][^i, . . . with parameters ^i, . . . ,^Ar 
by 

W[X1,. . . ,X„][fi, . . . ,^Ar] := C[^i, . . . ,CAf] «) W[X1,. ..,Xn] 

C 

and put 

W[X1, . . ■,Xn-Al, ■■■,^n] ■■= C(fi, . . . ,^Ar) (g) W[xi,. . . ,X„], 

c 

W{xi,. . . ,x„;^i, . . . ,^jv) := C(.ti, . . . ,x„,^i, . . ® W[xi, . . . ,a;„]. 

Here we have 

(2.2) [x,, = = (1 < i < n, 1 < < N), 



dxi' fl dxi V/. 

^ . f - „ . £1. 



- ^"^^ — (/, e C[a;i,...,x„,^i,...,^Ar]) 



P 

^'^^ tall'/] = C[a::i,...,x„,^i,...,^Ar]. 
For simphcity we put x = (xi, . . . ,a;„) and ^ = (^i, . . . ,^Ar) and the algebras 

C[xi,. . . ,Xn]-, C{xi, . . . ,Xn), W[xi, . . . , Xn][il, ■ ■ ■ ■, £,n], W[xi, . . . , Xn, £.1, ■ ■ ■ , £,n], 

W(a;i, . . . , x„; ^1, . . . , ^at) etc. are also denoted by €.[x\, C(x), W^[a;;^], 
W{x\£) etc., respectively. Then 

(2.4) C[x,e] C W[xM] C W[x-£] C W'(x;e). 
The clement P of M^(a;;^) is uniquely written by 

(2.5) p= j2 pa(a;,0 gfrr..t,7o„ (p„(a:,o€C(x,c)). 

«=(«!,. ..,a„)eZ|Q -'- 

Here Z>o = {0, 1,2,...}. Similar we will denote the set of positive integers by Z>o. 
If P e W{x; £) is not zero, the maximal integer ai + • • • + a„ satisfying pa{x, ^ 
is called the order of P and denoted by ordP. If P G Pq(x,^) are 

polynomials of x with coefficients in C(^) and the maximal degree of Pa{x,£,) as 
polynomials of x is called the degree of P and denoted by deg P. 



2.2. Laplace and gauge transformations and reduced representatives. First 
we will define some fundamental operations on M^[a;;^]. 

Definition 2.1. i) For a non-zero clement P e W{x;£) we choose an element 
{C{x,£) \ {0})Pn with the minimal degree and denote it by RP and call 

it a reduced representative of P. If P = 0, we put RP = 0. Note that RP is 
determined up to multiples by non-zero elements of C(^). 

ii) For a subset / of {1, . . . , n} we define an automorphism L/ of VF[a;; ^]: 

We put L = L{i_...^„} and call L the Laplace transformation of iy[a;;^]. 

iu) Let Wl{x;S,) be the algebra isomorphic to W{x;£,) which is defined by the 
Laplace transformation 

(2.7) L:W{x;0 ^ Wl{x;0 ^ W{x;0- 
For an element P € Wl{x;£,) we define 

(2.8) Rl(P) := L-^oRoL(P). 
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Note that the element of Wl{x; ^) is a finite sum of products of elements of C[x] 
and rational functions of (g§^, ■ • ■ , gf-, ^i, • ■ • , (,n)- 
Wc will introduce an automorphism of W{x; ^). 

Definition 2.2 (gauge transformation). Fix an element (ft-i, . . . , /i„) S C(x,^)" 
satisfying 

„N dhi dhj ,^ . 

We define an automorphism Adei(/ii, . . . , /i„) of W{x; ^) by 
Adei(/ii, . . . , hn){xi) = Xi (i = 1, . . . 

(2.10) Adei(;ii,...,/i„)(^) = ^ -/i, (^ = l,...,r^), 

Adei(/ii, . . . , /i„)(e.) - (i. = 1, . . . , iV). 

Choose functions / and g satisfying = hi for i = 1, . . . , n and put / = and 

(2.11) Ad(/) = Ade(,9) = Adei(/ii, . . . , /i„). 

We will define a homomorphism of W{x;(,). 

Definition 2.3 (coordinate transformation). Let (j) = (0i, . . . , (pn) be an element 
of C(.Ti, . . . , Xm, C)" such that the rank of the matrix 



l<z<m 
l<j<n 



equals n for a generic point {x,£_) G C™+^. Let ^ = (^ipij^x,^)) i<i<n be an 

l<j<m 

left inverse of $, namely, is an identity matrix of size n and m > n. Then a 
homomorphism from Vl^(a;i, . . . , Xn',0 to W^(a;i, . . . , Xm,; ^) is defined by 

^^(a;*) = 0i(a;) {l<i<n,), 
^'•''^ T^;(a|-)-E^..(-^Oaf- (l<^<n). 

If m > n, we choose linearly independent elements h^, = {h^^i, . . . , hi,^,n) of C(x, ^)'" 
for v = 1, . . . ,m — n such that ipi^ih^^i + • • • + '4'i,mhu.m = for i = 1, . . . , n and 
I' = 1 , . . . , m — n and put 

rn—n rn 

(2.14) JC* (0) := ^ C(x, 5] /i.., gf- e W{x; 0- 

The meaning of these operations are clear as follows. 

Remark 2.4. Let P be an element of W{x; ^) and let u{x) be an analytic solution 
of the equation Pu = with a parameter ^. Then under the notation in Dcfini- 
-U, we have (RP)u(x) = (Ad(/)(P))(/(a;)u(x)) = 0. Note that RP is 



tions 2.1 



defined up to the multiplications of non-zero elements of C(^). 
If a Laplace transform 



(2.15) (7^feM)(x)= / e-'-"'"'— u{h,...,tk,Xk+i,...,Xn)dti---dtk 



of u{x) is suitably defined, then (L[i ky(RP)){TZku) = 0, which follows from 

the equalities = 7^fe(-a;,^t) and = Jc J- (e"''i*i ^'=*'=u(i, ccfc+i, . . .))dt = 

—XiRkU + TZk{^) for i = 1, . . . , fc. Moreover we have 

f{x)nkRPu = /(.T)(i{l,...,,}(RP))(7^fcu) = (Ad(/)L{i....,fe}(RP))(/(.T)7efcw). 
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Under the notation of Definition |2.3| , we have T^{P)u{(j)i{x), . . . , (j)nix)) = and 
Ou((/)i(a;),...,(/)„(a;)) = for Q e /C*((/)). 

Another transformation of W[x] based on an integral transformation frequently 



used will be given in Proposition 15.1 



We introduce some notation for combinations of operators we have defined. 

Definition 2.5. Retain the notation in Definition 2.1-2?^ and recall that / = 
and K = 

(2.16) RAd(/) =RAde(,g) = RAdei(/ii,...,/i„) :=RoAdei(/ii,...,/i„), 

AdL(/) = AdeL(/i) AdeiL(/ii, . . . , K) 
:= L^^ o Adei(ft.i, . . . , /i„) o L, 
RAdL(/) = RAdeL(/i) RAdciL(/ii, . . . , /i„) 
L^^ o RAdei(/ii, . . . , /i„) o L, 
:=L-ioAd(a;f)oL, 
;=L"ioRAd(a;f)oL. 



(2.17) 



(2.18) 



(2.19) Ad(a,^J 

(2.20) RAd(a^.) 



Here /i is a complex number or an element of C(^) and Ad (9^.) defines an endo- 
morphism of Wl{x] ^). 

We will sometimes denote by dx^ or di for simplicity. If n = 1, we usually 
denote a;i by a; and g|- by ^ or dx or d. We will give some examples. 

Since the calculation Ad(a;~^)9 = x^ o d o x^' ~ x^f^ixf^d + fix'^^^) = d + ^x^^ 
is allowed, the following calculation is justified by the isomorphism (2.7): 

Ad{d-'')x"' = d-" o o 



This calculation is in a ring of certain pseudo-differential operators according to 
Leibniz's rule. In general, we may put Ad(i9~'')P = d~'^ o P o ioi P G W[x; ^] 
under Leibniz's rule. Here m is a positive integer and we use the notation 

^ r(m + 1) ml 



(2.21) (m). := n(/^ + *) 



ly J ' T{m - ly + l)r{iy + I) [m - 1^)1^1' 



2.3. Examples of ordinary differential operators. In this paper we mainly 
study ordinary differential operators. We give examples of the operations we have 
defined, which are related to classical differential equations. 

Example 2.6 (n = 1). For a rational function h{x,£,) of x with a parameter ^ 
we denote by / h{x,^)dx the function g{x,£,) satisfying -£:g{x,(,) = h{x,^). Put 
f{x,£,) = e^'^^'^^ and define 

(2.22) ^■=x-^. 

ax 

Then we have the following identities. 

(2.23) Adei(/i)9 = d-h = Ad{ef ^^^■^'^'')d = g/''^^)''^ o 9 o e" / 



16 



TOSHIO OSHIMA 



(2.24) 




Ad{f)x 


[Z.Zb) 




Ad(A/) 


(2.26) 




Ad(/)(9 


(2.27) 


Ad(( 




(2.28) 


Ad ((a; 




(2.29) 


RAd((a; 






RAdL((a; 


-c)^)x 


(2.30) 






(2.31) 


RAdL((a; 


-c)')d 



(2.32) 
(2.33) 



(2.35) 



X, Ad((x-c)^)a = 9-^, 
Ad((.T - c)^) {{x - c)d) = (.T - c 
L-^ oKM{{x - c)^){-d) 
L-\{x-c){-d) + \) 
{d — c)x + X ^ xd ~ cx + 1 + X, 



Ad(9^)i9 = AdL(a;^)i9 i9 + A, 



A(2--c)" 



Ad(e ' m ' )x = X, Ad(e ^ra' )d^d-X{x-c)"'-\ 
' X + X{d - c)"'-^ im>l), 



(2.34) RAdL(e ^'""-''"' ) 



id 



x + X (to < -1) 



T(;_,),„(x) = (x - c)", r(;_,)„(9) = i(x - c)^ 



Here to is a non-zero integer and A is a non-zero complex number. 



Some operations are related to Katz's operations d efine d by [Kz|. The operation 
RAd((a; — cY) corresponds to the addition given in |DR| and the operator 



(2.36) 



mc^, ■= RAd(a-^) = RAdL(a-- 



corresponds to Katz's middle convolution and the Euler transformation or the 
Riemann-Liouville integral (cf. KB, §5.1]) or the fractional derivation 



(2.37) 



1 



L{t){x^tf-^dt. 



Here c is suitably chosen. In most cases, c is a singular point of the multi-valued 
holomorphic function u{x). The integration may be understood through an analytic 
continuation with respect to a parameter or in the sense of generalized functions. 
When u{x) is a multi- valued holomorphic function on the punctured disk around 
c, we can define the complex integral 



(2.38) (4n^i))(x) := 



(a;+,c+,a: — ,c— ) 



u{z){x- zY'^dz ((j^ 



c -starting point 



through Pochhammer contour (x4-, c+, , c— ) along a double loop circuit (cf. 
I WW, 12.43]). If [z — c)^^u{z) is a meromorphic function in a neighborhood of the 
point c, we have 



(2.39) 



{iii{u)){x) 



^) / u{t){x^tf-^dt. 
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For example, we have 
(2.40) 



r(/i) 

r(A + Ai + i)^ ^ ' 

4^2g7r(A+p)V^ 



\l-s)''-^ds {x-t^{l~s){x-c)) 



(2.41) /.^((x-c)^) 
For k e Z>o we have 

(2.42) 4^((a;-c)Mog(x-c)) 
We note that since 



r(-A)r(i -/i)r(A + /i + 1) 



A+/i+l 



r(i - ^)r(/i + A: + 1) 



{x-c) 



and 



we have 
(2.43) 



u'{t){x-tr-u{t)±{x-tr 

xu'{t){x - ty-^ - tu'{t){x - ty-^ 



Il^{^u) = {^-^i)Ilf{u). 



^u{t){x — t) 



Ai-1 



Remark 2.7. i) The integral (2.37) is naturally well-defined and the equalities ( 2.43| ) 
are valid if Re A > 1 and \\mx^cX~^u{x) — 0. Depending on the definition of I^, 
they are also valid in many cases, which can be usually proved in this paper by 
analytic continuations with respect to certain parameters (for example, cf. (i.6)). 
Note that ( ^!43|) is valid if is replaced by 1^ defined by (^Isj) . 

ii) Let e be a positive number and let u{x) be a holomorphic function on 

:= {x e C ; |x - c| < e and e'^^x - c) ^ (-co, 0]}. 

Suppose that there exists a positive number 5 such that \u{x){x~ c)^'^! is bounded 
on {x € V^g ; I Arg(x — c) — 9\ < 5} for any fc > 0. Note that the function Pu{x) 
also satisfies this estimate for P £ W[x]. Then the integration (2.37) is defined 
along a suitable path C : 7(t) (0 < i < 1) such that 7(0) = c, 7(1) = x and 
I Arg(7(t) -c)-6'|<(5forO<i<i and the equalities ( ^.43] ) are valid. 

Example 2.8. We apply additions, middle convolutions and Laplace transforma- 
tions to the trivial ordinary differential equation 



(2.44) 



ax 



which has the solution u{x) = 1. 
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i) (Gauss liypergeometric equation). Put 

Px.M.f. ■.= RAd{d-'')oRAd{x^'{l-x)^')d 
^ RAd(a-^) o R(9 - Al + ^) 

RAd(a"^) {x{l - x)d -Xi{l-x) + X2x) 
= RAd(a-^) ((i? - Ai) - .t(i9 - Ai - A2)) 
= Ad(a-^) ii^ + l- Xi)d - (i9 + - Ai - A2)) 
= {'d + l-Xi-n)d-{^ + l- - Ai - A2 - m) 
= (i9 + 7)9- + + 
= x{l - x)d^ + (7 - (a + ^ + l)x)d - aP 



(2.45) 



with 
(2.46) 

We have a solution 



a = — Ai — A2 — ^, 
J = I - Xi - n. 



u{x)=I^{x^'{l~x)^'') 
1 



r(M) Jo 



<^l(l -t)-^=(.T-t)^-ldt 



'{I - s)''-^{l - xs)^^ds {t = xs) 



(2.47) 



r(/^) Jo 

r(Ai + l)a;^i+'^ 

r(Ai + M + i) 

r(Ai + l)a;-^i+^(l - a-)-^^+^- 



r(Ai + Ai + i) 

r(Ai + l)a;^i+^(l - x)-^^ 



F{-X2,Xi + l,Xi+ fi+l;x) 

F{iJi, Ai + A2 + M, Ai + /I + 1; a;) 



F{n,~X2,Xi + ^+ 1; 



r(Ai+M+l) " ' " ' ''a;-r 

of the Gauss hypcrgcomctric equation P\^,\2.^i,u ~ with the Riemann scheme 

{a; = 1 00 
1 - /i ; x 

Ai + M X2+ fJ. -Ai - A2 - M 

which is transformed by the middle convolution mc^ from the Riemann scheme 

X = 1 00 
Ai A2 -Ai - A2 ;x 

of x'^^ (1 — a;)'*'^. Here using Riemann's P symbol, we note that 

{.T = 1 00 
1 - /i ; X 

Xi+fi A2 + ^ -Ai - A2 - 

a; = 1 00 

= a:^i+''P<| -Xi-^i Ai + 1 ; a: 
A2 + /-t — A2 

.T = 1 



- x^'+f^il-xy^+T {-Xi- ^i -X2-H Xi+ X2+ + l ; X 



~1 A2 
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{X = 1 OO 

-Xi-fi A1+A2 + I -A2 ; — 
X — 
0/., 

In general, the Riemann scheme and its relation to mc^ will be studied in ^ and 
the symbol 'P' will be omitted for simplicity. 

The function u{x) defined by (2.47) corresponds to the characteristic exponent 
Ai + /i at the origin and depends meromorphically on the parameters Ai, A2 and fi. 
The local solutions corresponding to the characteristic exponents A2 + /i at f and 
— Ai — A2 — /i at 00 are obtained by replacing Iq by and respectively. 

When we apply Ad(a:;'^i(2: — 1)^^) to Px^^x^.^, the resulting Riemann scheme is 



(2.49) 



x^Q 



1 

A' 



00 
X[ — X'2 



/i 



Ai + A'l + /i A2 + A^ + /i -Ai - A2 - X[ - A^ - /i, 



Putting Ai,i = X[, Ai,2 
1 — A']^ — A2 — /i and A0.2 



Ai + X[ + /i, A2,i — X'2, A2,2 — A2 + A2 + /i; Ao,i 
— Ai — A2 — X'l — A2 — /i, we have the Fuchs relation 



(2.50) Ao,i + Ao^2 + Ai^i + Ai^2 + A2,i + A2,2 — 1 
and the corresponding operator 

Px =x^{x- Ifd^ + x{x - l)((Ao,i + Ao,2 + l)x + Ai,i + Ai,2 - l)d 

(2.51) 2 

+ Ao,iAo,2ic + (A2aA2,2 — Ao,iAo,2 — Ai_iAi^2)a; + Ai_iAi^2 

has the Riemann scheme 





^x = 


1 


00 


(2.52) 




Ai,i 


A2,l 




, '^0,2 


Al,2 


A2,2 



By the symmetry of the transposition Xj^i and Aj.2 for each j, we have integral 
representations of other local solutions. 

ii) (Airy equations). For a positive integer m we put 



(2.53) 

Thus the equation 
(2.54) 

has a solution 
(2.55) Uj{x) 



P„j := Lo Ad(e' 
= L{d-x"') 



71 + 1 

— )d 



i-dy 



dx-" 



- {-l)"'xu = 



exp 



+ 1 

where the path Cj of the integration is 



xz \ dz (0 < J < w), 



C, : z{t) = e- 

Here we note that uo(x) + 
the rotation x i-> e '"+^ x. 



-+t 



-co < t < co). 



+ u„i{x) = 0. The equation has the symmetry under 
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iii) (Jordan-Pochliammer equation). For {ci, . . . , Cp} G C \ {0} put 

p 



RAd(a-^) o RAd(f[(l - Cjx)^^^d 
RAd(a-^)oR(9 + f]^^) 

RAd(a-^)(po(x)a + g(x)) 

p 



fe=0 



with 



+ 1 
/c - 1 



Pk (x) 



(fc-i). 



r(a + i) 



e C). 



r(/3 + i)r(a - + 1) 

We have solutions 

1 ^ 

"^^""^"rvyii n(i-^-*)^''(-^~^)''"'^* (j = o,i,...,p, co = o) 



J/=l 



of the Jordan-Pochhammer equation Pai,....Ap./jW = with the Ricmann scheme 



(2.56) 



ci 



[o](p-i) ■■• [o](p-i) ; 2; 

Ai + A* ■ ■ ■ Ap + /X -Ai - • • • — Ap — /i 
Here and hereafter we use the notation 



(2.57) 



[A] 



(fc) 



A 

A + 1 



VA + fc- 1/ 

for a complex number A and a non-negative integer k. If the component [X](^k) is 
appeared in a Ricmann scheme, it means the corresponding local solutions with the 
exponents X + v for = 0, . . . , fc — 1 have a semisimple local monodromy when A is 
generic. 

2.4. Ordinary differential equations. We will study the ordinary differential 
equation 

(2.58) M: Pu^O 

with an element P e W{x;^) in this paper. The solution u{x,£^) of Ai is at least 
locally defined for x and ^ and holomorphically or meromorphically depends on x 
and ^. Hence we may replace P by RP and we similarly choose P in W[x; 

We wiU identify 7W with the left VF(a;; ^-module W{x;C)/W{x;C)P. Then we 
may consider (2.58) as the fundamental relation of the generator u of the module 
M. 

The results in this subsection are standard and well-known but for our conve- 
nience we briefly review them. First note that W{x; ^) is a (left) Euclidean ring: 
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Let P, Q e W{x;£_) with P ^ 0. Then there uniquely exists R, S e W{x;^) 
such that 

(2.59) Q = SP + R (ordi? < ordP). 

Henc e we note that dimc(^x^^)(W{x\S,)/W{x;£_)P) = ordP. We get R and S in 
( 2.59| ) by a simple algorithm as follows. Put 

(2.60) P = a„d'' + --- + aid + ao and Q ^ bmd"' + ■ ■ ■ + bid + bo 

with a„ 7^ 0, bm 7^ 0. Here a„, 6„i € C(x,^). The division (2.5E) is obtained by the 
induction on ordQ. If ordP > ordQ, (2.59) is trivial with S* = 0. If ordP < ordQ, 
( |239| ) is reduced to the equality Q' = S'P + R with Q' = Q - a-^b,nd"^-'^P and 
S' = S~ a-ifo^a™-" and then we have S' and R satisfying Q' = S'P + R by the 
induction because ordQ' < ord Q . The uniqueness of ( 2. 59 ) is clear by comparing 

the highest order terms of ( 2.59 ) in the case when Q = 0. 

By the standard Euclid algorithm using the division ( 2.59 ) we have M, TV G 
W{x; ^) such that 

(2.61) MP + NQ^U, P e Wix; and Q € W{x; ^)U. 

Hence in particular any left ideal of W{x;£,) is generated by a single element of 
W^[a;;.J], namely, W{x;S,) is a principal ideal domain. 

Definition 2.9. The operators P and Q in W{x;£^) are defined to be mutually 
prime if one of the following equivalent conditions is valid. 

(2.62) W{x;OP + Wix;C)Q^Wix;C), 

(2.63) there exists R e W{x; ^) satisfying RQu = u for the equation Pu = 0, 

the simultaneous equation Pu = Qu = has not a non-zero solution 
for a generic value of ^. 

Moreover we have the following. 

(2.65) Any left W(a;; ^)-module TZ with dimc(2:^5) 7^ < oo is cyclic, 

namely, it is generated by a single element. Hence any system of ordinary differential 
equations is isomorphic to a single differential equation under the algebra W{x;£^). 

To prove (2.65) it is sufficient to show that the direct sum Ai ©A/" of Ai : Pu — 
and Af : Qv ~ is cychc. In fact M ® M = W{x] S^)w with w = u + {x ~ cY^v S 
M. ® M and n = ordP if c £ C is generic. For the proof wc have only to show 
dimc(2,_^-) M^(a;; ^)w > m + n and we may assume that P and Q are in VF[a;;^] 
and they are of the form (2.6C). Fix ^ generically and we choose c € C such 
that a„(c)6„(c) ^ 0. Since the function space V = {(f){x) + [x — c)"(p(x) ; P(j){x) = 
Qip{x) = 0} is of dimension m+n in a neighborhood of a; = c, dim^rf^^.^^ W{x; > 
m + n because the relation Rw = for an operator R G W{x;£,) implies Rtpix) = 
for 4' ^V. 

Thus we have the following standard definition. 



(2.64) 



Definition 2.10. Fix P G W{x;^) with ordP > 0. The equation ( |2.5S 
ducible if and only if one of the following equivalent conditions is valid. 



(2.66) 
(2.67) 
(2.68) 
(2.69) 

(2.70) 



The left VK(a;; ^)-modulc M is simple. 

The left Vl^(a;; ^)-ideal W{x;£,)P is maximal. 

P = QR with Q, Re W{x; ^) imphcs ord Q • ord P = 0. 

VQ ^ W{x; $)P, 3M, N e W{x; ^) satisfying MP + NQ = 

jST€ W{x;^)P with S,T e W{x;^) and ordS" < ordP 
I ^ 5 = or T e W{x; ^)P. 
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The equivalence of the above conditions is standard and easily proved. The last 
condition may be a little non-trivial. 

Suppose (|J0|) and P = QR and ordQ • ordi? 7^ 0. Then R ^ W{x;^)P and 
therefore (5 = 0, which contradicts to P = QR. Hence ( ^.70| ) implies (2.68). 

Suppose ( p6| ), ( ]2J9| ), ST e W{x;C)P and T ^ W{x;^)P. Then there exists 
P' such that {J e M^(a;;0; e M^(x;C)P} = W^(x;C)P', ordP' = ordP and 
moreover P'v = is also simple. Since Sv = with ordS* < ordP', we have S=Q. 

In general, a system of ordinary differential equations is defined to be irreducible 
if it is simple as a left M^(x; ^)-module. 



Remark 2.11. Suppose the equation Ai given in (2.58) is irreducible. 

i) Let u{x,£,) be a non-zero solution of Ai, which is locally defined for the 
variables x and £, and meromorphically depends on (x,^). If S* e M^[a;;^] satisfies 
Su{x,$,) = 0, then S G W{x;S,)P. Therefore u{x,S,) determines M. 

ii) Suppose ordP > 1. Fix R e W{x;S,) such that ordi? < ordP and R ^ 0. 
For Q € W{x;£,) and a positive integer m, the condition R™Qu = is equivalent 
to Qu = 0. Hence for example, if Qiu + d"^Q2U = with certain Qj G W{x; ^), we 
will allow the expression d~™-Qiu + Q2U = and d^'^Qiu{x,£,) + Q2u{x,£) = 0. 

iii) For T ^ W[x]£,)P we construct a differential equation Qv = Q satisfied by 
V = Tu as follows. Put n = ordP. We have Rj G W{x;£,) such that d^Tu = Rju 
with ord Rj < ordP. Then there exist bo, . . . ,bn G C{x,£,) such that 6„i?„ -I- • • • -I- 
61P1 + boRo = 0. Then Q = 6„9" + --- + bid + bQ. 

2.5. Okubo normal form and Schlesinger canonical form. In this subsection 
we briefly explain the interpretation of Katz's middle convolution (cf. [Kz]) by [DR] 
and its relation to our fractional operations. 

For constant square matrices T and A of size n', the ordinary differential equation 

nil 

(2.71) ixI„,-T)^^Au 

ax 

is called Okubo normal form of Fuchsian system when T is a diagonal matrix. Then 

(2.72) mcf, {{xln' - T)d - A) ^ {xin' - T)d - (A + /i/„0 
for generic 1^1 Cz C, namely, the system is transformed into 



(2.73) 



du 

{Xln'-T)-^ = {A + ^iIn,)u, 



by the operation mc^. Hence fo r a so lution u{x) of ( p.71| ), the Euler transformation 
Ufi{x) = Ii^{u) of u[x) satisfies ( 2.73 ). 

For constant square matrices Aj of size m and the Schlesinger canonical form 



(2.74) 



dv 
dx 



of a Fuchsian system of the Riemann sphere, we have 
A 



du \ ^ 



-u, Aj j) Ai 



An 



and u 



X — Ci 
\ X — 



Here Aj are square matrices of size pm. The addition Ad((a; — c^)'^'') transforms 
Aj into Aj + fikSj.kIm for j = 1, . . . ,p in the system (2.74). Putting 



Ai 



Ap and T 
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the equation ( ^.75 ) is equivalent to (2.71) with n' = pm. Define square matrices of 
size n' by 



(2.76) 



(2.77) 



A 



Ml 
V 



An 



\ 



J 



Then kciA and 'kcT:{A + ^) arc invariant under Aj{^) for j ~ 1, . . . ,p and therefore 
Aj{^) induce endomorphisms of V := C^"^ / (kei A + ker{A + /x)), which correspond 
to square matrices of size N := dimV, which we put Aj{fi) , respectively, under a 
fixed basis of V. Then the middle convolution mc^ of ( |2.74| ) is the system 

p 



(2.78) 



dw X ^ 

dx " ^ 



A,(m), 



of rank N, which is defined and studied by DR, DR2|. Here ker Anker(^+/i) = {0} 
if /i 7^ 0. 

We define another realization of the middle convolution as in |05| , §2]. Suppose 
fj. ^ 0- The square matrices of size n' 



( 



(2.79) AJ(m):=_^-) 



J 

Aj+ n 



\ 



and A" ill) ■.^AX{^l) + ■■■ + Al{^l) 



satisfy 
(2.80) 



A{A + ^iln') - A''{^i)A = {A,A, + e M(n', C), 

i<j<p 

V/ 



(2.81) A{A + ^JiIn')A.J{^l) = A){^i)A{A + m/„') 



Hence :~ A{A + fJ.In')u satisfies 

dw"" 



(2.82) 



dx 



/ — ' 



l<i<P, 
l<i<P 



and A(A + induces the isomorphism 

(2.83) i(A + /i/„0 : ^ = C"7(^ + 'C^) ^ := Im i(A + /iJ„0 C C"'. 
Hence putting j4J(/x) := j4J(/i)|v'v, the system ( p.7g ) is isomorphic to the system 



(2.84) 



dx 



> W 
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of rank N, which can be regarded as a middle convolution mc^ of (2.74). Here 



(2.85) 



w 



= ^{AjAy + ^(5j- ^)(m^) 
and if v{x) is a solution of ( ^.74[) , then 



.,p) 



(2.86) u;^(x-) = ('^(A,A. + M,,.Kc^(^^)) 



satisfies (^.84|) . 

Since any non-zero homomorphism between irr educible VF(x)-modules is an iso- 
morphism, we have the following remark (cf. §^!J and §|^) . 



Remark 2.12. Suppose that the systems ( ^.74| ) and (2.84) are irreducible. Moreover 



suppose the system (2.74) is isomorphic to a single Fuchsian differential equation 
Pu = as left VF(x)-modules and the equation mc^{P)'w = is also irreducible. 
Then the system (2.84) is isomorphic to the single equation mCfi{P)w = because 
the differential equation satisfied by /^(u(a;)) is isomorphic to that of Il^{Qu{x)) 
for a non-zero solution v{x) of Pu = and an operator Q E W{x) with Qu{x) ^ 
(cf. §1^, Remark 7.4 iii) and Proposition 8.12). 

In particular if the systems are rigid and their spectral parameters are generic, 



all the assumptions here are satisfied (cf. Remark 6.17 ii) and Corollary 12.12) 



Yokoyama [ Yo2 ] defines extension and restriction operations among the systems 
of differential equations of Okubo normal form. The relation of Yokoyama's opera- 



tions to Katz's operations is clarified by |07 , which shows that they are equivalent 
from the view point of the construction and the reduction of systems of Fuchsian 
differential equations. 

3. Confluences 

3.1. Regular singularities. In this subsection we review fundamental facts re- 
lated to the regular singularities of the ordinary differential equations. 

3.1.1. Characteristic exponents. The ordinary differential equation 

(3.1) an{x)^ + a„_i(x)£^ + . . . + ai(x)f + a^{x)u = 

of order n with meromorphic functions aj{x) defined in a neighborhood of c e C 



has a singularity at x = c if the function 



(^) 



has a pole at x ~ c for a certain j. 



The singular point x = c of the equation is a regular singularity if it is a removable 
singularity of the functions bj{x) := (x — c)"~^aj(x)a„(x)~^ for j = 0, . . . ,n. In 
this case bj{c) are complex numbers and the n roots of the indicial equation 



(3.2) 



/ . "3 

3=0 



bj{c)s{s-l)---{s-j + 1) = 



are called the charactersitic exponents of (3.1) at c. 

Let {Ai, . . . , A,i} be the set of these characteristic exponents at c. 



If Xj — Ai ^ Z>o for 1 < j < n, then (3.1) has a unique solution (x — c)^0i(x) 



with a holomorphic function (f>i{x) in a neighborhood of c satisfying 0i(c) = 1. 

Definition 3.1. The regular singularity and the characteristic exponents for the 
differential operator 



(3.3) 



P = a„(x)^ + a„_i(x) 



da-"-! 



+ ■ 



+ ai{x)-i^+ao{x) 
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are defined by those of the equation (3.1), respectively. Suppose P has a regular 
singularity at c. We say P is normalized at c if an{x) is holomorphic at c and 

(3.4) a„(c) = ai^^c) = ■■■= ai"-i'(c) = and ai")(c) ^ 0. 

In this case aj{x) are analytic and have zeros of order at least j at x — c for 
j = 0, . . . ,n - 1. 

3.1.2. Local solutions. The ring of convergent power series at .t = c is denoted by 
Oc and for a complex number ^ and a non-negative integer m we put 

m 

(3.5) ™) := (a; - c)^ log''(a; - c)©,. 

Let P be a differential operator of order n which has a regular singularity at 
X = c and let {Ai, • • • , A„} be the corresponding characteristic exponents. Suppose 
P is normalized at c. If a complex number /i satisfies — ^ {0, 1,2,...} for 
J = 1, . . . , 71, then P defines a linear bijective map 

(3.6) P:Oc{fi,m) ^ Oc{fi,m) 

for any non-negative integer m. 

Let Oc be the ring of formal power series J^JLo ~ '^Y i^i <= C) of x at c. For 
a domain J7 of C we denote by 0{U) the ring of holomorphic functions on U . Put 

(3.7) Br{c):^{xeC]\x-c\<r} 
for 7' > and 



(3.8) ae(M, 77z) := (x - c)^ log''(a: - c)dc, 

m 

(3.9) Os.(c)(/i,™) :=0(a;-c)nog'^(x--c)OB^(,). 

Then ©^^(c) (/i, m) C C'c(a*,77t,) C Oc(tL-,'rn). 

Suppose aj(x) € 0(i?r(c)) and a„(a-) 7^ for a; £ Sr(c) \ {c} and moreover 
Xj — fj, ^ {0, 1,2,.. .}, we have 

(3.10) P:Ob^(,)(m,™) ^ Ob,(c)(m,™), 

(3.11) P:dc{fi,m) ^ dc{fi,m). 

The proof of these results are reduced to the case when fi ~ m ~ c ^ hy the 
translation x 1-^ x — c, the operation Ad(a;~^) , and the fact P{jyjLo fji^) log'' ^) — 
{Pfmix)) log-* X + X^jLo^ 4'j{x) log"' a; with suitable (f>j{x) and moreover we may as- 
sume 

n 

P= Yli^} - Xj) - xR{x,d), 
j=o 

n-l 

a:i?(a;,i?) = x^rj(x)7?^ (r^ (.t) G 0(S^(c))). 

When fi = m = 0, ( 3.11 ) is easy and (|I^) and hence (U|) are also easily proved 
by the method of majorant series (for example, cf. |0l[ ). 
For the differential operator 
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with bjix) e 0{Bric)), we have a bijection 

Q: 0{Br{c)) ^ C'(S^(c))®C" 

(3.12) w w 

because Q{x—c)^ has a regular singularity at a; = c and the characteristic exponents 
are — 1,— 2,...,— n and hence ( p. 10 ) assures that for any g{x) € <C[x] and f{x) S 
0{Br{c)) there uniquely exists v{x) <E 0{Br{c)) such that Q{x — c)^v{x) = f{x) — 
Qg{x). 

If Ai/ — Ai ^ Z>o, the characteristic exponents of R :~ Ad((a; — c)~^^~^^P at 
X — c arc Ay — Ai — 1 for v ^ 1, . . . , n and therefore R = S{x — c) with a differential 
operator i? whose coefficients arc in ©(S^Cc)) . Then there exists vi{x) G ©(^^(c)) 
such that —5*1 = S{x — c)vi{x), which means P{{x — c)^^{l + {x — c)ui(.t))) = 0. 
Hence if Xi — Xj ^ Z for 1 < i < j < n, we have solutions u,^{x) of Pu = such 
that 

(3.13) u^{x)^{x~c)^-^(t)^{x) 

with suitable cj)^ G 0(^Br{c)) satisfying 0^ (c) = 1 for = 1, . . . , n. 

Put k = ^{ly ; Ai^ = Ai} and m = ^{i/ ; Ai^ — Ai G Z>o}- Then we have solutions 
u,y{x) of P?i = for = 1, . . . , fc such that 

(3.14) u^(x) - (a; - c)^^ \og''~\x - c) G C'i3.(c)(Ai + 1, m - 1). 
If Ob^(c) is replaced by Oc, the solution 

oo m — 1 

M,(a;) = (a;-c)^i log''-i(x-c) + ^ ^ c,,,,,(a;-c)^i+Mog^(a;-c) G ae(Ai,m-l) 
is constructed by inductively defining c^^i^j G C. Since 

oo m — 1 

^( E E - c)^^+Mog^(a; - c)) - -P((a; - c)^' \og''-\x - c) 

i=Af+l j=0 

+ ^ c,,,,, (x - c)^i+^ log^ (x - c)) G Ob„(c)(Ai + TV, m - 1) 

i=l 

for an integer N satisfying Rc(A£ — Ai) < iV for £ = 1, . . . , n, we have 

oo m—1 

J2 E - ^)^'^' - ^) ^ 0s.(c)(Ai + TV, m - 1) 

'i=W+l j=0 

because of ( 3.10|) and (3.11), which means u^{x) G C'Br(c)(Ai, ti). 

3.1.3. Fuchsian differential equations. The regular singularity at oo is similarly de- 
fined by that at the origin under the coordinate transformation x i~-> i. When 
P G W{x) and the singular points of P in C ;= C U {oo} are all regular singular- 
ities, the operator P and the equation Pu ~ arc called Fuchsian. Let C be the 
subset of C deleting singular points cq, . . . , Cp from C. Then the solutions of the 
equation Pu = defines a map 

(3.15) J" : C' D C/ : (simply connected domain) ^ F{U) C 0{U) 
by putting F{U) := {u{x) G 0{U) ; Pu{x) = 0}. Put 

' {x = Cj + re^*^ ■,O<r<e,R<0<R + 2n} (c^ 7^ oo) 
{x ^ re'^'^ ; r > e-^, R < 6 < R + 2tt} {cj = 00). 



U. 
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For simply connected domains U , V G C , the map J- satisfies 

(3.16) T{U) C 0{U) and dim J'(C/) = n, 

(3.17) V CU ^ T{V) = T(U)\v, 
'3e > 0, \f(j)£ F{Uj^^m), 3C > 0, 3m > such that 

' G\X - Cjl-"" {Cj ^CO, X e Uj.e.R), 

\^{x)\ < { C\xr {c, ^ c^, X e U,.,.r) 

for j = 0,...,p, Vi?, effi 



(3.18) 



Then we have the bijection 
(3.19) 



{a" + aj{x)d' e W{x) : Fuchsian} ^ { J" satisfying (p^-(p^)| 

P ^ [U ^ {u<£0{U)] Pu^Q}]. 

Here if -^(t/) = Ej=i C</>j(a;), 



/ <^^\x) 



(3.20) a,(.T) = (-l)""-''^^^ with $, 
^ ' ■> \ ^ det$„ 



b'^r'\x) 
bir\x) 



(.^) / 



The elements J-i and J-2 of the right hand side of (3.19) are naturally identified if 
there exists a simply connected domain U such that J-'iiU) = F2{U). 
Let 

P = a" + a„_i(a;)a"-i + • • • + a^{x) 

be a Fuchsian differential operator with p+1 regular singular points cq = oo,ci , . . . , Cp 
and let Aj_i, . . . , Aj^„ be the characteristic exponents of P at Cj, respectively. Since 
a„_i(a;) is holomorphic at x = oo and a„_i(oo) = 0, there exists a„_i.j G C 
such that a„_i(2;) = - Ej=i ^r^- For c e C we have ^"(9" - cx^^a"-!) = 



c + 



Ti(ri— 1) " 



Cq with c, G C. Hence we have 



Aj,l + • • • + Aj^n — 



w(ra-l) 



n(n — 1) 
2 



(.7=0), 
(.? = !,. 



,P), 



and the Fuchs relation 



(3.21) 



j=0 ^=1 



(p — l)n(n — 1) 



Suppose = is reducible. Then P = SR with S, R e W{x) so that n' = 
ordP < n. Since the solution v{x) of Rv — satisfies Pv{x) = 0, P is also 
Fuchsian. Note that the set of m characteristic exponents {A^^ ; = 1, . . . , n'} of 
Pw = at Cj is a subset of {A 



1, . . . , n}. The operator P may have other 
singular points c'j^ , . . . , called apparent singular points where any local solutions 
at the points is analytic. Hence the set characteristic exponents at x = c'j are 



{A' 



l,...,ri'} such that < fij,i < fij,2 < 



V ~ 1, . . . , n' and j = 1, . . . , Since ^.j^i + • 



> 



n' { n' — 1) 



and /ij.^ G Z for 
the Fuchs relation 
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for R implies 

(3.22) Z 9 E E ^^.^ ^ V ■ 



Fixing a generic point q and pathos jj around Cj as in ( 11.25 ) and moreover 
a base {ui, . . . of local solutions of the equation Pu = at q, we can define 
monodromy generators Mj e GL{n,C). We call the tuple M = (Mq, . . . , Mp) 
the monodromy of the equation Pu = 0. The monodromy M is defined to be 
irreducible if there exists no subspace V of C" such that MjV C Vj ioi j = 0, . . . ,p 
and < dim V < n, which is equivalent to the condition that P is irreducible. 

Suppose Qv = is another Fuchsian differential equation of order n with the 
same singular points. The monodromy N = (A^o, • • • , Np) is similarly defined by 
fixing a base {vi, . . . , w„} of local solutions of Qv = at q. Then 



M ~ N 3g e GL{n, C) such that Nj = gM^g-^ 
<^ Qv = is VF(x)-isomorphic to Pu ~ 0. 



If Qv = is M^(x)-isomorphic to Pu — 0, the isomorphism defines an isomor- 
phism between their solutions and then Nj ~ Mj under the bases corresponding to 
the isomorphism. 

Suppose there exists g G GL{n,C) such that Nj — gMjg^^ for j ~ 0,...,p. 
The equations Pu = and Qu ~ are W(x)-isomorphic to certain first order 
systems U' = A{x)U and V = B{x)V of rank n, respectively. We can choose 
bases {Ui, . . . , C/„} and {Vi, . . . , Vn} of local solutions of PU = and QV = at 
q, respectively, such that their monodromy generators corresponding are same 
for each j. Put U = {Ui, . . . , C/„) and V = (Vi, . . . , Vn). Then the element of the 
matrix VU~^ is holomorphic at q and can be extended to a rational function of x 
and then VU^^ defines a W^(a:)-isomorphism between the equations U' = A{x)U 
and V = B{x)V. 

Example 3.2 (apparent singularity). The differential equation 
(3.24) x{x - l)ix -c)^ + {x'--2cx + c)§^0 



is a special case of Heun's equation ( g.l9 ) with a = /3 = A = and "f = S = 1. It 



has regular singularities at 0, 1, c and oo and its Riemann scheme equals 
(3.25) 




The local solution at .t = c corresponding to the characteristic exponent is 
holomorphic at the point and therefore a; = c is a n ap parent singularity, which 



corresponds to the zero of the Wronskian det$„ in ( 3.20 ). Note that the equation 



(3.24) has the solutions 1 and clog a; + (1 — c) log(x — 1). 



The equation ( 3.24 ) is not VF(x)-isomorphic to Gauss hypcrgcomctric equation if 
c 7^ and c 7^ 1, which follows from the fact that c is a modulus of the isomorphic 
classes of the monodromy. It is easy to show that any tuple of matrices M = 
{Mq, Ml, M2) S GL(2,C) satisfying M2M1AIQ = I2 is realized as the monodromy 
of the equation obtained by applying a suitable addition RAd(a;'^"(l — x)^^) to a 
certain Gauss hypergeometric equation or the above equation. 

3.2. A confluence. The non-trivial equation (x — a)^ = fiu obtained by the 
addition RAd((.T — a)^)(9 has a solution {x — a)^ and regular singularities at a; = c 
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and oo. To consider the confluence of tlie point a; = a to oo we put a = -. Then 
the equation is 

{{1 - cx)d + cn)u = 

and it has a solution u(x) = (1 — cx)^. 

The substitution c = for the operator (1 — cx)d + cfj, G W[x;c,ii] gives the 
trivial equation ^ = with the trivial solution u{x) = 1. To obtain a nontrivial 
equation we introduce the parameter X = cfj, and we have the equation 

{{I - cx)d + X)u ^ 

with the solution (1 — ex)" . The function {l~cx)i has the holomorphic parameters 
c and A and the substitution c — gives the equation {d + X)u ~ with the solution 
e-^"^. Here (1 - cx)d + X = RAdci( = RAd((l - cx)^)d. 

This is the simplest example of the confluence and we define a confluence of 
simultaneous additions in this subsection. 



3.3. Versal additions. For a function h{c, x) with a holomorphic parameter c G C 
we put 

, . 1 /" h{z,x)dz 



(3.26) „ 

_ ^ h{ck,x) 

with a sufficiently large i? > 0. Put 

2 3 

(3.27) h{c, x) c^^ log(l - cx) ^ -x - ^x"^ - yx^ - ^x^ . 

Then 

(3.28) il-cx)h'{c,x) = -1 
and 

/i„(ci,...,c„,x) II (1~q.t) = t-t ~ ~ 7 r 

(3.29) ni<,<„,.^fe(cfc-c.) 



The last equality in the above is obtained as follows. Since the left hand side of 

( 3.29 ) is a holomorphic function of (ci, . . . ,c„) £ C" and the coefficient of is 
homogeneous of degree m — 7i + 1, it is zero if to < n — 1. The coefficient of x"~^ 
proved to be —1 by putting ci ~ 0. Thus we have 

(3.30) hn{ci,...,Cn,x) 



Ul<^<ni^-C^t)' 



(3.31) 

' H (l-c,x))9 + A„.T"-i, 



(3.32) gA„h„(ci,...,c„,^) ^ j-j-^ 



CkX 



l<i<n^''i'- 



fe=l 
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Definition 3.3 (versal addition). We put 



AdV(j_^...,^)(Ai,...,Ap) Ad | 

(3.33) 



CkX 



k=l 

(3.34) RAdV._L _Li(Ai,...,Ap) = RoAdV._L _li(Ai, . . . , Ap). 
We call RAdV/j_ j_-|(Ai, . . . , Ap) a versal addition at the p points 



Putting 



we have 



h{c, x) := \og{x — c), 
h„{ci,...,Cn,x) [[ (a; - c,) = 2^ - ^ — — — 



and the conQuncncc of additions around the origin is defined by 
AdV;',^,...,,^)(Ai,...,Ap):=Ad 



(3.35) 



= Adei( ^ A, 

(3.36) RAdV;',^,...^,^)(Ai, . . . , Ap) = Ro AdV;',^,...^,^)(Ai, . . . , Ap). 

Remark 3.4. Let gk{c,x) be meromorphic functions of x with the holomorphic 
parameter c = (ci, . . . , Cp) G for fc = 1, . . . ,p such that 



gk[c,x" 



P I 

) e XI "^l if 7^ Q 7^ 7^ (1 < i < J < p, 1 < fc < p). 



Suppose 5i(c, x), . . . , (7p(c, x) are linearly independent for any fixed c e C^. Then 
there exist entire functions ai.j(c) of c e such that 

/ N ak,nic)x"-~'^ 

''=^^'^^^Sn:u(i-c..) 

and (aij(c)) G GL{p,C) for any c G (cf. [ |0^ , Lemma 6.3]). Hence the versal 
addition is essentially unique. 

3.4. Versal operators. If we apply a middle convolution to a versal addition of 
the trivial operator d, we have a versal Jordan-Pochhammer operator. 

(3.37) P :=RAd(a-^)oRAdV(_L _L)(Ai, . . . , A„)a 



P 



^RAdO-^')°R(9 + X ) 
^ fc=i n.=i(l-c,a;)/ 

p 

= d-f'+'P-^ {po{x)d + qix)^df' = Y,Pk{x)dP-'' 

k=0 
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with 



j = l k=l 3=k+l 

We naturally obtain the integral representation of solutions of the versal Jordan- 
Pochhammer equation Pu = 0, which we show in the case p 2 as follows. 

Example 3.5. We have the versal Gauss hypergeometric operator 

Pci,c2;Ai,A,,M :=RAd(a-^)oRAdV(i i)(Ai,A2)a 

= RAd(a"^) o RAd f(l - cia;)^+'=i(-i--2) (l - C2x)^^^(^^^^ 



= RAd(a--) o RAdci (-^ - a-JKi-c..) ) 9 

= RAd(a-^) o R (a + ^ + (i_,^^)fi„,,,) 

= Ad(5-^) (9(1 - cix){l - C2x)d + a(Ai(l - C2x) + Asa;)) 

= ((1 - Cix)d + Ci(/i - 1)) ((1 - C2x)d + C2fl) 

+ Xid + (A2 - XiC2){xd + 1 - 
= (1 — cix){l — C2x)d^ 

+ ((Ci + C2)(/i - 1) + Ai + (2ciC2(l -ll)+\2- \lC2)x)d 

+ (m - l)(ciC2M + A1C2 - A2), 
whose solution is obtained by applying to 

KcuC2-Mm{^) = (1 - cia;)^^'^i('^i-'^2) (1 - C2x) -2«^2-<^i) 
The equation Pu = has the Ricmann scheme 

r x = ^ ^ °° 

(3.38) < ' I- n \x 

A2 \2 I _Al + J^_^ 

V CI Cl(Cl — C2) ^ C2(C2 — Cl) ^ CI C1C2 ^ 

Thus we have the following well-known confluent equations 

-Pci,0;Ai,A2,M = (1 - cix)0^ + (ci(^ - 1) + Ai + A2a;)9 - X2{li - 1), (Kummer) 
/^ci,0;Ai,A2 = (1 - cix)^^t exp(^), 



-Po,0;0 = <9 - + (/^ - 1), (Hermitc) 

Ad(e^^')Po,o;04,M = (5 - + 2^(5 - 5^;) - {^l - I) 

= a2 + (i-^-^), (Weber) 

^'^'o,0;0,Ti = Gxp(^ y" ±tdt^ = exp(±^). 



32 



TOSHIO OSHIMA 



The solution 

2 2 /"OO 2 

Ms = — -— / e 2 if^g 



r(Ai) Jo r(/i) Jo 

fe=0 

of Weber' s equation ^ = + — j)"" is called a parabolic cylinder function 
(cf. [WW, §16.5]). Here the above last line is an asymptotic expansion when x — > 
+00. 

The normal form of Kummer equation is obtained by the coordinate transfor- 
mation y = X — - but we also obtain it as follows: 

PcvMM.i^ := RAd(a-^) o Ro Ad(x^^) o KAY ^{\i)d 

= RAd(a-^)oR(a-^ + ^) 

= Ad(9-^)(ax(l - c^x)d - d{\2 - (Ai + ciA2)a-)) 
= {xd+l- - cix)d + cifi) - A2(9 + (Ai + ci\2){xd + 1 - /i) 
= x(l - cix)d^ + (1 - A2 - + (Ai + ci(A2 +2fi- 2))x)d 
+ 0i-l)(Ai+ci(A2 + Ai)), 

^0;Ai,A2,A* = Xd'^ + (1 - A2 - At + Xix)d + Ai(yU - 1), 

^0;-i,A2,M + (1 - A2 - Ai - x)d + 1 - /i (Kummer), 

Kci-MMi^) '■= - cix)~, Ko.\i^X2{x) = x^^ exp(-Aix). 

The Riemann scheme of the equation -Pci;Ai,A2.m^ = is 

( x = 00 
(3.39) ^0 1 - Ai ; X 

and the local solution at the origin corresponding to the characteristic exponent 
A2 + Ai is given by 

In particular, we have a solution 

u{x) = Ii;{Ko:-iM)ix) = -FTT / t^'e\x-tr-'dt 

^ lAij Jo 



X 



A2+A' /■! 



r(A^) Jo 
r(A2 + i).T^2+'' 



^^(l-s)'^-ie^Ms {t = xs) 
iFi(A2 + l,At + A2 + l;x) 



r(A2+Ai + l) 

of the Kummer equation Po;-i,A2,m''^ = corresponding to the exponent A2 + a* at 
the origin. If ci ^ (— oo,0] and x ^ [0,oo] and A2 ^ Z>o, the local solution at —00 
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corresponding to the exponent — A2 — — /i is given by 



r(M) 



n^) Jo 

A,=-l 



(^1 - ' (1 + ci(s - x)) ^1 s^"^ds {s = x~t) 



i-xT 

r(M) 7o a; 

^ ^ / sf^-^e-' I--] ds 



r(M) Jo V x 

r(^ + n)r(-A2 + n) 

n=0 



^ r(^)r(-A2)n!x» ^ ^ ^ ^2^0^ A2,M, J- 



Here the above last hne is an asymptotic expansion of a rapidly decreasing solution 
of the Kummer equation when K. 3 —x — > +00. The Riemann scheme of the 
equation Po:-i,A2,/ifi ~ can be expressed by 

( x = 00 (1)" 

(3.40) < 1 - /i 

{X2+^J. -A2 1 

In general, the expression ^^^'^ -^j^j^ < ri < • • • < rt means 

[ X ai ■ ■ ■ ak ) 

the existence of a solution satisfying 

(3.41) u{x) ^ x~^ exp( a^, ^ for jxl — > oo 

v—l 

under a suitable restriction of Argx. Here k G Z>o and A, G C. 



4. Series expansion 

In this section we review the Euler transformation and remark on its relation to 
middle convolutions. 

First we note the following which will be frequently used: 

(4.1) /\«-.(l-,)»-M« = ™. 

Jo r(a + 



(4.2) 



00 „ ^ , 00 / \ 

r(7 + t^) ,^ ^ (tv.i^ 



The integral (4.1) converges if Re a > and Re/3 > and the right hand side 
is meromorphically continued to a £ C and /3 € C. If the integral in (4.1) is 
interpreted in the sense of generalized functions, ( |4.lD is valid ifa^{0,— 1,— 2,...} 
and P ^ {0,-1,-2,...}. 
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Euler transformation is sometimes expressed hy d ^ and as is shown in ( [ Kh 
§5.1]), we have 



(4.3) 

(4.4) 
(4.5) 

(4.6) 
(4.7) 



r(M) 



r(M) 

C C 7 

4 = ^"(2^)' 



(a; - tY-'^u{t)dt 

(1 - sY^^u{{x - c)s + c)ds, 



n=0 n=0 V ' ' ' ' 



r(A + // + l)^^JA + A^ + l) 



n=0 



E 

n=0 



r(-A-/i + n) 
r(-A + n) ^""^ 



Moreover the following equalities which follow from ( 2.47 ) are also useful. 

oo 

/o^^c„x^+"(l-a;)'3 



n=0 



(4.8) 



r(A+l) ^ (A + l)rn+»(-/3)mCn x+^i+m+n 



r(A + ^j + l) ^ (A + Ai + l)m+„m! 



r(A 



r(A + ^ + i) 



+ 1) /j^ x-g (A + l)„(/x)„(-/3)^c„ ^^^^^„/ X \ 

11 + 1) ^„ (A + /i + l) 



If A ^ Z<o (resp. A + ^ Z>o) and moreover the power series X)i^o ^^^^ 
a positive radius of convergence, the cquaUties (4.6) (resp, (4.7)) is vahd since 
(resp. J^) can be defined through analytic continuations with respect to the 
parameters A and ^. Note that is an invcrtible map of Odx — c)^ onto Oc{x — 
cY^f if A ^ {-1, -2, -3, . . .} and A + ^ {-1, -2, -3, . . .}. 

Proposition 4.1. Let A and ji be complex numbers satisfying A ^ Z<o. Differen- 
tiating the equality (4.6) with respect to X, we have the linear map 



(4.9) 



under the notation (3.5), which is also defined by (4.3) if ReA > —1 and Kc fi > 0. 
Here m is a non-negative integer. Then we have 

m 

(4.10) I^iY, log^(a; - c)) - /c^(<^™) log'"(a- - c) £ 0{X + fi,m- 1) 

3=0 

for (pj G Oc and satisfies ( [2.43 ). The map (4.9) is bijective if X + ^ Z<o- 
/n particular for k E Z>o we have I^d^ = d^I^ = I^!;^^ on Oc{X,m) if X — k ^ 
{-1,-2,-3,...}. 

Suppose that P G W[x] and (j) e Oc{X^m) satisfy P(j) ~ 0, P ^ and 7^ 0. 
Let k and N be non-negative integers such that 

N 

(4.11) 5^-p = ^5]a.,,9^((x-c)a)^' 

i=0 j>0 
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with suitable ajj <E C and put Q = Si!=o Sj>o ~ ~ Z^)"'- Then if 
A ^ {iV - 1, iV - 2, . . . , 0, -1, . . .}, we have 

(4.12) I^d^Pu^QI^{u) for ueOc{\rn) 

and in particular QIlf{(j)) ~ 0. 

Fix £ e Z. For u{x) ~ J2'iLeY^T=o^hj(^ ~ c)Mog-'(.T — c) e Oc{i-,m) we put 
^Nu)(x) = ES^max{^,w-i} EjLo c»,i(2; " c)' \og> {x - c) . Then 

( n {{x-c)d^uY'^^)d''P{u{x)-{TMu){x))=0 



l-N<v<N-l 



ane therefore 



(4.13) 



Cv<N-l 

/mY ]^ {{x-c)d-u)'^'-')d''Pu. 



e-N<u<N-l 



l-N<u<N-l 



In particular, nf-Ar<;y<Ar-i((^ ~ c)9 — /x — i')™ ■ QI^(Tn{'u)) = if Pu = 0. 

Suppose moreover A ^ Z and X + fj, ^ Z anrf Q = ST with S, T £ W[x] such that 
X ^ c is not a singular point of the operator S. Then TIlf{(j)) = 0. In particular, 

(4.14) {RAd{^-^')P)I^{<t)) ^i). 

Hence if the differential equation (RAd(9^'')P)i' = is irreducible, we have 

(4.15) W^(a;)(RAd(a^^)P) = {T e W{x) ; TI^{(f>) = 0}. 

The statements above are also valid even if we replace x — c. Iff by ^, I^ , respec- 
tively. 



Proof. It is clear that (4.9) is well-defined and (4.10) is valid. Then (4.9) is bijective 
because of (4.6) and (4.10). Sinc e (^.43 ) is valid when m = 0, it is also valid when 
m = 1, 2, ... by th e de finitio n of (4.S). 

The equalities (Q and ( |47| ) assure that QI^{(j)) = 0. Note that TI^{4>) G 
^^(A + fj, — N,m) with a suitable positive integer A^. Since X + fi — N ^ Z and any 
solution of the equation Su = is holomorphic at a; = c, the equality S{TI^{<j>)) = 
implies Tl^ic/)) = 0. 

The remaining claims in the theorem are similarly clear. □ 

Remark 4.2. i) Let 7 : [0, 1] — > C be a path such that 7(0) = c and 7(1) — x. 
Suppose u{x) is holomorphic along the path 7(t) for < t < 1 and u{'^{t)) = 4'{'y{t)) 
for < < ^ 1 with a suitable function (j) € OdX, m). Then I^{u) is defined by the 
integration along the path 7. In fact, if the path ^{t) with t G [0, 1] splits into the 
three paths corresponding to the decomposition [0, 1] = [0, e] U [e, 1 — e] U [1 — e, 1] 
with < e ^ 1. Let ci = c, . . . , Cp be points in C" and suppose moreover u{x) is 
extended to a multi-valued holomorphic function on C \ {ci, . . . , Cp}. Then I^{u) 
also defines a multi- valued holomorphic function on C \ {ci, Cp}. 

ii) Proposition 4.1 is also valid if we replace C'c(A,m) by the space of functions 
given in Remark 2.7 ii). In fact the above proof also works in this case. 



5. Contiguity relation 



The following proposition is clear from Proposition 



4.1 
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Proposition 5.1. Let (f){x) be a non-zero solution of an ordinary differential equa- 
tion Pu = with an operator P g M^[a;]. Let Pj and Sj G W[x] for j = 1, . . . , N 
so that X^jLi Pj^j G M^ia;]^'. Then for a suitable £ € Z we have 

(5.1) ^Q^.(/A'(^^.)) ^0 

by putting 

Qj = a ^ o Pj o e W[x\, 

if (j){x) S ©(A,™) with a non-negative integer m and a complex num ber A satis- 
fying A ^ Z and \ + jjL ^ Z or 4>{x) is a function given in Remark [^. ii). If 
Pj ^ X]fc>o oo '^j,k,id^'^^ with Cj,k.i € C, then we can assume £ < in the above. 
Moreover we have 

(5.3) a(/ri(0i)) =/^'(0i). 

Proof. Fix an integer k such that 9'''Pj ~ Pj{d, ?9) = X^ii 13 '^«i-«2^'^^*^ '^ith Ci^^ij S 



C. Since = E"=i d'^P^Sjcj), Proposition |1| proves = I^{Pj(d,^)SjC 
'YlJj^i — l'')Ic{Sj4>), which inipHes the first claim of the proposition. 



The last claim is clear from (4.4) and (O). □ 



Corollary 5.2. Let P{^) and K{^) be non-zero elements of W[x; S]. If we substi- 
tute ^ and fi by generic complex numbers, we assume that there exists a solution 
4>S^{x) satisfying the assumption in the preceding proposition and that Il^((j)^) and 
I^{K{^)(f>^) satisfy irreducible differential equations Ti{^, fi)vi = andT2{S,, fJ.)v2 = 
with Ti{(,, fi) and T2{^, fJ.) € W{x;^, fi), respectively. Then the differential equa- 
tion Ti{(^, fi)vi = is isomorphic to T2{^,fi)v2 ~ as W{x; S,, fJ-) '''modules. 

Proof Since K{^) • 1 - 1 • K{^) = 0, we have (3(C, Ai)4^(04) = 5^4^(A'(O0?) with 
Q{(, n) = o K{^) o a^. Since 9^4^(0^) 7^ and the equations Tj{^, ^i)vj = 
are irreducible for j = 1 and 2, there exist Ri{£_,fi) and R2{^,fJ.) G W{x;^,fi) such 
that ink) = Rii^,f^)Q{^,ti)inh) = Rii^,f^)d'll^iKiOh) and /.^(A^O^?) = 
i?2(^, m)9^4^(A'(C)0?) = ^2(C, Ii)Q{£., Hence we have the corollary. □ 

Using the proposition, we get the contiguity relations with respect to the param- 
eters corresponding to powers of linear functions defining additions and the middle 
convolutions. 

For example, in the case of Gauss hypergeometric functions, we have 
ux,mA=^) -.^Il^ix^'il-x)^'), 

9MAi + l,A2,/i(a;) = {xd + l- ^)mAi,A2,m(2;), 

9wai,a2+i,a'(^) = ((1 ^ 2-)5 + /i - 1)wai,a2,m(2;)- 



Here Proposition 5.1 with </> = x^^{l - x)^^ , {Pi, Si, P2, S2) = (l,a;, -cc, 1) and 



= 1 gives the above third identity. 
Since Pxi,x2,^uxiM.fj^i^) = "^ith 

^Ai,A2,p = {xil ~x)d + {l-Xi-n-{2-Xi~\2~ 2^i)x)^ 
-(Ai-l)(Ai+A2+Ai) 
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as is given in Example 2.8, the inverse of the relation wai,A2,m-i(2^) — 9u\-^^x2^i_i{x) 
is 

ux,^x,^^{x)- (^-1)(Ai+A2+m) ux,M,^^-l{x). 

The equalities uai,A2,m-i(^') = c^"Ai,A2,a'(^) ^^'^ ( p.47 ) mean 
r(Ai + l)a;^i+^-i 



r(Ai+/i) 
r(Ai + l)a;^i+^-i 

r(Ai + Ai) 

r(Ai + l)a;^i+'^ d 



F{-\2,Xi + l,Xi+p;x) 

F(-A2,Ai + l,Xi+ fj. + l;x) 
F{-X2,Xi + 1, Ai + 



r(Ai+^ + l) dx 

and therefore wai,a2,m-i(^) ~ du\^^x.-^,i^i_{x) is equivalent to 

(7 - l)F{a, /3, 7 - 1; x) = + 7 - l)F{a, /3, 7; x). 

The contiguity relations are very important for the study of differential equations. 
For example the author's original proof of the connection formula (1.23) announced 
in [06 is based on the relations (cf. § 14. 3| ). 

Some results related to contiguity relations will be given in §|l^ but we will not 
go further in this subject and it will be discussed in another paper. 

6. FUCHSIAN DIFFERENTIAL EQUATION AND GENERALIZED RiEMANN SCHEME 

6.1. Generalized characteristic exponents. We examine the Fuchsian differ- 
ential equations 

+a„-i{x)£^ + --- + ao{x) 



.1) 



P = a„ix)£^ 



with given local monodromies at regular singular points. For this purpose we first 
study the condition so that monodromy generators of the solutions of a Fuchsian 
differential equation is semisimple even when its exponents are not free of multi- 
plicity. 



Lemma 6.1. Suppose that the operator (6.1) defined in a neighborhood of the origin 
has a regular singularity at the origin. We may assume ai^{x) are holomorphic at 
and a„(0) — aJ^(O) = • • • = al" ^''(0) = and a^\o) 7^ 0. Then the following 
conditions are equivalent for a positive integer k. 



2) 


P 


3) 


Px" 


4) 


Pu 


5) 


P 



x^R 



o{x^-^) 


Y^x^Pjid) 

J>0 



with a suitable holomorphic differential operator R 
at the origin, 

for = 0, . . . , fc — 1, 

has a solution x^ + o{x^~^) for = 0, . . . , fc — 1, 

with polynomials pj satisfying pjiiy) = 
for < v < k — j and 7 = 0, . . . , fc — 1. 



Proof (|6J) ^ (|6J) ^ (^) is clear. 

Assume ( |6.3[ ). Then Px'^ — o{x^~^') for z^ = 0, . . . , fc — 1 implies a^(x) 
for 2 = 0,...,fc— 1. Since P has a regular singularity at the origin, Oj (x) 
for j = 0, . . . , n. Hence we have (|6.2[) 



Since Px^ — YlT^o^'^'^'' Pii^)^ equivalence (6.3) (6.5) is clear. 



x'^bj{x) 
: x^Cjix) 

□ 



Definition 6.2. Suppose P in (6.1) has a regular singularity at a; = 0. Under the 
notation (2.57) we define that P has a (generalized) characteristic exponent [A](/.) 

at a; = if x"-'' Ad{x^^){a„ {x)-^ P) € W[x]. 
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Note that Lemma 3.1 shows that P has a characteristic exponent [^{k) at a; = 
if and only if 

(6.6) a;"a„(2;)-ip = ^a;^gj(i9) \[ {d-\~i) 

j>0 0<i<k-j 

with polynomials qj{t). By a coordinate transformation we can define generalized 
characteristic exponents for any regular singular point as follows. 



Definition 6.3 (generalized characteristic exponents). Suppose P in ( |6.l[ ) has 
regular singularity at x = c. Let n = mi + • • • + ruq be a partition of the positive 
integer n and let Ai, . . . , Ag be complex numbers. We define that P has the (set of 
generalized) characteristic exponents {[Xi](mi), ■ • ■ ' [■^q]{mg)} and the spectral type 
{mi, . . . , niq} at a; = c G C U {oo} if there exist polynomials qi{s) such that 

(6.7) (x-c)"a„(x)-ip = ^(x-c)V((x-c)a) n J] ((^ - c)^ - A, - z) 

£>0 v=l 0<i<rn„-l 

in the case when c ^ oo and 

(6.8) .T-"a„(x)-iF = ^.T-V(i9)n 11 + + 

l>0 1^=1 0<i<m„-i 

in the case when c = oo. Here if mj = 1, [Aj](m^) may be simply written as Xj. 



Remark 6.4. i) In Definition |6.3| we may replace the left hand side of (6.7) by 
(j){x)an{x)~^ P where ifi is analytic function in a neighborhood of a; = c such that 
(^(c) = . . . = 0("^-^'(c) — and (?!'^"'(c) ^ 0. In particular when a„(c) = . • • = 
an"^(c) = and a„(c) 7^ 0, P is said to be normalized at the singular point x ~ c 
and the left hand side of (6/7) can be replaced by P. 

In particular when c = and P is normalized at the regular singular point a; = 0, 
the condition (|6.7| ) is equivalent to 

k 

(6.9) [] {s-X„-i)\pj{s) (V£ = 0,l,...,max{mi,...,mfe}-1) 

under the expression P = ^''Pji'^)- 

ii) In Definition |6.3| the condition that the operator P has a set of generalized 
characteristic exponents {Ai, . . . , A„} is equivalent to the condition that it is the 
set of the usual characteristic exponents. 

in) Any one of {A, A + 1, A + 2}, {[A](2), A + 2} and {A, [A + 1](2)} is the set of 
characteristic exponents of 

P = (t? - - A - - X-2 + x)+x^{d - X + l) 

at a; but {[A] (3)} is not. 

iv) Suppose P has a holomorphic parameter t G Pi(0) (cf. ( [3.7[ )) and P has 

regular singularity at x — c. Suppose the set of the corresponding characteristic 

exponents is {[Ai(t)](„,), . . . , [A,(i)](,„^)} for t e Pi(0)\{0} with X^t) e O(Pi(0)). 

Then this is also valid in the case i = 0, which clearly follows from the definition. 
When 

P = ^x-V((:^-c)a)n n ((:^_c)a-A.-z), 

i>0 v=l 0<i<m^~t 

we put 

-^x-V((a;-c)a) J] n {{^-c)d-X,-i^t-i). 

£>0 1^=1 0<i<m„-f 
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Here £ C, go 7^ and ord P = mi + • • • + m^. Then the set of the characteristic 
exponents of Pt is {[Ai(t)](„,j), . . . , [Ag(t)](m,)} with \j{t) = Xj + jt. Since Xi{t) - 
Xj{t) ^ Z for < \t\ <C 1, wc can reduce certain claims to the case when the 
values of characteristic exponents are generic. Note that we can construct local 
independent solutions which holomorphically depend on t (cf. |04|). 



Lemma 6.5. i) Let X be a complex number and let p{t) be a polynomial such that 
p{X) 7^ 0. Then for non-negative integers k and m we have the exact sequence 

— ^ Oo{X,k-l) — > Oo{X,m + k~l) p^'^'>^'^-^^\ Oo{X,m-l) — ^ 

under the notation ( [3.5| ). 

ii) Let mi, . . . ,mq be non-negative integers. Let P be a differential operator of 
order n whose coefficients are in Oq such that 

00 q 

(6.10) P = J2x'r,{^)l[ n (^-^) 

i=Q v=l 0<fc<m„-£ 

with polynomials ri. Put rUmax = max{TOi, . . . , jTig} and suppose rolv) 7^ for 
1^ = 0,. . ., m,nax - 1. 

Let = (m^ , . . . , m^^^^^ ) be the dual partition o/m (mi, . . . , m^), namely, 

(6.11) m]^ = #{j;nij>iy}. 

Then for i = 0, . . . , rrimax — 1 and j ~ 0, . . . , m^_^i — 1 we have the functions 

(6.12) u,,jix) = xHog' X + J2 II<;'2;^log"^ 

such that c^'" € C and Pui j £ Oo{mmax,j)- 

iii) Let m'l, . . . , m^, be non-negative integers and let P' be a differential operator 
of order n' whose coefficients are in Oq such that 

00 q 

(6.13) ^' = E-^'^^(^)n n i^-mu-k) 

with polynomials q'g. Then for a differential operator P of the form ( |6.10 ) we have 

00 e q 

(6.14) p'p=E^'(E''^-('^+^)''-w)n n (^-^)- 

Proof, i) The claim is easy if {p, k) = (1, 1) or (t? — /i, 0) with pL ^ X. Then the 
general case follows from induction on degp(t) + k. 

ii) Put P = J2£>o^^P^i^) ^'^'^ "^1^ = if 1/ > rUmax- Then for a non-negative 
integer the multiplicity of the root ly of the equation pi{t) = is equal or larger 
than yTi^^^^j^ for £ = 1,2, . . . . IfO<i^< rrimax ^ Ij the multiplicity of the root v 
of the equation po{t) = equals rri^^-^^. 

For non- negative integers i and j, we have 

x^pt{-d)x' log^ X = a;'+^ ^ j^^,,, log"" x 

o<i'<i-"i^+f+i 

with suitable Cij^i^i, E C. In particular, po{{})x'^ log' x — j < m/. li £ > and 
I + ^ < m,jiaxi there exist functions 

j 

Vi,],e = x""^^ ^ log"" X 

i/=0 
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with suitable aij,e,i> G C such that po{'&)vij^i = x^pe{'d)x'^ log' x and we define a 
C-finear map Q by 



Qx^ log-' X 



(=1 v=0 



which implies pQ{-d)Qx''\og-' x ~ — X^fcT"' ' ^ x^pi{-d)x'^ log-' and Q™" 
Putting Tu := X^'Jlro""""^ Q"^" fo'" ^ ^ Srio""""^ 5I]j=o '^^^ ^^S^ ^' '^^ 



PTu = pa{'9)Tu + ^ x^pi{d)T% 



mod Oo{m,nax,j) 



mod Oo{mmax,j) 

mod e'o(m„a2;,j) 



= poW(l-g)Tu 
= PoW(l-g)(l + Q + - 
= ^0(1^)-"- 

Hence if j < m^, PTx' log-' x = mod C'o(™Tna2;, i) and Ui,j{x) := Tx'^log-' x are 
required functions, 
iii) Since 

q <? 



jy=l 0<fe'<m' 



0<fc<m„ 



0<k<m^-e 



q 

x'+'' r',,{d + t)n{d)\{ n (,?-fc), 



we have the claim. 



□ 



Definition 6.6 (generalized Riemann scheme). Let P e VF[a;]. Then we call P 
is Fuchsian in this paper when P has at most regular singularities in C U {00}. 
Suppose P is Fuchsian with regular singularities at x = cq = 00, ci,. . . , Cp and 
the functions °^ are holomorphic on C \ {ci, . . . , Cp} for j = 0, . . . , n. Moreover 
suppose P has the set of characteristic exponents {[Aj^i](m^ . . . , [Aj.„^. ] (,„^. ^ )} at 
X = Cj . Then we define the Riemann scheme of P or the equation Pu = by 



.15) 



X = Cq = 00 Ci ■ ■ ■ Cp 

[Ao,l](mo,i) ['^l.l](mi,l) [\,l](mp,i) 

[Ao,rio](mo,„(,) ['^l.ni](mi,„i) ''' [-^P.np ] (™p,np ) , 



Remark 6.7. The Riemann scheme ( 6.15 ) always satisfies the Fuchs relation (cf. ( 3.21 )): 

p rij mj^,y — 1 

(6-16) EE E (^^-+' 

j=0 u=l 1=0 



(p — 1)71(71, — 1) 



Definition 6.8 (spectral type). In Definition 6.6 we put 

m = (too4, ■ • ■ ,™0,no; • ■ • ; ™p,l, ■ • ■ ,™p,np), 

which will be also written as mo,imo,2 • ■ • wo.no; ■ ■ ' j • • • fnp.up for simplic- 
ity. Then m is a (p-|- l)-tuple of partitions of n and we define that m is the spectral 
type of P. 
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If the set of (usual) characteristic exponents 

(6.17) Aj := {Xj.i, + i ; < i < rrij i, — 1 and = 1, . . . , n^} 

of the Fuchsian differential operator P at every regular singular point x ~ Cj are n 
different complex numbers, P is said to have distinct exponents. 

Remark 6.9. We remark that the Fuchsian differential equation Ai : Pu = is 
irreducible (cf. Definition 2.1(]| ) if and only if the monodromy of the equation is 



irreducible. 

If P = QR with Q and R e W{x; £,), the solution space of the equation Qv = 
is a subspace of that of A4 and closed under the monodromy and therefore the 
monodromy is reducible. Suppose the space spanned by certain linearly indepen- 
dent solutions ui, . . . , Urn is invariant under the monodromy. We have a non-trivial 
simultaneous solution of the linear relations bmU'™''' + ■ ■ ■ + biu"p + b^Uj = for 

j = 1, . . . , m. Then ^ are single- valued holomorphic functions on C U {oo} exclud- 
ing finite number of singular points. In view of the local behavior of solutions, the 
singularities of ^ are at most poles and hence they are rational functions. Then 
we may assume R = 6„i9™ + • • • + feo € W{x] and P € W{x] ^)R. 

Here we note that R is Fuchsian but R may have a singularity which is not a 
singularity of P and is an apparent singularity. For example, we have 

(6.18) x{l-x)d^+{-f-ax)d+a= (J^-x^ ^ (^x{l-x)d+{-f-ax)j (^(^^-x^d+1^ . 

We also note that the equation d^u = xu is irreducible and the monodromy of its 
solutions is reducible. 

6.2. Tuples of partitions. For our purpose it will be better to allow some rrij,^ 



equal and we generalize the notation of tuples of partitions as in [06| 



Definition 6.10. Let m = (m-j.i,) j=o.i,... be an ordered set of infinite number of 

non-negative integers indexed by non-negative integers j and positive integers v. 
Then m is called a {p + l)-tuple of partitions of n if the following two conditions 
are satisfied. 



oo 



(6.19) ^m,,, =71 (j=0,l,...), 

(6.20) mj,i=7i (Vj>p). 
A {p + l)-tuple of partition m is called monotone if 

(6.21) > TOj>+i (j = 0, 1, . . . , I' = 1,2, . . .) 

and called trivial if rrij^i, = for j = 0,1,... and u = 2,3,.... Moreover m is 
called standard if m is monotone and mj^2 > for j ~ 0, ...,p. The greatest 
common divisor of {mj ,y;j = 0,1,..., ;y = 1, 2, . . .} is denoted by gcd m and m is 
called divisible (resp. indivisible) if gcdm > 2 (resp. gcdm =1). The totality of 
(p + l)-tuples of partitions of n are denoted by 7^p"\ and we put 

oo oo oo 

(6.22) ^P+i:= U^p'+i' ^*"^:=U^P+i' ^:=U^P+i' 

n— p—Q p=0 

(6.23) ordm -.^ n if m e r^''\ 

(6.24) 1 := (1, 1, . . .) = (m,, , = (5..i) j=o,i.... e V'^'K 

i/=l,2.... 
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(6.25) idx(m, m') := mj^^m'^ ^ — (p — 1) ordm • ordm', 

j=0 v=l 

p oo 

(6.26) idx m := idx(m, m) = 7ti| ^ — (p — 1) ordm^, 

i=o v=l 

^ , idxm 

(6.27) Pidxm:=l —. 

Here ordm is called the order of m. For m, m' S P and a non-negative integer 
/c, m + fcm' dV is naturally defined. Note that 

(6.28) idx(m + m') = idx m + idx m' + 2 idx(m, m'), 

(6.29) Pidx(m + m') = Pidxm + Pidxm' — idx(m, m') — f . 

For m G "Pp+i we choose integers tiq,. . . ,nk so that mj^i, = for v > nj and 
j ~ 0, . . . ,p and we will sometimes express m as 

m = (mo, mi, . . . ,mp) 

= mg^l, . . . , mo.na'j ■ ■ -1 ITLk.l, ■ ■ ■ , ^p,nj, 

= mo,i • • • mo,„(, , mi,i • • • mi,„j , . . . , mk.i ■ ■ ■ mp^n^ 
if there is no confusion. Similarly m = (rriQ i, . . . , mo,„o) if m e Pi. Here 

nij = {rrij^i , . . . , mj,„^ ) and ord m = irij^i + • • • + nij^n^ (0 < j < p). 

For example m = {nij^v) S t'^^ with mi^i = 3 and ?7io,,y = m2.ij = toi,2 = 1 for 
V = 1 , . . . , 4 will be expressed by 

m= 1,1,1,1;3, 1111,31,1111 = 1^^,31,1^. 

Let ©oo be the restricted permutation group of the set of indices {0, 1, 2,3,...} = 
Z>o, which is generated by the transpositions (j, j + 1) with j e Z>o. Put &^ = 
{(T G ©oo ; f (0) = 0}, which is isomorphic to ©oo- 

Definition 6.11. The transformation groups S'oo and S'^ of V arc defined by 

5*00 '. = H ^ "^007 

(6.30) S'^ {{(Ji)^=o^,... ; e a, = l (i > 1)}, H ~ ©oo, 
m^-„ = m^(j)^<^^(^) (j = 0, 1,..., 1^ = 1,2,...) 

for g = (cr, CTi,...) S S'oo, m = (iTij^^) G T' and m' = gm. A tuple m g T' is 
isomorphic to a tuple m' € P if there exists g £ Soo such that m' = gm. We 
denote by sm the unique monotone element in S^m. 



Definition 6.12. For a tuple of partitions m = ( ) i<,y<r, ^ ^p+i ^^id A 

6<j<p 

{^],<Ai<iy<nj "^itli '^i.'^ ^ '^^ '^'^ define 

idxm 



(6.31) |{'^m}| := iTij^^Xj^y - ord m 

We note that the Fuchs relation ( |6.16 ) is equivalent to 

(6.32) |{Am}|=0 
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because 



n T m T , , — 1 



p rij 



p rij 



j=Ov=l i=0 



j=0 v=\ 



j=0 y=l 



= -(^idxm+ (p- l)n^j --{p+l)n 

l.j (p-l)n(n-l) 

= - idx m - ?i + — — . 

2 2 

6.3. Conjugacy classes of matrices. Now wc review on the conjugacy classes of 

matrices. For m = (mi, . . . , mAr) G V^'^ and A = (Ai, . . . , Aat) G we define a 

mat rix L( m; A) S Af(n,C) as follows, which is introduced and effectively used by 

|0| and @: 

If m is monotone, then 



L 



(m; A) : = {a,j^ i<i<n^ ^'J ^ M(m,, mj, ( 



.33) 



A, 



A;/„ 



.0 



l<i/<n. 



^ .7 - !)• 



Here denote the identity matrix of size and M{m.i, ruj, C) means the set of 
matrices of size x rrij with components in C and M(m,C) := M(m,m,C). 
For example 

/Ai 1 

L(2,l,l;Ai,A2,A3) := ° ° 



Aa 1 



V 



If m is not monotone, we fix a permutation cr of {1, ... , N} so that (mcr(i) , . . . , Tna(N)) 
is monotone and put L(m; A) = L(mo.(i), . . . , ?Ticr(Ar); Acr(i), . ■ . , Acr(Ar)). 
When Ai = • • • = Aat = /i, L(m; A) may be simply denoted by L(m, 
We denote A ^ B for A, B G M{n, C) if and only if there exists g E GL{n, C) 
with B = gAg~^. 

When A ^ L{m.; A), m is called the spectral type of A and denoted by spc A 
with a monotone m. 

Remark 6.13. i) If m = (mi, . . . , rriK) G 'p^"'' is monotone, we have 



A~X(m;A) rank JJ(A - A^) = n - (mi H (j = 0,l,..., 

ii) For yu S C, put 

(6.34) (m; A)^ = (m^^ , . . . , m^^, ; /i) with {h, . . . , i/f } = {z ; A.^ = /i}. 
Then we have 

(6.35) L(m;A)^0L((m;A)^). 

iii) Suppose m is monotone. Then for /i G C 



K) 



.36) 



L(m,/i) - J(max{zy; m^ > i},^), 
J(fc,^) :=i(l''',/^) e M{k,C)- 
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iv) For A e M(n,C), we put Z{A) = Zm(„.c)(^) := {X G A/(n,C); AX = 
XA}. Then 

d\mZM(n,c){L{m, A)) = + m2 H 

v) (of. |08| , Lemma 3.1]). Let A{t) : [0, 1) — > A/(n, C) be a continuous function. 
Suppose there exist a continuous function A = (Ai, . . . , \k) ■ [0, 1) — >■ such that 
A{t) - L(m; A(t)) for t e (0, 1). Then 

(6.37) A(0) - i(m; A(0)) if and only if dim Z(A(0)) = + • • • + m^. 
No te that the Jordan canonical form of L{m; A) is easily obtained by ( 6.35 ) and 



(|6.36|) . For example, L(2, 1, 1; n) ~ J(3, ^i) e J(l, 
6.4. Realizable tuples of partitions. 

Proposition 6.14. Let Pu = be a differential equation of order n which has a 
regular singularity at 0. Let {[\i](rni)j • ■ • ? ['^g](m,)} be the corresponding set of the 
characteristic exponents. Here m = (toi, . . . , niq) a partition of n. 

i) Suppose there exists k such that 

= A2 = • • • = Afc, 
mi > TO2 > • • • > mk, 
Aj-Ai^Z (j = fc + l,...,g). 

Let m}' — (m^ , . . . , m^) be the dual partition 0/ (mi, . . . , m^) (cf. ( |3.11 )). Then 
for i = 0, . . . , TOi — 1 and j ' = 0, . . . , m^_^j^ — 1 i/ie equation has the solutions 

3 

(6.38) u,^j{x) = Yl l°g" ^ • <^*.J.-(2^)- 

-ffere (f>i j ,^(x) G Oq fl*^*^ 0i,iv.j(O) = (^^.j /or = 0, . . . , j — 1. 

ii) Suppose 

(6.39) A., - Aj 7^ Z \ {0} (0 < i < j < q). 

In this case we say that the set of characteristic exponents {[Xi]{mi)j ■ ■ ■ ^ [-^qlim )} 
is distinguished. Then the monodromy generator of the solutions of the equation at 
is conjugate to 

L{m; (e^^^^S . . . , e^^^^^')). 



Proof. Lemma 6.5 ii) shows that there exist Uij{x) of the form stated in i) which 
satisfy Puij{x) e Oo{Xi + j) and then we have Vij{x) e Oo{Xi + mi,j) such 
that Puij{x) = Pvij{x) because of ( ^.6[ ). Thus we have only to replace Uij{x) by 
Uij{x) — Vi_j{x) to get the claim in i). The claim in ii) follows from that of i). □ 

Remark 6.15. i) Suppose P is a Fuchsian differential operator with regular singu- 
larities at x ~ cq = 00, ci, ... ,Cp and moreover suppose P has distinct exponents. 
Then the Riemann scheme of P is (3.15) if and only if Pu = has local solutions 
Uj^v,i{x) of the form 

■ {x - Cj)^^--+''{1 + o{\x - f"^-^''-''^^)) 

{x -> Cj, 1 = 0,.. .,rjij,y - 1, j = 1, . . . ,p), 

(x — !• 00, 1 = 0,..., mo.i/). 
Moreover suppose — ^ "L iox 1 < v < v' < Uj and j = 0, . . . ,p. Then 

'(x-c,)^-'+>,-,,,(x) {l<j<p) 
x-^<'--'-'(j)o,.Ax) {j = 0) 



(6.40) Uj^^4x) 



(6.41) Uj^iy^i{x) 
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with 



{x) £ satisfying 4>j,v,i{cj) = 1. In this case P has the Riemann 



scheme ( 6.15| ) if and only if at the each singular point x ~ Cj, the set of characteristic 



exponents of the equation Pu 
of its solutions is semisimple. 



equals Kj in (3.17) and the monodromy generator 



ii) Suppose P has the Riemann scheme (3.15) and Ai^i 



Then 



the monodromy generator of the solutions of Pu = at a; = ci has the eigenvalue 
with multiplicity n. Moreover the monodromy generator is conjugate to 



-lAi, 



the matrix L(( 



mi.i, ■ . 



27r\/^A 



) , which is also conjugate to 
® J(mr.„-,e^-^^-). 



Here {m^i, . . . ,m^^v) is the dual partition of (mi i, . . . ,mi „j). A little weaker 
condition for Xj^^, assuring the same conclusion is given in Proposition 11. 9| . 



Definition 6.16 (realizable spectral type). Let m = (niQ, . . . , nip) be a (p + 1)- 

tuple of partitions of a positive integer n. Here = (m.j,i, . . . ,mj^nj) and n = 
TTij^i + • • ■+mj,nj for j ~ 0, . . . ,p and mj^,^ are non-negative numbers. Fix p different 
points Cj (j = 1, . . . ,p) in C and put co = oo. 

Then m is a rea lizab le spectral type if there exists a Fuchsian operat or P with the 
Riemann scheme ( 6.15| ) for generic Xj^i, satisfying the Fuchs relation ( 6. 16 ). More- 
over in this case if there exists such P so that the equation Pu = is irreducible, 
which is equivalent to say that the monodromy of the equation is irreducible, then 
m is irreducibly realizable. 

Remark 6.17. i) In the above definition {Xj,,^} are generic if, for example, < 
TOo,i < ordm and {Xj^^ ; (j, i^) ^ (0, 1), j = 0, . . . ,p, I < y < nj}U{\} are linearly 
independent over Q. 

ii) It follows from the facts (cf. ( 3.22| )) in j ^3.l| that if m G satisfies 

|{Am'}| i Z<o = {0, -1, -2, . . .} for any m', m" e V 
(6.42) - , „ " , 

satisfying m = m + m and < ordm < ordm. 



the Fuchsian differential equation with the Riemann scheme (6.15) is irreducible. 
Hence if m is indivisible and realizable, m is irreducibly realizable. 

Fix distinct p points ci, Cp in C and put cq = oo. The Fuchsian differential 
operator P with regular singularities at a; = Cj for ) = 1 , . . . , n has the normal form 



(6.43) P = (J[{x - Cj)")9" + a„_i(a;)9"-i + • • • + ai(.r)9 + ao{x), 
where ai{x) € <C[x] satisfy 

(6.44) degai(a:;) < (p - l)n + i, 

(6.45) {d''a,){cj) = (0 < ly < i - 1) 

for z = 0, . . . , 71 — 1. 

Note that the condition ( |6.44 ) (resp. ( |6.45| )) corresponds to the fact that P has 
regular singularities at a; = Cj for j ^ 1, . . . ,p (resp. at a; = oo). 

Since ai{x) = bi{x) YVj^i{x — CjY with bi{x) = X^r'L'o^''^""*'' b'.-rX^ S W[x] satisfy- 
ing deg6i(a;) < {p—l)n + i—pi~ {p—l){n~i), the operator P has the parameters 
{bi r}. The numbers of the parameters equals 

iu , 1^ ipn + p-n+l)n 
2_^{{p - l){n - t) + 1) = , 

i=Q 
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The condition {x - CjY'^P G W[x\ implies {d^ai){cj) = for < £ < fc - 1 and 
< i < which equals {d^hi){cj) = OforO<£<fc— 1 — i and < i < fc — 1. 
Therefore the condition 



(6.46) 



independent linear equations for {b^,r} since 



gives — ^ ' 

i) = ("^3,'^+^)"^],<^ ^ g^jj these equations have a simultaneous solution and they are 
independent except for the relation caused by the Fuchs relation, the number of 
the parameters of the solution equals 



{pn + p — 71 + 1)71 



EE 

j=0 u=l 



m-j^^[mj,y + 1) 



(6.47) 



j=0 ^=1 



p "j 



\ Up - l)n^ -EE '4^ + 1) = Pidxm 



Remark 6.18 (cf. ||06| §5]). Katz [Kz] introduced the index of rigidity of an ir- 
reducible local system by the number idxm whose spectral type equals m = 
(toj ,y)j=o,...,p and proves idxm < 2, if the local system is irreducible. 



Assume the local system is irreducible. Then Katz |Kz] shows that the local 
system is uniquely determined by the local monodromies if and only if idx m = 2 
and in this case the local system and the tuple of partition m are called rigid. If 
idxm > 2, the corresponding system of differential equations of Schlcgingcr normal 
form 



(6.48) 



du 
dx 



E 



A. 



has 2 Pidx m parameters which are independent from the characteristic exponents 
and local monodromies. They are called accessory parameters. Here Aj are con- 
stant square matrices of size n. The number of accessory parameters of the single 
Fuchsian differential operator without apparent singularities will be the half of this 
number 2 Pidxm (cf. Theorem pT3 and [pz[). 



Lastly in this subsection we calculate the Riemann scheme of the products and 
the dual of Fuchsian differential operators. 



Theorem 6.19. Let P be a Fuchsian differential operator with the Riemann scheme 
15). Suppose P has the normal form ( |6.43 ). 



i) Let P' be a Fuchsian differential operator with regular singularities also at 
X = Co = 00, ci, . . . , Cp. Then if P' has the Riemann scheme 



(6.49) 



Co 



Cj {j = l,...,p) 



[Ao.i +mo,i - {p- l)ordm](„j^ J 
[Ao 



> , 



WEYL ALGEBRA AND FUCHSIAN DIFFERENTIAL EQUATIONS 



47 



the Fuchsian operator P' P has the spectral type m + m' and the Riemann scheme 

Cp 

[-^p,l](mp,i+m' j) 



(6.50) 



X = Co = OO Cl 

[Ao,i] 



[Ao ) [Ai 



Suppose the Fuchs relation (6.32) for ( |6.15 ). Then the Fuchs relation for ( |6.49 ) 
valid if and only if so is the Fuchs relation for (6.50). 
ii) For Q = Y.k>Q^k{x)d^' € W{x), we define 



IS 



.51) 



k>0 



and the dual operator of P by 

(6.52) a„(.T)(a„(a;)-ip)* 

when P = X]fc=o '^fe(^)^'^- Then the Riemann scheme of P^ equals 



.53) 



a; = co = oo Cj (j = l,...,p) 

[2 - n - mo,i - Ao,i](™o_i) - mj,i - Xj.i\{m,,i) 

[2 - n - mo,„n - Ao,no](mo,„o) ~ "Ij.nj ~ Aj,„ J (m^.^^. ) _ 



Proof, i) It is clear that P'P is a Fuchsian differential operator of the normal form if 
so is P' and Lemma 6.5 iii) shows that the characteristic exponents of P' P aX x = Cj 
for J = 1, . . . , p are just as given in the Riemann scheme ( 3.5C ). Put n = ord m and 
n' = m'. We can also apply Lemma 3.5 iii) to and a;~(p~i)" P' under the 



coordinate transformation x h-> ^ , we have the set of characteristic exponents as is 
given in (|^) because = (Ad(x^(P-i)")x-(P-i)"'P') (x-(p-i)")P. 

The Fuchs relation for (6.49) equals 



m'^ ^,[\j^u + nij^i, ~ 5jfi{p - 1) ordm) = ordm' 

j=0 v=l 



idx m' 



Since 



~ (5j,o(p- l)ordm) = idx(m,m'), 



the condition is equivalent to 

p Uj 



(6.54) 



and also to 



i=0 v=l 



idx m 



idx(m, m') 



p Tlj 



(6.55) E E(-^- + K..)^^- = °rd(m + m') - ^^"^"^^ "^'^ 

under the condition ( 6.32| ). 
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ii) We may suppose ci = 0. Then 



e>0 l<u<ni 

0<i<mi,„-f 



£>0 l<i/<ni 

0<i<mi „-f 



e>0 l<v<ni 

0<i<mi.„-f 



£>0 l<i/<ni 

0<j<mi,„-£ 

with suitable polynomials qe and such that qo, sq G C^. Hence the set of 
characteristic exponents of at ci is {[n — nii^i, — Xi,v](mi,^) ; = 1j • ■ • j '^i}- 
At infinity we have 

an{x)-^P = J2x-'-"qe{^) Yl {■& + Xo,. + i), 

e>0 l<iy<ni 

0<i<mo,^-£ 

(a„(x)-ip)* =^x-^-"sf(^) Yl (^-Ao,.-z + l-£-n) 

t>0 l<u<no 

0<i<mo,„-^ 



J] (t? - Ao,. + .7 + 2 - n - mo,.) 



£>0 l<i/<ni 

0<j<?rio,„-^ 

with suitable polynomials qe and with go, so S and the set of characteristic 
exponents of at ci is {[2 — n — mo,i/ — Ao,,y](mn ^) ' = 1, • ■ • , 't-o} D 

Example 6.20. The Riemann scheme of the dual of Jordan-Pochhammer 

operator P^^ ^ given in Example |2.8| iii) is 

± ... ± oo 

••• [l](p-i) [2-2p + ^](p_i) 

^Ai-^+p-1 ••• — Ap — Ai + • • • + Ap + /i - p + 1_ 

7. Reduction of Fuchsian differential equations 

Additions and middle convolutions introduced in §^ arc transformations within 
Fuchsian differential operators and we examine how their Riemann schemes change 
under the transformations. 

Proposition 7.1. i) Let Pu = be a Fuchsian differential equation. Suppose there 
exists c € C .such that P G (9 — c)M^[a;]. Then c = 0. 

ii) For 4){x) g C(.t), A G C, ^ G C and P G W[x], we have 

(7.1) P G C[a;] RAdei(-</>(a;)) o RAdei(0(x))P, 

(7.2) P G C[d] RAd(a~^) o RAd(a^)P. 

In particular, if the equation Pu — is irreducible and ordP > 1, RAd(9^^) o 
RAd(a^)P = cP with c G C^. 

Proof, i) Put P ~ {d ~ c)Q. Then there is a function u{x) satisfying Qu{x) = e'^^. 
Since Pu = has at most a regular singularity at a; = oo, there exist C > and 
> such that |u(a;)| < C|x|^ for \x\ » 1 and < argx < 27r, which implies 
c = 0. 
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ii) This follows from the fact 

Adei(-0(a;)) o Adci(0(x)) = id, 

Adei{<l>{x))f{x)P = fix) Adei(0(a;))P (/(x) G C(x)) 

and the definition of RAdei((/)(x)) and RAd(9^). □ 

The addition and the middle convolution transform the Riemann scheme of the 
Fuchsian differential equation as follows. 

Theorem 7.2. Let Pu = be a Fuchsian differential equation with the Riemann 
scheme ( |6.15| ) . We assume that P has the normal form ( |6.43 ) . 

i) (addition) The operator Ad((a; — CjY^P has the Riemann scheme 



a; = Co = oo ci 

[Ao,l - Aimo,!) ['^l,l](mi,i) 



[Ap. 



l-l(™p,i) 



, [Ao.no ~ '''](mo,„o) [Al,ni ] (mi,„ ^ ) ••• [Aj,rij + t] („,^^ ) ••• [Ap,„p ] („ip,„p ) ^ 

ii) (middle convolution) Fix /i G C. By allowing the condition mj^i = 0, we may 



assume 
(7.3) 



M Ao.i — 1 and A, i = for j ~ 1, . . . ,p 



and #{j ; m.j i < n} > 2 and P is of the normal form (6.43). Putting 



(7.4) 



(7.6) 



d ^mj.i - {p~ l)n, 
j=o 

we suppose 

(7.5) TOj.i > d for j = 0,...,p, 

Ao.i. i {0, -1, -2, . . . , mo,i - mo,^ - d + 2} 

*/ + • • • + 1 — (p — l)n > 2, mi 1 • • • JTip 1 7^ and i' > I, 

{Ao,i + Aj,y ^ {0,-1,-2, ...,mj,i -mj,y - d + 2} 
i/ "^0,1 + • • • + mj_i,i + mj> + mj-|_i,i + • • • + mp,i - (p - l)n > 2, 

Then S := a"'^Ad(a"^) 11^=1 (^ - Cj^^'-^P e W"[a;] and the Riemann scheme of 
S equals 



(7.8) 



Cl 



X = Co = oo 

[1 - /^](mo,i-rf) [0](mi,i-<i) 
[Ao,2 - A«](mo,2) [Al,2 + M](mi,2) 



[0](mp,i-<i) 
[Ap^2 + M](mp,2) 



JAo^no - M](mo,„o) [Al,„i + /i] (mi ,„ J •■• [Ap.rip + (mp,„p ) , 

More precisely, the condition ( [7.5| ) anrf t/ie condition ( |7.6| ) /or = 1 assure S G 
/n i/iis case </ie condition ( |7.6| ) (resp. (7.7) for a fixed j) assures that the 
sets of characteristic exponents of P at x ~ oo (resp. Cj) are equal to the sets given 
in ( |7.8| ), respectively. 

Here we have RAd(a"'') RP = S", if 



(7.9) 

and moreover 
(7.10) 



Aj i + TTij^i are nof characteristic exponents of P 
at X ^ Cj for j ~ 0, . . . ,p, respectively, 

mo,i = d or Ao.i ^ {— d, — d — 1, . . . , 1 — mo,i}. 
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Using the notation in Definition 2.c, we have 

S = Mi{x - cif°-'-'^){x - cifT*_^{-d)-'^ Ad{d-'')T1.^ 

(7.11) P 

■ - cif Y[{x - cj)""^'^ Ad((a; - ci)^°'i)P 

under the conditions ( [7.5| ) and 

\ Ao,i/ ^ {0, -1, -2, . . . , mo,i - mo.i/ - d + 2} 
1 if Too, I' + • • • + TOp i — (p — l)n > 2, toi^i 7^ and v >1. 



(7.12) 



iii) Suppose ordP > 1 and P is irreducible in ii). Then the conditions ( |7.5| ), 
( |7.6| ), (7.7) are valid. The condition (7.10) is also valid if d > 1. 

All these conditions in ii) are valid if^f'lj ; rnj^i < n} > 2 and m is realizable and 
moreover Aj> are generic under the Fuchs relation with Aj,i = for j ~ I, . . . ,p. 

iv) Letm = (mj^,^^ j=o,...,p G ^p+i- Defined by (7.4). Suppose Xj^^ are complex 

V— 1 , . . . , n j 

numbers satisfying ( |7.3| ). Suppose moreover rnj^i > d for j — 1, . . . ,p. Defining 
m' e P^;\ and \)^^ by 

„ = mj> - (j = 0, . . . ,p, = 1, 

[ 2 - Ao,i (j - 0, - 1), 

Aj,^ - Ao.i + 1 (j = 0, // > 1), 

(j > 0, // = 1), 

.Aj-i. + Ao,i-l (j >0, 1), 



(7.13) 
(7.14) 



A' 



we have 
(7.15) 



idxm = idxm', |{Am}| = |{A^,}|. 



Proof. The claim i) is clear from the definition of the Riemann scheme, 
ii) Suppose (Q, (0) and (0). Then 

p 

(7.16) P' := (]J(a; - Cj)-"^'i)p € 

Note that RP = P' under the condition (Q. Put Q := 9(p^i)"-^?=i '"^^ip'. Here 
we note that (7.5) assures (p — l)n — X)^=i '^j i — 0- 

Fix a positive integer j with j < p. For simplicity suppose j = I and Cj — 0. 
Since P' = J2^=o '^j(^)^"' with degaj(a:) < (p — 1)?! + .j — Sj=i have 

w 

x"i'ip' = ^0:^-^(79) [] (i? + Ao,.+i) 



^=0 



l<i^<no 
0<i<mo,v-^ 



and 



N 



{p - l)n — ^ TOj^i = TOo,i + mi,i — d 

with suitable polynomials rg such that tq G . Suppose 

(7.17) (i9 + Ao,^ + i) ^ if TV -mi,i + 1 < £ < TV. 

l<i^<no 
0<i<)rio,,^-^ 

Since P' S W[x\, we have 



(i?) =x^^V-^+"i'i9'^~^+™i-isKi?) if iV-mi,i + l <£<7V 
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for suitable polynomials si. Putting Si = ri for < ^ < — mi^i, we have 

1=0 l<v<no 

(7.18) ^ o<.<™,„-. 



£=Ar-mi,i + l l<i/<no 

0<'i<mo,i.-£ 



Note that sq S and the condition ( [7.17[ ) is equivalent to the condition Ao,;y+i 7^ 
for any u and i such that there exists an integer £ w ith < z < mo.i/ — ^ — 1 and 
N — mi^i + 1 < ^ < A^. This condition is valid if (7.6) is valid, namely, mi^i = or 

Ao,,. ^ {0, -1, . . . , mo,i - mo,^ - d + 2} 

for u satisfying rriQ i, > tuq i — d + 2. Under this condition we have 

N 

Q^Y,d's,{d) J] {d + i)- [] (?? + Ao,. + z), 

t=0 l<i<N-mi^i-t l<v<no 

0<i<mo,i,-i 

N 

Ad(9-'^)Q = ^9^sKi?-/i) n i^'f^ + i) 

• n n - M + Ao,. + 

l<i<T7lO,l — ^? 2<l^<Tlo 

0<i<)no,^-^ 

since ^ = Aq.i — 1. Hence d~"'°'^ Ad{d~^)Q equals 

"10,1-1 

x"°-i-^s,(i?-/i) n ('?-M+») n - M + Ao,. + 

^=0 l<i<Af-mi,i-£ 2<i/<no 

N 

+ j2 d'-^"-'sd^-f^) n i^-f^+i) n - M + Ao,. + i) 

^— mo,i l<i<-^— "11,1— ^ 2<i^<no 

0<i<mo,„-£ 

and then the set of characteristic exponents of this operator at 00 is 

{[1 - ^A{nla,l-d)l [Ao,2 - ^A{ma.2)^ ' ■ ' ' [Ao,no " M](mo,„o)J'- 

Moreover 8^™°-^^^ Ad{d^^^)Q ^ W[x] if Ao,i +mo,i is not a characteristic exponent 
of P at cxj and —Aq.i + 1 + i "^o.i + 1 foi I < i < N — mi^i ~ too,i ^ which 
assures x"'°-^ sq ni<i<jv-mi.i ^ M + *) 11 2 (79-^ + Ai,^ + t) (^dW[x]. 

0<i<mo,M 

Similarly we have 

"11,1 



P' =Yd"'''~'liW n (^-Ai,.-«) 

(=0 2<i/<"i 

0<'i<"ii,,^-£ 

A 

+ ^ x^-™^^^9,(^) n (^-Ai,.-o, 



-m 1^1+1 2<^'<ni 

0<'i<mi,,^-^ 
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i=0 2<u<ni 

+ d^^'id^) n (^+*) n ('^"Ai,.-*). 

£=mi 1+1 'i=l 2<iy<rii 

N 

i=0 l<i<f-mi,i 

• n (7? - M - Ai,, - 

2<v<ni 
0<i<mi,„-£ 

with 50 e C^. Then the set of characteristic exponents of d~™°-^Ad{p^'^)Q equals 

{[0](nil,l-rf)' [Al>2 + M](mi,2)' ■ ■ ■ ' [-^l,"! + M](mi,„j} 

if 

n (^^ - M - Ai,. - i) ^ 

2<i/<ni 
0<i<mi.„-£ 

for any integers £ satisfying < ^ < iV and N — £< mo,i. This condition is satisfied 
if ( |7.7D is vahd, namely, toq^i = or 

Ao,i + Xi,u {0, -1, . . . ,7711,1 - mx.y - d + 2} 

for V >2 satisfying m\^i, > toi^i — d + 2 

because mi ,^ — £—1 < mi ^, + mo.i ~ N — 2 = mi i, — mi i + d — 2 and the condition 
•d — fj. — Xi^i, — i G dW[x] means — 1 = /i + Xi^^, + i = Ao,i — 1 + Ai^^ + i. 
Now we will prove ( |7.11 ). Under the conditions, it follows from (7.18) that 

p 
i=2 

N 

=^x""'i"^Ad(x^°'Osf(79) n ('^-^) n ('^+v-+*), 

e=0 0<u<i-N+mi,i l<u<no 

0<i<mo,^-£ 

Q ■= (_a)A^-'»o,iy*p 

N 

= (-a)^-™°'^5]x^-'"''-^s,(-^-Ao,i) n i-^-Xoj-i^) 

i=0 0<iy<e-N+nii,i 

n (-1^ + Ao,. - Ao,i + «) n 

2<z><?io 0<~i<~mo^i~£ 
0<i<mo,„-i 

N 

=Y.i-9)''-''^d-^->^o,i) n M-*) 

£=0 l<'i<£-mo,i 

n i-^-xo.i-'^) n (-'?+Ao,.-Ao,i+«) 

0<i'<^-Af+mi,i 2<i^<7io 

0<i<mo,„-^ 
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and therefore 

N 

e=0 l<i<l-maA 



n i-^-i-iy) n M+Ao,.-i+*). 



0<2<mo,iv — 



Since 



0<i/<£-Af+nii,i 



n 

0<!/<Af-f-mi,i 



wc have 

t=0 0<iy<N-l-mi^i 



■ Si 



0<i^<^— mo.i 2<i/<no 

0<i<mo.^-^ 



and 

JV 

^mo.i+mi,l-JVAd(x^°-i-2)y*Q/ ^ ^^mo.l-f "Q (t? - . s^(i? - Aq.I + 1) 

£=0 0<i^<£-7no,i 

Y[ (79-Ao,i+2 + i^) n (^ + Ao,.-Ao,i + ! + 

0<u<N-7ni,i-e 2<u<no 

0<i<ma,„~l 

which equals d^"^°-^ Adi^-^')Q because no<^<A;(^ - = ^^cl'' for k S Z>o. 
iv) (Cf. Remark |9.4| ii) for another proof.) Since 

p p 
idxm - idxm' = ^ m| - {p - - - dY + {P ^ - 

p 

= mj- 1 -{p+ - 2(p - l)nd + {p - l)cfi 

j=o 
p 

= d(2 mj- 1 - 2d - 2{p - l)n^ = 
j=o 

and 

p 

= mo,i(// + 1) - (mo,i - d){\ - m) + m(" - ™o.i - X!^" ~ 
p 

= TOj.i — d — {p — i)nj i-i — mo id — (mo,i ~ d) — d, 

3=0 

we have the claim. 

The claim iii) follows from the following lemma when P is irreducible. 
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Suppose Xj^i, are generic in the sense of the claim iii). Put m ~ gcd(m)m. Then 
an irreducible subspace of the solutions of Pu = has the spectral type £'m with 
1 < i' < gcd(m) and the same argument as in the proof of the following lemma 
shows iii). □ 



The following lemma is known which follows from Scott's lemma (cf. §7.19). 
Lemma 7.3. Let P be a Fuchsian differential operator with the Riemann scheme 



.15). Suppose P is irreducible. Then 



(7.19) idxm<2. 

Fix £ = {io, . . . , £p) G '^^^ and suppose ord P > 1 . Then 

(7.20) mojo ^ h mp^^^ - (p - 1) ordm < m^^f^ for k^O,...,p. 

Moreover the condition 

(7.21) Xoj„ + Ai,f, + • • • + Xpj.^ e Z 
implies 

(7.22) mo/o + mi,fi H h nipj^ < (p - 1) ordm. 

Proof. Let Mj be the monodromy generators of the solutions of Pu = at Cj, 
respectively. Then dimZ(Mj) > X]"=i therefore X]j=o -^(-^^i) — 

(p + l)n2 - (idxm+ (p- l)?!^) = 271^ - idxm. Hence CoroUary |ilT^ (cf. ( |ll.47| )) 
proves ( [7.19D . 

We may assume £j = 1 for j = 0, . . . ,p and fc = to prove the lemma. By 
the map u{x) 0^=1 ^ Cj)^^^-'-u{x) we may moreover assume Xjj. ~ for 
j = l,...,p. Suppose Ao,i S Z. We m ay ass ume Mj, ■ ■ ■ M iMq ~ I„. Since 
dimkerMj > m,j, Scot t's lemma (Lemma 11.11 ) assures ( 7.22| ). 

The condition ( 7.20|) is reduced to ( 7.22 ) by putting mo^gg = and Ao,fo = 
— Ai^fj — • • • — Ap.£p because we may assume fc = and £o = "-o + 1- D 



Remark 7.4. i) Retain the notation in Theorem 7.2. The operation in Theorem |7.2| 
i) corresponds to the addition and the operation in Theorem 7.2 ii) corresponds to 



Katz's middle convolution (cf. p<^), which are studied by [DR] for the systems of 
Schlesinger canonical form. 

The operation c{P) := Ad{d~'^)d^P~^^"'P is always well-defined for the Fuchsian 
differential operator of the normal form which has p + 1 singular points including 
oo. This corresponds to the convolution defined by Katz. Note that the equation 
5?; = is a quotient of the equation c[P)u ~ 0. 

ii) Retain the notation in the previous theorem. Suppose the equation Pu = 
is irreducible and Xj^i^ are generic complex numbers satisfying the assumption in 
Theorem 7.2. Let u{x) be a local solution of the equation Pu = corresponding to 
the characteristic exponent Ai,jy at x = Ci. Assume Q < i < p and 1 < v < Ui. Then 
the irreducible equations (Ad((x- - CjY)P)ui = and (RAd(5-^) o RP)u2 = 
are characterized by the equations satisfied by ui{x) = {x — CjYu{x) and ^2(2;) = 
Ilf.{u{x)), respectively. 

Moreover for any integers fco, fci, . . . , fcp the irreducible equation Qu^ ~ satisfied 
by u^{x) = Iff+'^« (Yl^^^{x — CjYiu{x)^ is isomorphic to the equation (RAd(9~^) o 
RP)u2 = as M^(x)-modulcs (cf. §||| and §|). 

Example 7.5 (exceptional parameters). The Fuchsian differential equation with 
the Riemann scheme 

X ~ 00 
l-a- l3--f-2S 
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is a Jordan-Pochhammer equation (cf. Example 2.8 ii)) if (5 ^ 0, which is proved 
by the reduction using the operation RAd(ai"'') R given in Theorem [7.2| ii) . 
The Riemann scheme of the operator 

Pr = x{x- l){x-c)d'^ 

- ((a + /3 + 7 - 6).t2 - ((a + /3 - 4)c + Of + 7 - 4).t + (a - 2)c)d'^ 

- (2(a + /3 + 7 - 3)a; + (a + /3 - 2)c + a + 7 - 2 + r)a 

equals 

x = oo 1 1 

[0](2) [0](2) [0](2) [0](2)i, 

2 — a — /3 — 7 a (3 7 J 
which corresponds to a Jordan-Pochhammcr operator when r ~ 0. If the param- 



eters are generic, KAd{d)Pr is Heun's operator (8.19) with the Riemann scheme 



X ^ oo 1 c 

2 

3 — a — /3 — 7 a ~ 1 /?— 1 7^1 



which contains the accessory parameter r. This transformation doesn't satisfy (7.6) 
for V 

The operator RAd(9^~"~'^~''')Pr has the Riemann scheme 

a; = oo 1 c 

a+^+7-1 

a + /3 + 7 1 — /3 — 7 1 — 7 — a 1 — a — 

and the monodromy generator at 00 is semisimplc if and only if r = 0. This 



transformation doesn't satisfy (7.6) for y = 2. 
Definition 7.6. Let 

P = a„(x)a" + a„_i(a;)a"-i + • ■ ■ + ao{x) 

be a Fuchsian differential operator with the Riemann scheme ( |6.15| ). Here some 
rrij^ may be 0. Fix £ = {(.q, . . . ,£p) G with 1 < ij < rij. Suppose 

(7.23) #{j ; nij^i^ ^ n and < j < p} > 2. 
Put 

(7.24) (m) := mo,^o H h Wp.fp - (p - 1) ord m 

and 

(7.25) 

p p 

:= Ad(]^(.T - Cjf'''^)\{{x ~ Cj.)'"^-.^.-''^(™)a-'"o..o M{d^-^^-'o—-^v.>^^) 

Tl P 

• a^P-i)"-"!'*! — -"-^pa,7i(x) J|(a; - c,)"""-'^- Ad( j|(a- - Cj)-'^'-'^)P. 
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If Xj^i, are generic under the Fuchs relation or P is irreducible, diP is well-defined 
as an element of W[x] and 

(7.26) d^P = P with P of the form (E43|), 



diP e Wix) RAd(f[(x - cjf'-'^ ) RAd((9^~^«-^o ^p.*p) 

(7.27) ^ 

•RAd(n(x--c,)-^-^0^ 



and di gives a correspondence between differential operators of normal form ( ^.45| ) . 
Here the spectral type dem of dgP is given by 

(7.28) 9fm :=:(m^ „) o<j<p and m'^ ,^ = mj^^-Se^^„-di{m) 
and the Riemann scheme of deP equals 

'XQ,,^2^le (j-0, iy = £o) 

(7.29) de{X^} -.^ {X'^,} with A^- , = 



Ao,,. - Ai£ (j = 0, 7^ 4) 
Aj,,. (1 < j <p, v ^ £j) 

Xo,„ + He (1 < j < P, 7^ ij) 



by putting 



(7.30) :=^A,-,^-l. 



It follows from Theorem 7.2 that the above assumption is satisfied if 

(7.31) mj,f^->df(m) {j^O,...,p) 

and 

p p 
.7^0^ ^^J^e,+c^-e,)s,_, (j3-l)n-^m,,^^+(,_f^)5^., +2<i <0} 

for A: = 0, . . . ,p and = 1, . . . , rifc. 



Note that dim e "Pp+i is well-deGned for a given m € "Pp+i if (7.31) is valid. 
Moreover we define 



(7.33) 9m 
(7.34) 



~ 9f„„^(m)m with 

= minji/; rrij^i, = max{TOj^i, 771^^2, . . .}}, 



(7.35) dmaxi'm) := ^max{mj,i,mj^2, • . . ,TOj,nj} - (p - 1) ordm. 

For a Fuchsian differential operator P with the Riemann scheme ( |6.15| ) we define 

(7.36) dniaxP di^^^^(^^)P and 9,„ai.{Am} = 9£,„„,(m){Am}. 

A tuple m G is called basic if m is indivisible and dmaxii^) < 0. 

Proposition 7.7 (linear fractional transformation). Let (j) be a linear fractional 
transformation of¥^{C), namely there exists ( " ^ ) G GL{2,C) such that (/>(x) = 



^^ij. Let P be a Fuchsian differential operator with the Riemann scheme ( 6.15 ). 
We may assume — - ~ cj with a suitable j by putting Cp+i = — Ap+1,1 = and 
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7Tip+i_i ^ n if necessary. Fix £ = (£07 ' ' ' £p) G ^>o • (7-31) and (7.32) are valid, 
we have 

deP e Wix) Ad((7x + 6f'^)T;^,deT;p, 

— ^o.io + • • ■ + Ap,£p — i. 

Proof. The claim is clear if 7 — 0. Hence we may assume (f>{x) ~ ^ and the claim 
follows from ( 7.11 ). □ 

Remark 7.8. i) Fix Aj^^ G C. If P has the Riemann scheme {Am} with dmax{^) = 
1, dgP is well-defined and dmaxP has the Riemann scheme dmax{^m} ■ This follows 
from the fact that the conditions (7.5), (7.6) and ( [7.7] ) are valid when we apply 
Theorem 7.2 to the operation dmax ■ P ^ dmaxP- 

ii) We remark that 

(7.38) idxm = idx9()m, 

(7.39) ord dmaxi^ = ord m - d^ax (m) . 
Moreover if idxm > 0, we have 

(7.40) dmaxini) > 
because of the identity 

fc p n, 

(7.41) ( ^ (p ^ 1) ord ml • ordm = idxm + ^^("^j/j ~ "^j.i') ' "^i,!^- 

j=o j=0 v=\ 

If idxm — 0, then dmaxiy^ > and the condition djnax(vc\) = implies rriju = rrij^i 
for = 2, . . . , Uj and j — 0,1, . . . ,p (cf. Corollary 3.3). 

iii) The set of indices £max{^) is defined in ( 7.34 ) so that it is uniquely deter- 
mined. It is sufficient to impose only the condition 

(7.42) mj,i^o.^{in)j = max{mj4, 771^,2, ■ • ■} (j = 0, . . . ,p) 
on £„iaj:(m) for the arguments in this paper. 

Thus we have the following result. 

Theorem 7.9. A tuple m € V is realizable if and only if sui is trivial (cf. Defini- 
tions 3.10 and |6.11 ) or dmaxi^ii is well-defined and realizable. 

Proof. We may assume m € Pp"\ is monotone. 

Suppose j ; rnj i < n} < 2. Then dmax^ is not well-defined. We may assume 
p = and the corresponding equation Pu — has no singularities in C by applying 
a suitable addition to the equation and then P G W{x)d" . Hence m is realizable 
if and only if ^{j ; mj i < n} ^ 0, namely, m is trivial. 

Suppose ; TOj.i < n} > 2. Then Theorem 7.2 assures that 9ma^m is realiz- 
able if and only if dmaxi^ is realizable. □ 

In the next section we will prove that m is realizable if dmax{^) < 0. Thus 
we will have a criterion whether a given m E V is realizable or not by successive 
applications of dmax- 

Example 7.10. There are examples of successive applications of so 9 to monotone 
elements of P: 

411,411,42,33 ^^^"^111,111,21 ^=^^11,11,11 '^^^ 1,1,1 (rigid) 
211,211,1111 111, 111, 111 111,111,111 (realizable, not rigid) 

211,211,211,31 111, 111, 111,21 -'^-^^ (realizable, not rigid) 
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22, 22, 1111 '"-^^ 21, 21, 111 X (not rcalizablej 

The numbers on the above arrows are d(i_i^...)(m). We sometimes delete the trivial 
partition as above. 

The transformation of the generalized Ricmann scheme of the application of 
9max described in the following definition. 

Definition 7.11 (Reduction of Riemann schemes). Let m = {mj ^^ j=o,...,p € 

z>— l,...,nj 

Pp+i and Xj^i, €z C for j = 0, . . . ,p and v = 1, . . . ,nj. Suppose m is realizable. 
Then there exists a positive integer K such that 

ord m > ord d,naxm > ord d^^^m > • • • > ord d^^^m 
and sd^^^m is trivial or (Cm) < 0. 

Define m(fc) e Vp+i, £{k) e Z, fi{k) G C and X{k)j,^ec for /c = 0, . . . , -ftT by 

(7.44) m(0) = m and m(fc) = d,naxm{k - 1) (fc = 1, . . . , K), 

(7.45) e{k) = e^ax{m{k)) and d{k) ^ dmax {ni{k)) , 

(7.46) {Xik)^ik)} ^ d^,,{X^} and = A(fc + l)i,, - A(fc)i,, (^^ 7^ ^(fc)i). 
Namely, we have 

(7.47) A(0)j- ^ = Aj> (j = 0, . . . ,p, 1/ = 1, . . .,nj), 

p 

(7.48) /i(fc) = ^A(%,(fc)^. -1, 

i=o 

( X{k)o^, - 2^i{k) {j=0, v = t{k)o), 

^ I A(fc)o,. - /i(fc) (.7 = 0, 1 < < no, ^ £(fc)o), 

(7.49) |A(%, (1<.?<P, ^^ = ^(fc),), 

[A(fc)j> + M(fc) (1<J<P, l<!^<"-j, v^i{k)j) 

= A(fc),,, + ((-l)*-«-<5,,,(,)jMfc), 

(7.50) {A„} ^ . . . ^ {A(fc)„(,) } ^ {A(fc + l)^(,+i) } ^ .... 

8. Deligne-Simpson problem 

In this section we give an answer for the existence and the construction of Fuch- 
sian differential equations with given Ricmann schemes and examine the irrcducibil- 
ity for generic spectral parameters. 

8.1. Fundamental lemmas. First we prepare two lemmas to construct Fuchsian 
differential operators with a given spectral type. 

Definition 8.1. For m = [mj^^)j=a p £ T'p+i, we put 



(8.1) 



^^(m) := (p-l)(i^ + l) + l 



- #{(j,^) e ^ > 0, 0<j<p, m,,, > n - v} 



(8.2) TTij^i := maxjmj^y — i, 0}. 



iy=l 



See the Young diagram in ( ]8.32 ) and its explanation for an interpretation of the 
number fh^ 
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Lemma 8.2. We assume that m = (™j.i/)j=o,...,p G 'Pp"^ satisfies 

(8.3) ^ ™j,2 > ■ ■ • > "nij.uj > and n > niQ i > rrii i > ■ ■ ■ > rUp i 
and 

(8.4) H h < (p - 1)71. 

Then 

(8.5) 7V^(m)>0 (z/ = 2,3, 1) 
i/ and only if m is not any one of 

i^k ^ /c J hj ^ J ^7 ^1 k^ k^ k^ k^ k^ k^^ 

(8.6) {2k,2k]k,k,k,k]k,k,k,k) 

and (3fc, 3fc; 2fc, 2fc, 2fc; fc, fc, fc, fc, fc, /c) with k>2. 

Proof. Put 

^j(i) := niax{mj.i, — t, 0} and 0j(i) := n( 1 j for j = 0, . . . ,p. 

I/— 1 -^^ 

Then (^j(i) and 0j(t) arc strictly decreasing continuous functions of t G [0, 1] 
and 

^,(0) = ^,(0) = n, 
</'j("^j,i) = (t>jimj^i) = 0, 
20j(^) < + 0jfe) (0 < < t2 < mj, 1), 

<l>',{t) ^ -n, < = 4>',{t) (0<t<l). 
Hence we have 

0j(t) = 0j(i) (0 < t < TOj^i, n = nij^inj), 

<t>j{t) < 4>j{t) {0 <t < nij^i, n < nij^inj) 

and for = 2, . . . , n — 1 

p p 

e Z>o ; 0j(z) > n - i.} = ^[0-i(n - :.) + l] 

<£(^-(.-.)+i)^£(^+i; 

<{p- +{p + l) = {p- + 1) + 2. 

Here [r] means the largest integer which is not larger tha n a real number r. 

Suppose there exists v with 2 < v < n — 1 such that (^^) doesn't hold. Then 
the equality holds in the above each line, which means 

ct>-j\n-v)^'L (j-0,...,p), 

(8.7) n = mjsnj {j^O,...,p), 
[p - \)n = mo,i -\ h mp,i. 

Note that n ~ nij iti implies TOo 1 = • • • = m , „ = -2- and n— 1 = — + ••• + — < 
Hence p = 3 with no = ni = 712 = 7^3 = 2 or p = 2 with ^ = ^ + + If 
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p ~ 2, {no,ni,n2} equals {3,3,3} or {2,4,4} or {2,3,6}. Thus we have ( p^ ) with 
k = 1,2,.... Moreover since 



— eZ (i 



0,...,p), 



is a coramon multiple of riQ, 



, Tip 



and thus k > 2. li v is the least common 



multiple of uq, . . . ,np and k > 2, then (8^) is valid and the equality holds in the 
above each line and hence (B.5) is not valid. □ 



Corollary 8.3 (Kostov [Ko3 ). Let m e P satisfying idxm = and dmaxii^) < 0. 
Then m is isomorphic to one of the tuples in (B.6) with k = 1, 2, 3, . . .. 



Proof. Remark 7.8 assures that dmaxii^) = and n ~ mj^iUj. Then the proof of 
the final part of Lemma B.2 shows the corollary. □ 

Lemma 8.4. Let cq, . . . ,Cp be p + 1 distinct points m C U {oo}. Let no, ni, . . . ,np 
he non-negative integers and let aj^u he complex numhers for j = 0, . . . ,p and v = 
1, . . . ,nj. Put n := no + • • • + Up. Then there exists a unique polynomial f{x) of 
degree h — 1 such that 

f{x) = aj,i + a.j^2{x - Cj) H h a.j^n^{x - c^)"'"^ 



(8.8) 



o(|x-Cj|"^- ^) [x^Cj, Cj T^oo), 



„l-n - 



^ +o(|.t|1-"0 



f{x) = Gj^i + aj^2X + aj^ujX' 
(a; -> oo, Cj = oo). 

Moreover the coefficients of f{x) are linear functions of the h variables aj,^. 

Proof. We may assume Cp = oo with allowing Up ~ Q. Put hi = no + • • ■ + n^-i and 
n-o — 0. For fc = 0, . . . , n — 1 wc define 



fk{x) 



[hi <k < n,;+i, < i < p), 
(fip < k < h). 



Since deg/fe(a;) = k, the polynomials fo{x), /i(x), . . . , fn-i{x) are linearly indepen- 



dent over C. Put f{x) = J2k=o ^kfk{x) with Cfc G C and 



Vk 



ai,fc-fii+i (n-i < fc < n,;+i, < i < p), 
ap.h-k (fip < k < h) 



by ( |8.8| ). The correspondence which maps the column vectors u := (wfe)fc=o,...,fi-i S 
C" to the column vectors v := {vk)k=o,...,n-i G C" is given by w = Au with a square 
matrix A of size ri. Then A is an upper triangular matrix of size n with non-zero 
diagonal entries and therefore the lemma is clear. □ 

8.2. Existence theorem. 
Definition 8.5 (top term). Let 

P = an{x)-£^ + a„_i(x)£^ + ---+ai{x)£+ ao{x) 

be a differential operator with polynomial coefficients. Suppose a„ ^ 0. If a„(a;) is 
a polynomial of degree k with respect to x, we define TopP := a„.kx''d^ with the 
coefficient On.k of the term a;*' of a„(2;). We put Top P = when P = 0. 

Theorem 8.6. Suppose m £ "Pp+i satisfies ( ^.3[ ). Retain the notation in Defini- 
tion 8.1. 
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i) We have Ni (m) = p — 2 and 

n-l 

(8.9) ^ Af^(m) = Pidxm. 

i/=i 

ii) Suppose p > 2 and Ni,{tn) > for v — 2^ . . . ,n — 1. Put 

(8.10) q1 := #{z ; mo,» > n - i., i>0}, 

(8.11) Im ■■= {{j, v)^I?;ql<j<ql + N,{xn) andl<u <n-l}. 

Then there uniquely exists a Fuchsian differential operator P of the normal form 
(6.43) which has the Riemann scheme (6.15) with Cq — oo under the Fuchs relation 
(6.16) and satisfies 

(degP-,^.)!''l!^^" W-... (V(,-.)e/.). 

Here {gj,i/) ^^^j G (j^Pidxm arbitrarily given. Moreover the coefficients of P 
are polynomials of x, Xj_i, and gj ^, and satisfy 



/ flP \ 3'^P 
(8.13) x'+''Top(^—)d''+^ =TopP and 



0. 



Fix the characteristic exponents Xj^i, G C satisfying the Fuchs relation. Then all 
the Fuchsian differential operators of the normal form with the Riemann scheme 
(6.15) are parametrized by {gj.u) G C^"^"'". Hence the operators are unique if and 
only if Pidxm = 0. 

Proof, i) Since rfij^i = n — nj < n — 2, Ni (m) = 2(p— 1) + 1 — (p+l)=p — 2 and 

n-l 

^#{(j, ^) e Z2 ; i > 0, < j < p, m,, , >n-,^} 

p n-l 

= E ^ ^>o ; "^^'^ > n - t.} - l) 

j=0 i/=0 

XI (Xl " = H (Xl 51 max{77ij- ^ - i, 0} - l) 



j=0 i=0 j=0 i=0 u=l 

p "j 



^ ^ "ij,^(mj> + 1) _ _^ j 

= J(EE-L + (^'+i)(--2) 

E^.(m) = (l,- 1)(^^^^ - l) + (n- 1) - + (p+ l)(n - 2) 



i=0 1^=1 
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ii) Put 

pn 
pn 

= Y.ix-c,YpfA{x~c,)d) il<j<n), 
i=o 

n"iino<.<™o„.-.(*+v.+o (.7 = 0), 
u:u Uo<.<^„.-,{t - (1 < J < pi 

Pj'At) = ^^^(O/ij.KO + r^A^) (deg r^^f (i) < dcg hjA^))- 
Here pfi{t), q^g{t), and hjA^) are polynomials of i and 

(8.14) deg hj^i = ^ max{TOj^i, — £, 0}. 

1^=1 

The condition that P of the form ( 6.43| ) have the Riemann scheme (6.15) if and 
only if rj"^ = for any j and I. Note that an^A^) ^ should satisfy 

(8.15) dega„_fc(a;) < P"- — and a|j'^j,(cj) = (0 < < n — /c — 1, l<k<n), 

which is equivalent to the condition that P is of the Fuchsian type. 

Put P{k) := {Y{%,{x ~ c,r)^+ a,,^^{x)£A^ + ■■■+ a^^A^)£^. 
Assume that an^i{x), . . . , an~k+i{x) have already defined so that degrj'^'^ < 

n — fc + 1 and we will define a„_fc(.T) so that degr^^'^'' < n — k. 
When = 1, we put 

p rij TOj „ — 1 

a„_i(2;) = -a„(a;) ^(x - Cj)~^ ^ ^ (Xj^i^+i) 

j = l v=l i=Q 

P(l) 

and then we have deg < n~ 1 for j = 1, . . . ,p. Moreover we have deg ?'q ^ < 
n — 1 because of the Fuchs relation. 
Suppose k > 2 and put 



Ef>oCj-,M(^-c,)"-'+' (j = l,...,p) 



-fc-1 



with Cij_f G C. Note that 

a„_fe(x)a"-'= = ^co,M^(^'-i)"-^ n ('^-*) 

n — A; — 1 
£>0 i=0 

P(k) 

Then degr^ A < n — k if and only if deg hj^£ < n — k ot 
Namely, we impose the condition ( ^.16 ) for all satisfying 

rij 

rhj^i = max{mj_i, — ^, 0} > n — /c. 
i/=i 
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The number of the pahs {j, £) satisfying this condition equals (p— l)fc+l — Affc_i(m). 
Together with the conditions a^'^;,(cj) — for j = 1, . . . ,p and i^ = 0, ...,ri — fc — 1, 
the total number of conditions imposing to the polynomial a„_fc(a;) of degree pn— k 
equals 

p{n - k) + {p - l)k + 1 - Nk-i{m) = {pn-k + l)- Nk-i{m). 



Hence Lemma 8.4 shows that a„_fc(a;) is uniquely defined by giving co,fc/ arbitrarily 



for < £ < ql_, 

have the theorem. 



A^fc_i(m) because q^_^ = > ; nio/ > 



k}. Thus we 
□ 



Remark 8.7. The numbers N^{m.) don't change if we replace a. {p + l)-tuple m of 
partitions of n by the (p + 2)-tuple of partitions of n defined by adding a trivial 
partition n = n of n to m. 



Example 8.8. We will examine the number 7Vy(m) in Theorem 3.6. In the case 
of the Simpson's list (cf. §15.2) we have the following. 

{Hn- hypergeometric family) 

m = n-ll,l",l" 
m = n,n— 2,n — 3, ...l;n;n 
{E02m'. even family) m = mm, mm — 11, 1^"' 

rn = 2m, 2m — 2, . . . , 2; 2m, 2m — 3, . . . , 1; 2m 
{E02m+i'. odd family) m = m + Im, mml, l^'^+i 

m = 2m + 1, 2m - 1, . . . , 1; 2m + 1, 2m - 2, . . . , 2; 2m + 1 
{Xq: extra case) m = 42, 222, 1^ 

m = 6,4,2, 1;6,3;6 
In these cases p = 2 and we have N^{m) = for = 1, 2, . . . , n — 1 because 
m := {mj> ; iy = Q,.. .,mj^i - 1, j = 0, . . . ,p} 
~ {n, n, n, n — 2, n — 3, n — 4, . . . , 2, 1}. 

See Proposition 8.16| ii) for the condition that iV^(m) > for = 1, . . . ,ordm— 1. 
We give other examples: 



.17) 



m 


Pidx 


m 


iVi,iV2,...,iVordm-l 


221,221,221 





52,52,52 


0,1,-1,0 


21,21,21,21(^3) 





31,31,31,31 


1,-1 


22,22,22 


-3 


42,42,42 


0,-2,-1 


11,11,11,11(1)4) 


1 


2,2,2,2 


1 


111, 111, 111 (E'e) 


1 


3,3,3 


0,1 


22, 1111, 1111 (£;7) 


1 


42,4,4 


0,0,1 


33,222, mill {Es) 


1 


642,63,6 


0,0,0,0,1 


21,21,21,111 


1 


31,31,31,3 


1,0 


222,222,222 


1 


63,63,63 


0,1,-1,0,1 


11,11,11,11,11 


2 


2,2,2,2,2 


2 


55,3331,22222 


2 


10, 8, 6, 4, 2; 10, 6, 3; 10, 5 


0,0,1,0,0,0,0,0,1 


22,22,22,211 


2 


42,42,42,41 


1,0,1 


22,22,22,22,22 


5 


42,42,42,42,42 


2,0,3 


32111,3221,2222 


8 


831,841,84 


0,1,2,1,1,2,1 



Note that if Pidxm = 0, in particular, if m is rigid, then m doesn't satisfy (^^). 
The tuple 222, 222, 222 of partitions is the second case in (8.6) with k = 2. 
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Remark 8.9. Note that [06, Proposition 8.1] proves that there exit only finite basic 
tuples of partitions with a fixed index of rigidity. 

Those with index of rigidity are of only 4 types, which are D4, Eq, Ej and 
^8 given in the above (cf. Corollary 8.3, Rostov [ Ko3| ). Namely, those are in the 
S'oo-orbit of 

(8.18) {11,11,11,11 111,111,111 22,1111,1111 33,222,111111} 



and the operator P in Theorem p.6| with any one of this spectral type has one 
accessory parameter in its 0-th order term. 



The equation corresponding to 11,11,11,11 is called Heun's equation (cf. |SW 



WW|), which is given by the operator 

Pa^p^^^s,x = x{x-l){x-c)d'^ + [^{x-l){x-c) + 6x{x-c) 
+ {a + l3 + l--i-5)x{x-l))d + afix-\ 
with the Riemann scheme 

{.T = 1 c 00 

a 

1-7 1-5 j+S-a-P P 

Here A is an accessory parameter. Our operation cannot decrease the order of 
^s^x but gives the following transformation. 

Ad{d^^")Pa^l3,j,S,X — Pa' ,13' ,f' , 

(8.21) ja' = 2-a, /3' = /3-a + l, 7' = 7- + 1, (5'=(5-a + l, 

1a' = A + (1 - a)(/3 - (5 + 1 + (7 + (5 - a)c). 



Proposition 8.10. ([06, Proposition 8.4]). The basic tuples of partitions with 
index of rigidity —2 are in the Sao-orhit of the set of the 13 tuples 

{11,11,11,11,11 21,21,111,111 31,22,22,1111 22,22,22,211 

211,1111,1111 221,221,11111 32,11111,11111 222,222,2211 

33,2211,111111 44,2222,22211 44,332,11111111 55,3331,22222 

66,444,2222211}. 



Proof. Here we give the proof in [ p6| . 

Assume that m G Vp+i is basic and monotone and idxm = —2. Note that (7.41) 
shows 

p "j 

< y~^(mj^i — mj^y) ■ nrij^i, < — idxm = 2. 

j=0 i/=2 



Hence ( 7.41 ) implies X)^=o S"=2(™j,i ~ = or 2 and we have only to 

examine the following 5 possibilities. 

(A) TOo,i • • ■ "^o,no = 2 • • • 211 and m_,u = mj,„^ for I < j < p. 

(B) 77io,i ■ ■ ■ ™o,no = 3 • • • 31 and mj_i = mj^nj for 1 < j < p. 

(C) mo,i • • • mo,„o = 3 • • • 32 and nij^i ruj^n, for 1 < j < P- 

(D) rriii ■ ■ ■ rriino = 2 • • • 21 and rriji — Tnj^nj for 0<i<l<j5:?'- 

(E) ruj^i = ruj nj for < j < p and ordm = 2. 

Case (A). If 2 • • • 211 is replaced by 2 • • • 22, m is transformed into m' with 
idxm' = 0. If m' is indivisible, m' is basic and idxm' = and therefore m is 
211, 1", l4 or 33,2211, 1^. If m' is not indivisible, im' is basic and idx^m' = 
and hence m is one of the tuples in 

{211,22,22,22 2211,222,222 22211,2222,44 2222211,444,66}. 
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Put TO = no — 1 and examine the identity 



p p "j 

^ = P - 1 + (ordm)-2(^idxm + Y.H^'^i'^ ^ rnj,^)mo,i) 

3=0 ]=a v=i 

Case (B). Note that ord m = 3to + 1 and therefore „ , + — + ••• + — = p — 1. 
Since Uj > 2, we have — 1 < -t-^tt < 1 and p < 3. 

3 — ' 2^ — 3771 + 1 ^ — 

If p = 3, we have to = 1, ordm = 4, 777 + 7^7 + = |, {rii, "-2, "-3} = {2,2,4} 
and m = 31,22,22,1111. 

Assume p = 2. Then ^ + ^ = 1 - ^r^- If niin{ni,n2| > 3, ^ + ^ < | 
and TO < 2. If min{ni, 712} = 2, maxjni, 712} > 3 and > ^ and to < 5. Note 

that 7^ + = y|, Y§, f and ^ according to to = 5, 4, 3, 2 and 1, respectively. 
Hence we have to = 3, {ni, 71-2} = {2, 5} and m = 3331, 55, 22222. 

Case(C). Wehave 3;|p2 + ;i7 + --- + ;r; =P"^- ^"^'^^ > 2, ip-1 < 3;;^ < 1 
and p < 3. If p = 3, then to ~ 1, ordm = 5 and — + — + — = |, which never 
occurs. 

Thus we have p = 2, — + — = 1— „ ^, „ and hence to < 5 as in Case (B). Then 

^ ' ni 772 3m+2 — ^ ^ 

^ + ^ = Yf, ji, r^, I and | according to to = 5, 4, 3, 2 and 1, respectively. 
Hence we have to = 1 and 7ii = 712 = 5 and m = 32, 11111, 11111 or to = 2 and 
m = 2 and 712 = 8 and m = 332, 44, 11111111. 

Case (D). Wc have t^-^ + + — H h — = p-l. Since > 3 for 

^ 2777 + 1 2 777+1 772 Tip ^ 3 — 

7 > 2, we have p — 1 < t; „ , = „ ^, , and m < 2. If jti = 1, then p = 3 and 

— ' ^ — 2 2777+1 2777 + 1 — ' 

^ + ^ = 2 - I = I and we have m 21, 21, 111, 111. If m = 2, then » = 2, 
^ = 1 - I and m = 221, 221, 11111. 

77 2 5 



Case (E). Since to^.i = 1 and (7.41) means —2 = X]?=o ~ 4(p — 1), we 



havep = 4 and m = 11, 11, 11,11, 11. □ 
8.3. Divisible spectral types. 

Proposition 8.11. Let m be any one of the partition of type D^, Eq, or Eg, 



in Example 8.8 and put n = ordm. Then km is realizable but it isn't irreducibly 



realizable for k = 2,3,.... Moreover we have the operator P of order fcordm 



satisfying the properties in Theorem B.6 ii) for the tuple /cm 



Proof. Let P{k,c) be the operator of the normal form with the Riemann scheme 

X = Co = OO X ~ Cj {j ^ 1, . . . ,p) 

[Ao,l - k{p - 1)?! + fcTOo,l] + fcTOj,l](™^_^) 

[Ao,«i - - 1)?T, + fcTOo,i] J [Aj,„^ +kmj 

,77j ] (777j^„ . ) _ 

of type m. Here m = {jiT'j,v) j=o,...,p , n — ordm and c is the accessory parameter 

I/— l,...,77j 

contained in the coefficient of the 0-th order term of P{k,c). Since Pidxm = 
means 

P "j 770 

j=0 i/=l i/=0 



the Fuchs relation (5.16) is valid for any k. Then it follows from Lemma |6.1| 



that the Riemann scheme of the operator Pfe(ci, . . . , Cfc) = P{k — l,Ck)P{k 
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2, Cfe_i)---F(0, ci) equals 



.22) 



a; = Cg = oo 

[Aoa](fcmo,i) 



Cj {j = 1,.. 

[Aj,l](fcmj,i) 



and it contain an independent aecessory parameters in the coefficient of vn-th order 
term of Pfc(ci, . . . , Cfc) for v = 0, . . . , fc — 1 because for the proof of this statement 
we may assume Xj i, are generic under the Fuchs relation. 
Note that 

{v = n — \ mod n), 
[v = Q mod 77,), 
(i^ ^ 0, n — 1 mod n) 



7V,(fcm) = <j -1 




for 1/ = 1, , 



fcm = 



,kn — 1 because 

'{2i,2i,2i,2i; i = 1,2,.. 
{ni, ni, ni, ni ~ 2,ni — I 



, fc} if m is of type D4, 

... ,ni — n + 1; i = 1,2, ... ,k} 

if m is of type , or Es 



under the notation (5.2) and ( 8.17 ). Then the operator Pfc(ci, . . . , Ck) shows that 
when we inductively determine the coefficients of the operator with the Riemann 
scheme ( 8.22| ) as in the proof of Theorem ^.6| , we have a new accessory parameter 
in the coefficient of the ((fc — j)n)-th order term and then the conditions for the 
coefficients of the ((fc — j)n — l)-th order term are overdetermined but they are 
automatically compatible for j = l,...,fc — 1. 

Thus we can conclude that the operators of the normal form with the Riemann 
scheme (8.22) are Pfc(ci, . . . , Cfc), which are always reducible. □ 



Proposition 8.12. Let k be a positive integer and let m be an indivisible {p + 1)- 
tuple of partitions of n. Suppose fcm is realizable and idxm < 0. Then any 



Fuchsian differential equation with the Riemann scheme (8.22) is always irreducible 
is generic under the Fuchs relation 



.23) 



EE 

j=0 v=l 



ordm — fc- 



idxm 



Proof. The above Fuchs relation follows from ( 6.32| ) with the identities ordfcm 
fc ord m and idx fcm = fc^ idx m. 



Suppose Pu = is reducible. Then Remark 6.17 ii) says that there exist m', 
m" G V such that fcm = m' + m" and < ordm' < fcordm and |{Am'}| S 
{0,-1,-2,...}. Suppose Xj^y are generic under ( 8.23| ). Then the condition |{ Am'} | G 
Z implies m' = £m with a positive integer satisfying £ < fc and 



p "3 



|{A<;m}| = y ]y ] irrij^yXj^y - ord^m - 

j=0 v=\ 



' idx m 



= £^ordm — fc ^^'^"^ ^ — ^ ordm + ("^ idxm 
= ^(£- fc)idxm > 0. 



Hence |{Am'}| > 0. 



□ 
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8.4. Universal model. Now we have a main result in §^ which assures the exis- 
tence of Fuchsian differential operators with given spectral types. 

Theorem 8.13. Fix a tuple m = o<i<p G 



i) Under the notation in Definitions \6. 1 (\ , 6.1(\ and l.t, the tuple m is realizable 



if and only if there exists a non-negative integer K such that ^^^^.m are well-defined 
for i ~ \, . . . ,K and 



ordm > ordc'niaajm > ord9,„„^m > • • • > ord9,„^^m, 

•24) 

dmax{d^axT^) = 2orda,^'„^m or dmaxidl^ax^) < 0. 

ii) Fix complex numbers X j^i, . If there exists an irreducible Fuchsian operator 



tion 



with the Riemann scheme (3.15) such that it is locally non-degenerate (cf. Defini- 



11.8), then m is irreducibly realizable. 
Here we note that if P is irreducible and m is rigid, P is locally non-degenerate 
(cf. Definition 



11. 



Hereafter in this theorem we assume m is realizable. 

iii) m is irreducibly realizable if and only if m is indivisible or idxm < 0. 

iv) There exists a universal model PmU = associated with m which has the 
following property. 

Namely, Pm is the Fuchsian differential operator of the form 

(8.25) = (n/^ " ^ ^ ""-^("^^ + • • • + "^^"^i + 

aj{x) e 'C[\j^y,gi, . . . ,,9Ar] 

such that Pm has regular singularities at p + \ fixed points x = cq ~ oo, ci, . . . , Cp 
and the Riemann scheme of Pm equals ( |6.15| ) for any gi £ C and Xj ^, G C under 



the Fuchs relation (3.16). Moreover the coefficients aj{x) are polynomials of x, Xj^n 
and gi with the degree at most [p — l)n + j for j = 0, . . . ,n, respectively. Here gi 
are called accessory parameters and we call P^ the universal operator of type m. 
The non-negative integer N will be denoted by Ridxm and given by 

'O (idxm>0), 
(8.26) iV = Ridxm :=<( gcdm (idxm = 0), 

Pidxm (idxm<0). 

Put m = ("T^j>) o<j<p '■— f^max™ with the non-negative integer K given in i). 

l<i'<nj 

When idxm < 0, we define 

"0 

le ; ^ max{mo,iy — 0} > ordm ~ £, i > 0}, 

Im {(.?■ ly) el.^;ql<j <q", + N,-l, 1 < ly < ordm - 1}. 

When idxm > 0, we put /m = 0- 

Then = Ridxm and we can define Ii such that /m = {/; i — 1, . . . , N} 



and gi satisfy (B.13) by putting gj. = gi for i ~ 1, . . . , N . 

v) Retain the notation in Definition 7.11. If Xjm G C satisfy 



.27) 



t {0, -1, -2, -3, . . . , m{k)^^j(^k),„ - m(fc),„.,„ - d{k) + 2} 
for any k — 0, . . . , K — 1 and (Jq, Vq) satisfying 
™(fc)i„,iv„ > ™(fc)io,f(fc)j„ - d{k) + 2, 
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any Fuchsian differential operator P of the normal form which has the Riemann 
scheme (3. IE) belongs to Pm with a suitable {gi, . . . ,gN) G C^. 



(8.28) 



// m is a scalar multiple of a fundamental tuple or simply reducible, 



(8.27) is always valid for any Xj^u- 



{Fix Xj^iy E C. Suppose there is an irreducible Fuchsian differential 
operator with the Riemann scheme ( |6.15| ) such that the operator is 
locally non-degenerate or K < 1, then ( |8.27 ) is valid. 



Suppose m is monotone. Under the notation in §9.1, the condition (B.27) is 
equivalent to 

(A(A)|a) + l^{0,-l,...,2-(«|a^)} 

for any a S A(m) satisfying {a\a„i) > 1. 



(8.30) 



Example 7.5 gives a Fuchsian differential operator with the rigid spectral type 



21, 21, 21, 21 which doesn't belong to the corresponding universal operator. 
The fundamental tuple and the simply reducible tuple are defined as follows. 

Definition 8.14. i) (fundamental tuple) An irreducibly realizable tuple m G V is 
called fundamental if ordm = 1 or d,nax(m) < 0. 

For an irreducibly realizable tuple m € V, there exists a non- negative integer 
K such that d^^^m is fundamental and satisfies ( 8.24 ). Then we call d^^^m is a 
fundamental tuple corresponding to m and define /m := 9^^^m. 

ii) (simply reducible tuple) A tuple m is simply reducible if there exists a positive 
integer K satisfying 



24) and ordd^^^m = ordm — K. 



Proof of Theorem 8.1': . i) We have proved that m is realizable if rfma^(m) < 0. 
Note that the condition dmax{T^) = 2 ordm is equivalent to the fact that sm is 



trivial. Hence Theorem 7.^ proves the claim. 



iv) Now we use the notation in Definition 7.11. The existence of the universal 
operator is cle ar if sm is trivial. If d,nax{^) £ 0, Theorem 8^ and Proposition |8.1l| 
with Corollary 8.3 assure the existence of the universal operator P^ claimed in iii). 
Hence iii) is valid for the tuple m(/ir) and we have a universal operator P^ with 
the Riemann scheme {X{K)^(^x)}- 

The universal operator Pk with the Riemann scheme {A(A:)m(/c)} a-re inductively 
obtained by applying 9^ (fe) to the universal operator Pk+i with the Riemann scheme 



H) 



{X{k + l)m(fe+i)} for fc = A' — 1, /i — 2, . . . , 0. Since the claims in iii) such as 
are kept by the operation ^^(fc), we have iv). 

iii) Note that m is irreducibly realizable if m is indivisible (cf. Remark |6.17| 
ii)). Hence suppose m is not indivisible. Put k = gcdm and m = km'. Then 
idxm = fc^ idxm'. 



If idxm > 0, then idxm > 2 and the inequality ( 7. IE ) in Lemma "LS implies 
that m is not irreducibly realizable. If idx m < 0, Proposition 8.12 assures that m 
is irreducibly realizable. 

Suppose idx m = 0. Then the universal operator P^ has k accessory parameters. 
Using the argument in the first part of the proof of Proposition 8.1l| , we can con- 
struct a Fuchsian differential operator Pm with the Riemann scheme {Am}- Since 
Pm is a product of k copies of the universal operator and it has k accessory 
parameters, the operator Pm coincides with the reducible operator Pm and hence 
m is not irreducibly realizable. 

v) Fix Xj^i, £ C. Let P be a Fuchsian differential operator with the Riemann 
scheme {Am}- Suppose P is of the normal form. 

Theorem |8.6| and Proposition 8.11 assure that P belongs to Pm if K ~ 0. 
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Theorem 7.2 proves that if 



.k 

max 



P has the Riemann scheme {A(fc)m(fc)} and 
* P is well-defined and has the Riemann 



( 18^ ) is valid, then d'^^lP = d, 
scheme {A(fc + l)m(fc+i)} for fc = 0, . . . , A' — 1 and hence it follows from ( 7.26 ) that 
P belongs to the universal operator Pm because d^^^P belongs to the universal 

operator Pm(K)- 

If m is simply reducible, d{k) = 1 and therefore ( ^.27 ) is vahd because m{k)j^u < 
m{k)j e(k)„ < m{k)j — d{k) + 2 for j = 0, . . . ,p and v = 1, . . . ,nj and k = 

o,...,'k^i. 

The equivalence of the conditions (^.27 ) and (8.30) follows from the argument 
in |9.l| . Proposition \).9\ and Theorem 12.13. 

ii) Suppose there exists an irreducible operator P with the Riemann scheme 
( 6.15| ). Let M = {Mq, . . . , Mp) be the tuple of monodromy generators of the equa- 
tion Pu = and put M(0) = M. Let M(A:-|-1) be the tuple of matrices applying the 



operations in §11.1 to M(fc) corresponding to the operations for fc = 0, 1, 2, 



Comparing the operations on M(fc) and dgik): we can conclude that there exists 



T29| ) imp! 



a non- negative integer K satisfying the claim in i) . In fact Theorem 11. 3| proves 
that M(fc) are irreducible, which assures that the conditions (7.6) and (7.7) corre- 
sponding to the operations are always valid (cf. Corollary 12.121). Therefore 



ICS 



.27) 



m is realizable and moreover we can conclude that 

is divisible and idxm = 0, then P^ is reducible for any fixed parameters Xj^i, 
Qi. Hence m is irreducibly realizable. 



If idxm 
and 

□ 



Remark 8.15. i) The uniqueness of the universal operator in Theorem B.13 is 
obvious. But it is not valid in the case of systems of Schlesinger canonical form 



(cf. Example [nj). 

ii) The assumpti on th at Pu = is locally non-degenerate seems to be not nec- 
essary in Theorem 8.13 ii) and ( g.29 ). When K = 1, this is clear from the proof 



of the theorem. For example, the rigid irreducible operator with the spectral type 
31, 31, 31, 31, 31 belongs to the universal operator of type 211, 31, 31, 31, 31. 

8.5. Simply reducible spectral type. In this subsection wc characterize the 
tuples of the simply reducible spectral type. 

Proposition 8.16. i) A realizable tuple m G P^"-* satisfying mo ,y = 1 for v = 
1 , . . . , 77 is simply reducible if m is not fundamental. 

ii) The simply reducible rigid tuple corresponds to the tuple in Simpson's list 



(cf. §15.2) or it is isomorphic to 21111,222,33. 

iii) Suppose m G 'Pp+i is not fundamental. Th en m satisfies the condition 
Ni,{m) > for v = 2, . . . , ordm — I in Definition 8J_ if and only if m is realizable 
and simply reducible. 

iv) Let m € Pp+i be a realizable monotone tuple. Suppose m is not fundamental. 
Then under the notation m §9.1, m is simply reducible if and only if 



(8.31) 



(a|ai, 



1 (Va e A(m)), 



namely [A(m)] 1#^(™) (of. Remark 9.11 ii)) 



Proof, i) The claim is obvious from the definition. 

ii) Let m' be a simply reducible rigid tuple. We have only to prove that m = 
dmax'^' is in the Simpson's list or 21111,222,33 and ordm' = ordm + 1 and 
dma£c(in) = 1, then m' is in Simpson's list or 21111, 222, 33. The condition ordm' = 
ordm -I- 1 implies m G 7^3. We may assume m is monotone and m' = ^jm. 
The condition ord m' = ord m + 1 also implies 



(7T7o,l - 7T7o,<?J + (7T7l,l - JTll^fJ + (777,24 ^ ™2,£o) = 2. 
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Since dmax'^' = m, we have mj^g. > rrij^i — 1 for j = 0, 1, 2. Hence there exists an 
integer k with < A: < 2 such that rnj.t- ~ mj,! — 1 + 6j.k f^or j = 0, 1, 2. Then the 
foUowing claims are easy, which assures the proposition. 

If m = 11, 11, 11, m' is isomorphic to 1^, 1^, 21. 

If m = 1^ l^ 21, m' is isomorphic to 1^, 1^, 31 or 1*, 211, 22. 

If m = 1", l",n- 11 with n > 4, m' = 1"+^, l"+\nl. 

If m = l^",n7i — ll,?irt with n > 2, m' = 1^"+^, 7i?il, n + In. 

If m = l^ 221, 32, then m' = 1^, 33, 321 or 1^, 222, 42 or 21111, 222, 33. 

If m = l2"+i, n + In, mil with n > 3, m' = l2"+2, n + In + 1, n + Inl. 

If m = 1^ 222, 42 or m = 21111, 222, 33, m' doesn't exists. 



iii) Note that Theorem 8.6 assures that the condition Ni,{ni) > for = 
1, . . . , ord m — 1 imphes that m is reahzablc. 

We may assume m € Vp^i is standard. Put d = mo.i + • • • + rnp.i — (p — l)n > 
and m' = dmax^^- Then m' = ''^j,!^ ~ (^jy id for j = 0, . . . ,p and > 1. Under the 



notation in Definition 8.1 the operation dmax transforms the sets 
rrij := {fhj^k ; fc = 0, 1, 2, . . . and rhj^i; > 0} 

into 

m'j = {mj,k — min{d, mj_i — k} ; k ~ 0, . . . , max{mj_i — d, mj_2 ~ 1}}, 

respectively because rhj^i = X^i^ ~ ^jO}. Therefore N^iva!) < N,y{m.) for 

1/ — l,...,n — d— 1 = ord m' — 1. Here we note that 

n— 1 n—d—l 

N^im) = ^ iV^(m') = Pidxm. 
1^=1 1^=1 

Hence iV^(m) > for i' ~ 1, . . . , n — 1 if and only if N^{m') = N^{m) for u = 
1, . . . , (n — d) — 1 and moreover A''^(m) = for u = n — d, . . . ,n ~ 1. Note that the 
condition that N^{m') = N^{m) for u = 1, . . . , {n — d) — 1 equals 



.32) mj^i — d> mj^2 — 1 for j = 0, . . . ,p. 



HE 



This is easy to see by using a Young diagram. For example, when {8,6,6,3, 1} = 
{rno,i, mo,2, TOo,3, rno,4, toq^s} is a partition of n = 24, the corresponding Young 
diagram is as above and then too,2 equals 15, namely, the number of boxes with the 
sign + or — . Moreover when c? = 3, the boxes with the sign — are deleted by dmax 
and the number mo,2 changes into 12. In this case mo = {24,19,15,11,8,5,2,1} 
and m(, = {21,16,12,8,5,2}. 

If d > 2, then 1 G for 7=0,... ,p and therefore A'^,i_2(m) — iV„_i(m) = 2, 
which means A^„_i(m) 7^ or A^n_2(m) 7^ 0. When d = 1, we have N^{m) = 
A^y(m') for V — 1, . . . , n — 2 and A^„_i(m) ~ 0. Thus we have the claim. 

iv) The claim follows from Proposition |9.9|. □ 



Example 8.17. We show the simply reducible tuples with index whose funda- 



mental tuple is of type iD4, iJg, or (cf. Example B.8). 
£)4: 21,21,21,111 22,22,31,211 22,31,31,1111 

Eq: 211,211,1111 221,221,2111 221,311,11111 222,222,3111 222,321,2211 

222,411,111111 322,331,2221 332,431,2222 333,441,3222 
Er- 11111,2111,32 111111,2211,42 21111,2211,33 111111,3111,33 

22111.2221.43 1111111,2221,52 22211,2222,53 11111111,2222,62 

32111.2222.44 22211,3221,53 

iJg: 1111111,322,43 11111111,332,53 2111111,332,44 11111111,422,44 
2211111,333,54 111111111,333,63 2221111,433,55 2222111,443,65 
3222111,444,66 2222211,444,75 2222211,543,66 2222221,553,76 
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2222222,653,77 

In general, we have the following proposition. 

Proposition 8.18. There exist only a finite number of standard and simply re- 
ducible tuples with any fixed non-positive index of rigidity. 

Proof. First note that m G Vp+i if dmaxi^) = 1 and ordm > 3 and dmax^ £ 
Vp+i. Sinc e the re exist only finite basic tuples with any fixed index of rigidity 
(cf . Remark |9.15 ) , we have only to prove the non-existence of the infinite sequence 



m(0) ^ 



mil) ^ 



m(fc) m(fc + 1) 



such that d„iax{'^{k)) = 1 for fc > 1 and idxm(O) < 0. 
Put 



m{k)j 
a{k)j 

b{k), 



niax{m(A;). z^}, 

J #{1^ ; m{k)j^v = m{k)j 



The assumption dmax{^{k)) 
< jk < j'k such that 



dmax(m(fc + l)) 



1} (m(/c),>l), 
(m(fc), = 1). 

f implies that there exist indices 



(a(/c + l)„6(fc + l)j) 



i{k)o 



{a{k),+l,b(k), 
(l,a(fc),-l) 



1) {j = ik or jX), 
(j 7^ jk and j'f.) 



(8.33) 

and 
(8.34) 
for k = 

integer N such that a{k + 1)^ + b{k + = a{k).j + b{k)j for k> N, which means 

''>0 U =jk or jl), 
= (jV=JfcandjX) 



.35) 



m(fc)p = (p- l)ordm(fc) + 1 (p > 1) 
1,2,.... Since a{k + l)j + b{k + l)j < a{k)j + b{k)j, there exists a positive 



b{k), 



Putting (flj, bj) = {a{N)j, b{N)j), we may assume &o ^ &i > ^2 = &3 = ■ ■ • = and 
0,2 > as > ■ ■ ■ . Mor eover we m ay as sume j'j^^i < 3, which means Oj = 1 for j > 4. 
Then the relations ( |8.33| ) and (|8.35|) for fc = iV, iV + 1, + 2 and + 3 prove that 
((ao,&o) 
(8.36) 
(8.37) 
(8.38) 
(8.39) 
(8.40) 



7 {o-3, ^3)) is one of the foUowings: 
((ao,oo), (ai,oo), (1,0), (1,0)), 
((ao,oo),(l,l),(2,0),(l,0)), 

((2,2), (1, 1), (4,0), (1,0)), ((1,3), (3, 1), (2,0), (1,0)), 
((1,2),(2,1),(3,0),(1,0)), 
((1,1),(1,1),(2,0),(2,0)). 



In fact if &i > 1, 02 = 03 = 1 and we have ( S.36 ). Thus we may assume bi ~ 1. If 
60 = 00, 03 = 1 and we have ( ^.37 ). If 60 = = 1, we have easily ( B.4C| ). Thus we 
may moreover assume 61 = 1 < &o < 00 and 03 = 1. In this case the integers j[f 
satisfying b{k)j>i = and < j[f < 2 for fc > are uniquely determined and we 
have easily ( p^ or ( p9| ). 

Put n = ordm(iV). We may suppose m(iV) is standard. Let p be an integer 
such that mj,o < n if and only if j < p. Note that p > 2. Then if m(iV) satisfies 
(|3|) (resp. (p7|)), (|34|) implies m(iV) = l",l",n- 11 (resp. 1", mm - 11, mm 
or 1", m + Im, mml) and m(iV) is rigid. 
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Suppose one of (p8|)-(|8l0|). Then it is easy to check that m(A^) doesn't satisfy 



(8.34). For example, suppose (8.39). Then 3mo,i — 2 < n, 3mi.i — 1 < n and 



3m2,i < n and we have too,i + toi^ + TO24 < [^^] + [^^] + [f ] ~ '^i which 



contradicts to (|8.34D . The relations [^^±2] + [f ] + [|] < n and 2[^] + 2[f ] = 2n 



assure the same conclusion in the other cases. □ 

9. A Kac-Moody root system 

9.1. Correspondence with a Kac-Moody root system. We review a Kac- 
Moody root system to describe the combinatorial structure of middle convolutions 
on the spectral types. Its relation to Deligne-Simpson problem is first clarified by 



Let 

(9.1) /:={0, (j,i.);.7=0,l,..., 1^ = 1,2,...}. 

be a set of indices and let f) be an infinite dimensional real vector space with the 
set of basis IT, where 

(9.2) n = {a, ; i e /} = {ao, a,- , ; j = 0, 1, 2, . . . , = 1, 2, . . .}. 
Put 

(9.3) /':=/\{0}, n':=n\{ao}, 

(9.4) Q := ^ Za D Q+ ^S^o"' 

We define an indefinite symmetric bilinear form on t) by 



(9.5) 



{a\a) = 2 {ae H), C>—<} 

M\ r ai-L ai,2 

aj,^) = -(5^,1, r< 0—0— 



-1 (t = J and l/i — 1^1 = 1). \ \ Y^Qa.i q "3,2 



The element of IT is called the simple root of a Kac-Moody root system and 
the Weyl group Woa of this Kac-Moody root system is generated by the simple 
reflections Si with i G I. Here the reflection with respect to an element a G f) 
satisfying (a | a) 7^ is the linear transformation 

(9.6) Sc, : i) 3 X ^-^ X - 2^^a e i) 

(a|a) 

and 

(9.7) Si = Sq, for i e /. 

In particular Si{x) = x — {ai\x)ai for i e / and the subgroup of Woo generated by 
Si for i G / \ {0} is denoted by W^. 

The Kac-Moody root system is determined by the set of simple roots 11 and its 
Weyl group Woo and it is denoted by (11, 1^). 

Denoting a{ao) = ao and a{aj^^) = acr(j").i/ for cr G ©00, we put 

(9.8) Woo 600 X M^oo, 
which is an automorphism group of the root system. 



Remark 9.1 ([Kc]). The set A^*^ of reaJ roots equals the W^-orbit of 11, which also 
equals WooOiQ- Denoting 

(9.9) B := {P e Q+; supp^ is connected and (/3, a) < (Va € 11)}, 
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the set of positive imaginary roots A™ equals WooB. Here 
(9.10) supp /3 := {q e n ; 7i„ 7^ 0} if l3 = 

The set A of roots equals /V U A™ by denoting A™ = -A!,!;" and A™ = 
A!f" U A!!". Put A+ = A n Q+, A_ = -A+, A^'^ = n Q+ and AL^ = -A!;^ 
Then A = A+ U A_, A™ C A+ and A'''= = A™ U A!:^ The root in A is called 
positive if and only if a e (3+. 

A subset i C n is called connected if the decomposition Li U L2 ~ L with 
Li 7^ and L2 ^ $ always implies the existence of Vj € Lj satisfying (ui|u2) 7^ 0. 
Note that supp a 9 ao for a G A"". 

The subset L is called classical if it corresponds to the classical Dynkin diagram, 
which is equivalent to the condition that the group generated by the reflections 
with respect to the elements in L is a finite group. 

The connected subset L is called affinc if it corresponds to affinc Dynkin diagram 
and in our case it corresponds to D4 or Eq or or Eg with the following Dynkin 
diagram, respectively. 



01 



1 



1 



03 



6 



1 



o — — o o — o — o — o — o — o — o — o 

33,222,111111 



(9.11) 



Ol 
11, 11, 11, 11 



02 



22, 1111, 1111 



Ol 



02 



o — o — o — o — o — o — o o — o — o — o 



111, 111, 111 



1 

-o 



Here the circle correspond to simple roots and the numbers attached to simple roots 
are the coefficients n and rij jy in the expression (9.15) of a root a. 

For a tuple of partitions m = ('7ij,,y)^.^(, ^-^j^ € ^ we define 

:= ruj^^+i + ?nj^u+2 H , 

(9.12) ar 



00 00 



j=0 

K(am) := m. 



As is given in |06| , Proposition 2.22] we have 

Proposition 9.2. i) idx(m, m') = (am|am')- 

ii) Given i Cz I, we have a^n' ~ Si(Q^m) with 



m 




(* = 0), 
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Moreover for £ = {£q, £i, . . .) g Z^g satisfying £^ ^ 1 for v 1 we have 



(9.13) 

(9.14) 

Note that 

(9.15) 



ai ai^ = ao + ^ ^ a^^i, ( IT ' 

j=0 u=l ^j>0 



, ^ „(am|af) 



Sj^sj,! j(ao), 
n - {am\ai)ai. 



a = nao + rij^uaj i, € A"*" with ?i > 



j>0 iy>l 

n > rij^i > nj^2 > ■ ■ (j = 0, 1, . . .). 
In fact, for a sufficiently large K G Z>oi we have ??, j ^ = for ^> K and 

Saj,„+aj,„+i+...+aj,Ka = « + {rij^v-i ^ "i,i/)(aj,iy + H h aj,/f) S A+ 



for a e A-|_ in ( 9.15 ), which means nj.^-i > n^.i^ for > 1. Here we put nj o 



and Qfj^o = Q^o- Hence for a G A_|^ with suppa 3 ao, there uniquely exists m G T' 
satisfying a = 



It follows from ( 9.14 ) that under the identification V C Q+ with ( 9.12 ), our 
operation dg corresponds to the reflection with respect to the root a^. Moreover 
the rigid (rcsp. indivisible realizable) tuple of partitions corresponds to the positive 
real root (rcsp. indivisible positive root) whose support contains ao, which were 
first established by |CB| in the case of Fuchsian systems of Schlesingcr canonical 
form (cf. |06|). 

The corresponding objects with this identification arc as follows, which will be 
clear in this subsection. Some of them are also explained in |06]. 



V 


Kac-Moody root system 


m 


(cf. (3.12)) 


m : monotone 


aeQ+: {a\l3) < (V/3 G H') 


m : realizable 


a e A+ 


m : rigid 


a G A!jf : supp a 3 ao 


m : monotone and fundamental 


a G Q+ : a = ao or {a\P) < (V/3 G H) 


m : irreducibly realizable 


a G A+, suppa 3 uq 
indivisible or (a|a) < 


m : basic and monotone 


a G Q+ : ia\l3) < (V^ G H) 
indivisible 


m : simply reducible and monotone 


a G A+ : (a|am) = 1 (Va G A(m)) 
ao G A(m), (a|/3) < (V/3 G H') 


ord m 


no : a = noao +J2i,u'"'i,t^'^i,i' 


idx(m, m') 


(ttm am') 


idxm 


(ttm am) 


de{in) (cf. (7.24)) 


iae\am) (cf. (9.13)) 


Pidxm + Pidxm' = Pidx(m + m') 


(am am') = -1 


iiy,,^ + l)eG,cS'^ (cf. (|30)) 


s,,.GlC (cf. (13)) 


~6oo (cf. (6.3C)) 


in (pl) 


di 


So 
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(cf. (I9.13D) 


{di, Soo) 


Woo (cf. (3.S)) 


{Am} 


(A(A),a^) (cf. (9.181)) 


|{An.}| 


(A(A) + iam|am) 


Ad((x -c,r) 


+tAO^. (cf. (9.18)) 



Here 

(9.16) A_|- := {ka; a € A+, k € Z>o, suppa 9 ao}, 
A(m) C AIj!^ is given in ( 9.30| ) and A(A) G f)p is defined as follows. 
Definition 9.3. Fix a positive integer p which may be oo. Put 

(9.17) /p:-{0, (j,i/);i = 0,l,...,P, - 1, 2, . . .} C / 

for a positive integer p and /oo = I- 

Let f)p be the R- vector space of finite linear combinations the elements of Hp := 
{ai ; i G Hp} and let f)^ be the C-vector space whose elements are linear combi- 
nations of infinite or finite elements of Hp, which is identified with Ilig/^Cai and 
contains f)p. 

The clement A e naturally defines a linear form of f)p by (A| • ) and the group 

Woo acts on f)p . li p = oo, we assume that the element A = CoQ^o + J2 S f)^ 

always satisfies £,j i =0 for sufficiently large j E Z>o. Hence we have naturally 

f)^C 1)^+1 and f)^ = U,>of)i- 
Define the elements of [)p : 



^ ^ p CO 



(9.18) 



j=0 u=l 

oo 

^J.'' ■= X! ~ (j = 0'- • -'-P' = 0' 1'2, . . .) 

i=v+l 

oo p oo 

A° := 2Ao - 2Ao,o = ao + ^(1 + v)aa.,, + ^^{l - v)aj.u, 

oo 

AO Aj,o - Afc,o = ^ J^(afe,^ - aj>) (0 < j < fc < p), 

p oo 



A(A) :=-Ao-EE(EM 

p oo 

= -Ao + ^ ^ Aj, ,(Aj,,_i - Aj,,). 

j=0 1^=1 

Under the above definition we have 

(9.19) (A"|a) = (AO,|«)-0 (Va G Hp), 

(9.20) (A,,.|a,',,0 = 5j,j,S,y {j, / = 0, 1, . . . , i^, i^' = 1, 2, . . .) 

(9.21) (Ao|a.) = (A,,o|a.) = <^,,o (Vi G Hp), 

(9.22) |{A„,}| - (A(A) + ia^la^), 
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so(A(A)) =-[J2 ^J.i - l) "0 + AW 

3=0 

OO V 

(9.23) = -mA" - Ao - ^ (E(^0'^ - (1 + ^'■o)^ 

P OO u 

- + (1 - '^-o)M))aj,. 

j = l v=l i=l 

with /i YJj=Q Aju - 1. 

We identify the elements of t)^ if their difference are in CA°, namely, consider 
them in \)^ f)p/CA". Then the elements have the unique representatives in ()p 
whose coefficients of ao equal — i . 

Remark 9.4. i) If p < oo, we have 

p 

(9.24) {A e ; (A|a) = (Va e Hp)} = CA" + ^ CA° 

ii) The invariancc of the bilinear form ( | ) under the Weyl group Woo proves 
S). 

iii) The addition given in Theorem 7.2 i) corresponds to the map A(A) i— > A(A) + 
TA[j J- with T e C and 1 < j < p. 

iii) Combining the action of Sj-.j^ on f)p with that of sq, we have 

(9.25) A(A') - Sa,A(A) e CA° and a^^ ^ Sa,a^ when {X'^,} ^ dt{X^} 
because of ( fr29| ) and (|^. 

Thus we have the following theorem. 
Theorem 9.5. Under the above notation we have the commutative diagram 
{-Pm '■ Fuchsian differential operators with {Am}} {(A(A),Q;m) ; ckm G ^+} 

\. fractional operations O \. Wx- action, +tAq ^ 

{^m '■ Fuchsian differential operators with {Am}} ^ {(A(A),Q;m) ; ctm G A-|-}. 
Here the defining domain of w & Wryo is {a G A-|- ; wa G A-(-}. 

Proof. Let Ti denote the corresponding operation on {(-Pm,{Am})} for Si € Woo 
with i € I. Then Tq corresponds to di and when i G is naturally defined 

and it doesn't change Pm- The fractional transformation of the Fuchsian opera- 
tors and their Riemann schemes corresponding to an element w G Woo is defined 
through the expression of w by the product of simple refiections. It is clear that 
the transformation of their Riemann schemes do not depend on the expression. 

Let i G / and j G /. We want to prove that {TiTj)^ = id if (siSj)'' = id for 
a non-negative integer k. Note that = id and the addition commutes with 
Ti. Since Ti = id if i E I', we have only to prove that (Tj^iTo)^ = id. Moreover 
Proposition 7.7 assures that we may assume j ~ 0. 

Let P be a Fuchsian differential operator with the Riemann scheme ( ^.15| ). 
Applying suitable additions to P, we may assume A^^i = for j > 1 to prove 
(ToaPo)^P = P and then this easily follows from the definition of di (cf. ( |7.25| )) 
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and the relation 



oo 

[Ao4](mo,i) 
[Ao,2](mo,2) 
[Ao,i'](mo,„) 



1 {l<]<p)^ 

[0](mj_i) 
[Aj,2](m,-,2) 



> {d — TOo,i + • • • + nip^i — ordm) 



^0 , 1 71") 



OO 

Ao,i ^ 



[Ao,2 - ^0,1 + ^\{mo:_ 
[^Ao,l + 2](„iQ g^d) 

[Ao,i/ - Ao,i + l](,„o^^ 



5- 



> 

a->>0,2-l 



OO 

[-Ao,2 + 2](„j,_j_rf) 

[Ao4 — Ao,2 + l](mo,i 
[Ao,iy — Ao,2 + l](mo_„ 

OO c-j {i<j<py 

[Ao,l](mo,l) 

[Ao,2](mo,2) [Aj,2](mj,2 
[Ao,i/](,rio,„) [Ai,i/](mj,„ 



(1 < i < P) 

[0](mj,i-d) 
[Aj,2 + Ao,l — l](mj,2) 
[Aj,i/ + Ao,l — l](Tnj,„) 

(1 < i < P) 

[0] (mj_i+r)io.i— rno^2— d) 



) [Aj,2 + Ao,2 - l](m3,2) 
) [Aj,i/ + Ao,2 - 



and (To,iTo)3f e C[.t] Ad{d^"-^-^) o Ad(a^o.^-^o-i) o Ad(ai- ^''•i)RP = 



Definition 9.6. For an element w of the Weyl group Woo we put 



[a;]RP. 
□ 



(9.26) 
If w = 



A{w) := n w-iA!:^ 
■ s,,, with € I is the minimal expression of u; as the products of 



simple reflections which means k is minimal by definition, we have 

(9.27) A{w) = {aj,,s,,(a,,_J,Sj,s,,_,(a,,_J,...,s,, •••Sj,(a,J}. 

The number of the elements of A{w) equals the number of the simple reflections 
in the minimal expression of w, which is called the length of w and denoted by 
L{w). The equality (9.27) follows from the following lemma. 

Lemma 9.7. Fix w G Woo cind i Cz I. If ai Cz A(w), there exists a minimal 
expression w = Si'^Si'^ ■ ■ ■ s^i^ with Si'^ = Si and L(wsi) = L{w) — 1 and A{wsi) = 
Si[A{w) \ {ai\). If ttj ^ A{w), L{wsi) = L(w) + 1 and A{wsi) = SiA{w) U {ai}. 
Moreover if v € Woo satisfies A{v) = A{w), then v ^ w. 



Proof. The proof is standard as in the case of classical root system, which follows 

Si 



from the fact that the condition a.i 
(9.28) s 



■ Si^^^{ai^) implies 



and then w = wSiSi 



Definition 9.8. For a E Q, put 
(9.29) h{a) ■■=no+Y,Y. 

j>0 v>l 



□ 



j>0 v>l 



Suppose m e T'p+i is irreducibly realizable. Note that s/m is the monotone 
fundamental element determined by m, namely, Usfm is the unique element of 
Wa-ai n (i? U {ao})- We inductively define € Woo satisfying WmCtm — Q^s/m- 
We may assume w-^i has already defined if /i(am') < h{otm)- If m is not mono- 
tone, there exists i <E I\ {0} such that {am\oii) > and then Wm — Wm'Si with 
«m' = Siam- If m is monotone and m 7^ /m, Wm = womSo- 
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We moreover define 
(9.30) A(m) := A{wm)- 

Suppose m is monotone, irreducibly realizable and m 7^ s/m. We define Wm so 
that there exists K G Z>o and vi, . . . ,vx G satisfying 

Wm = VRSo ■ ■ ■V2S0V1S0, 

^^■^^^ (vkso ■ ■ ■ ViSoaM < (Va G n \ {0}, k^l,...,K), 

which uniquely characterizes Wm- Note that 

(9.32) ffcSo ■ ■ -wisoam = Q;(sa)fcm {k^l,...,K). 

The following proposition gives the correspondence between the reduction of 
realizable tuples of partitions and the minimal expressions of the elements of the 
Weyl group. 



Proposition 9.9. Definition |ff.<^ naturally gives the product expression Wm = 
Sii • • • Sij. with i^ € I {1 < v < k). 

i) We have 

(9.33) L{wm) = k, 

(9.34) {a\a^) > (Va G A(m)), 

(9.35) /i(am) = Hasfm) + ^ (a|am)- 

QeA(m) 

Moreover ao G suppa for a G A(m) if m is monotone. 

ii) Suppose m is monotone and ftn 7^ m. Fix maximal integers Vj such that 
- dma2-(m) < mj,,,^+i /or j = 0, 1, . . . Then 

A(m) = so( Sjm • • ■ Sj,^J A(s5m) U {ao} 



(9.36) 



j>0 



i'j>0 

U {ao + otj.i + • • • + OLjM ^ ^ V < Vj and j = 0, 1, . . .}, 
(9.37) (ao + ajs H h aj^u\ct^) = d,nax(m) + 7tIj>+i - m^^i (zy > 0). 

iii) Suppose m is not rigid. Then A(m) = {a G A!Jf ; (a|am) > 0}. 

iv) Suppose m is rigid. Let a G A!jf satisfying (a jam) > and SQ,(am) G A_|_. 
Then 

(a G A(m) if (aja^) > 1, 

\#({a, am - a} n A(m)) 1 i/ (aja^) = 1- 

Moreover if a root 7 G A(m) satisfies (7|am) = 1, i/ien ^ 7 G A'J!^ anrf ao G 
supp(ain - 7)- 

v) Wm is the unique element with the minimal length satisfying WmQ^m = cts/m- 
Proof. Since h{sita) — h{a) ~ — (a^/ja) ~ {siiai'\a), we have 



(9.38) 



Hsi', ■ ■ ■ Si'^a) - h{a) = ^{h{s^^ ■ ■ ■ s^^a) - Hsil_^ ' ' ' s^'^a)^ 

u=l 

I I 

for i', i'^ G / and a G A. 

i) We show by the induction on k. We may assume fc > 1. Put ly' = s^^ • • • Si^_i 
and am' = Si^.am and a(i/) = Sifc_i •••Si,^^iai^ for v = l,...,fc — 1. The hy- 
pothesis of the induction assures L{w') = fc — 1, A(m') = {a(l), . . . , a(fc — 1)} 
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and (a(z^)|am') > for = 1, . . . , fc — 1. If i(wm) 7^ k, there exists £ such that 
aij. = a{£) and tUm = Sii • • • ■Sif-iSi^+i • • • Sit-i is a minimal expression. Then 
h{am) — h{am') = — (ai^lam') = — (a(^)|a m') < 0, which contradicts to the defi- 
nition of Win- Hence we have i). Note that (9.34) implies suppa B ao ii a £ A(m) 
and m is monotone. 

ii) The equality ( 9.36| ) follows from 

A(9m) n ^ Za ~ + • • • + a^^^ ; v = \, . . . ,Vj, i^j > and j = 0, 1, . . .} 

aGn\{o} 

because A(m) = soA(9m) U {ao} and (ni>o • • ' Sj.i )a9m = ctsdm- 

The equality ( 9.37 ) is clear because (ao|am) ~ f^ilm) — dmaxij^ and (a^.i/lam) = 
mj>+i — m^^v. 

iii) Note that 7 g A(m) satisfies (7|am) > 0. 

Put Wy = Si^^^j • • • Sij._j^Sj;^ for V = 0,...,fc. Then Wm = wq and A(m) = 
{wl^^ai^ ; — 1, . . . , fc}. Moreover iWi,' Wj7^Q;i_^ € if and only if < i^' < i/. 

Suppose m is not rigid. Let a e A!j5 with (a|am) > 0. Since {WinOc\aj^) > 0, 
WmCt G A!!*^. Hence there exists such that w^a G A-|_ and w^^ia € A_, which 
implies Wi,a = 0;^,^ and the claim. 

iv) Suppose m is rigid. Let a e A"^. Put £ ~ (a jam)- Suppose £ > and 
/3 := SaQfrn € A+. Then am = + /3, ao = £wmOi + lOm/^ and {j3\a.m) = 
ip-m — £o\^m) = 2 — £'^ . Hence if £ > 2, IR/3 n A(m) = and the same argument as 
in the proof of iii) assures a G A(m). 

Suppose £ ^ 1. There exists v such that w^jOi or w^P equals ai^ . Wc may assume 
w~^a = Ui^. Then a G A(m). 

Suppose there exists Wy'/S = ai^,. We may assume u' < v. Then w^iam = 
Wyi-ia + Wyi-iP S Al*^, which contradicts to the definition of w^. Hence Wu'P = 
ai^, for i^' = 1, . . . , fc and therefore /3 ^ A(m). 

Let 7 = Wj7^ai^ € A(m) and (7|am) = 1- Put j3 = — a ~ SaUm- Then 
Wv-iOim = e Alff". Since P ^ A(m), we have P G A^j!". 

Replacing m by sm, we may assume m is monotone to prove ao G supp /?. Since 
(/3|am) = 1 and (aijam) < for i € I \ {0}, we have ao G supp /3. 

v) The uniqueness of Wm follows from iii) when m is not rigid. It follows from 
( 9.34 ), Theorem 17.1 and Corollary 17. 3| when m is rigid. □ 

Corollary 9.10. Let m, m', m" e V and k e Z>o such that 

(9.39) m = km' + m", idxm = idxm" and m' is rigid. 

Then m zs irreducibly realizable if and only if so is m" . 

Suppose m is irreducibly realizable. If idxm <0 or k > 1, then m' £ A(m). // 
idxm = 2, then {am', Qm"} H A(m) = {am'} or {am"}- 

Proof. The assumption implies (aml^m) ~ 2fc^ + 2k{am'\ctm") + ictm"\ctm") and 
hence (am'lo^m") = —k and Sq^, am" = ctm- Thus we have the first claim (cf. The- 
orem 9.5). The remaining claims follow from Proposition 3.9. □ 



Remark 9.11. i) In general, 7 e A(m) does not always imply s-^am S A_|-. 

Put m = 32,32,32,32, m' = 10,10,10,10 and m" = 01,01,01,01. Putting 
V = so,iSi,iS2,iS3,i, we have am' = ao, am" = I'ao, (am'|am") = -2, soam" = 
2am'+am", wsoam" = ao+2am" and sousQi^ao ~ so^'Soam" = 3am'+2am" = am- 

Then 7 := sowao = 2am' + am" € A(m), (7|am) = (sowam'|sovsovam') = 
(ttm'lsowam') = (am'|2am' + am") = 2 and ST,(am) = (3am' + 2am") - 2(2am' + 
am") = -am' e A_. 
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ii) Define 

(9.40) [A(m)] {(a|a™); ae A(m)}. 

Then [A(m)] gives a partition of tlie non-negative integer h{am) ~ ^{sfm), wliidi 



we call the type of A(m). It follows from ( |9.35 ) that 

(9.41) #A(m) < h{am) - Hsfm) 

for a realizable tuple m and the equality holds in the above if m is monotone and 
simply reducible. Moreover we have 

p 

(9.42) [A(m)] = [A{sdm)] U {d{m)} U |J {m^- ^ - m^- 1 - rf(m) € Z>o ; > 1}, 

3=0 

p 



> TTiju - (i(m)} - 1) + 1 



(9.43) #A(m) = #A(s9m) + ^ (mm{ 

3=0 

(9.44) /i(m) = h{sfxa) + ^ i 

ie[A(m)] 

if m e Vp+i is monotone, irrcducibly realizable and not fundamental. Here we use 
the notation in Definitions |6.11 , 7.6 and 8.14 . For example, 



type 


m 


/i(am) 


#A(m) 


Hn 


l",l",n- 11 


+ 1 


n2 


E02m 


1^™, mm, mm — 11 


2m^ + 3m + 1 


(t)+4m 


E02m+l 


Yim+i ^ m + Im, mml 


2m^ + 5m + 3 


(2™+i) + 4m + 2 


^6 


111111,222,42 


29 


28 




21111,222,33 


25 


24 


Pn 


n-ll,n-ll,... epi;\ 


271+1 


[A(m)] :l"+l-(n- 1) 


Pi,2m+1 


m + Im, m + Im, m + Im, m + Im 


6m + 1 


[A(m)] : 1'*" • 2" 



Suppose m e T'p+i is basic. We may assume (p.3|). Suppose (am|ao) = 0, which 
is equivalent to X]j=o "^j.i ^ (P ^ 1) ordm. Let fcj be positive integers such that 

(9.45) (am|aj",i/) = for 1 < v < kj and {am\oij.kj) < 0; 



;,2 = • • • = mj_k. > mj^k,+i for j = 0, . . . ,p. Then 



p -, p 



ordm 



= P 



1. 



which is equivalent to m^^i 
(9.46) 

j=o j=o 

If the equality holds in the above, we have kj > 2 and rrij^kj+i = and therefore 
m is of one of the types D4 or Eq or Er or Eg- Hence if idxm < 0, the set 
{kj ;0<j<p, kj > 1} equals one of the set 0, {2}, {2, i/} with 2 < 1/ < 5, {3, v} 
with 3 < < 5, {2, 2, i/} with 2 < < 5 and {2, 3, i'} with 3 < < 5. In this case 
the corresponding Dynkin diagram of {ag, aj> 1 < v < kj , j = 0, . . . ,p} is one of 
the types A^, with 1 < < 6, with 4 < < 7 and -E^ with 6 < < 8. Thus we 
have the following remark. 

Remark 9.12. Suppose a tuple m G "Pp^^ is basic and monotone. The subgroup of 
Woo generated by reflections with respect to ai (cf. ( ^.13| )) which satisfy (am|a«) = 
is infinite if and only if idxm = 0. 

For a realizable monotone tuple m E V, we define 



(9.47) n(m) {aj,u G suppam 



^3,v+l 



}u 



{ao} (di(m) = 0), 
(di(m)^O). 
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Note that the condition {am\cte) = 0, which is equivalent to say that ae is a root of 
the root space with the fundamental system n(m), means that the corresponding 
middle convolution de keeps the spectral type invariant. 



9.2. Fundamental tuples. We will prove some inequalities (9.48) and (9.49) for 
fundamental tuples which are announced in 



Proposition 9.13. Let m e "Pp+i \ 'Pp be a fundamental tuple. Then 

(9.48) ordm < 3|idxm| +6, 

(9.49) ordm < |idxm| +2 ifp>3, 

(9.50) p<i|idxm|+3. 

Example 9.14. For a positive integer m we have special 4 elements 



(9.51) 



D 



(m) 



m^, ni^ , rn? , m{m — 1)1 



, , m^{m — 1)1 



i;^"^ : (2m)^TO'^,m3(m- 1)1 E^^"'^ : {3mf , {2mf , {m ~ 1)1 



with orders 2m, 3m, 4m and 6m, respectively, and index of rigidity 2 — 2m. 



Note that_E^™\ 1)^™^ and 11,11,11,--- e V^f^^ attain the equalities (JSM) 



(2) 



( |9.49| ) and ( |9.50| ), respectively. 



Remark 9.15. It follows from the Proposition 9.13 that there exist only finite basic 
tuples m G P with a fixed index of rigidity under the normalization (B.3). This 
result is given in [06, Proposition 8.1]. 

Hence there exist only finite fundamental universal Fuchsian differential opera- 
tors with a fixed number of accessory parameters. Here a fundamental univ ersal 
Fuchsian differential operator means a universal opera tor given in Theorem |!l| 
whose spectral type is fundamental (cf. Definition ^.14|) . 

Now we prepare a lemma. 

Lemma 9.16. Let a > 0, b > and c > be integers such that a + c^b > 0. Then 

b + kc-6 [<fc+l (0<fc<5), 
(a + c-6)6 |< 7 (0<fc<6). 

Proof. Suppose b > c. Then 

b + kc' 



6 b + kb-6 , 
< : < k 



1. 



{a + c-b)b 
Next suppose h < c. Then 

{k + l){a + c-b)b-{b + kc-Q) > {k + l){c - b)b - b - kc + 6 

> {k + l)b - b - k{b + 1) + 6 = 6 - k. 

Thus we have the lemma. 



□ 



Proof of Proposition 9.1 j. Since idx/cm = /c^idxm for a basic tuple m and k G 
Z>o, we may assume that m is basic and idxm < —2 to prove the proposition. 

Fix a basic monotone tuple m. Put a = am under the notation ( ^.12 ) and 
n = ord m. Note that 



(9.52) {a\a) = n{a\ao) + 2_^2^nj^^{a\aj^u), (ajao) < 0, {a\aj^„)<0. 

j=0 u=l 



We first assume that ( 9.48 ) is not valid, namely, 
(9.53) 3|(a|a)| +6 < 71. 
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In view of (8.18|), we have {a\a) < and the assumption imphes |(q;|q;o)| = 



because |(a|a)| > 7i|(q;|q;o)|. 

Let Ho be the connected component of {ai G 11; (ajai) = and a, G suppa} 
containing ao- Note that suppa generates a root system which is neither classical 
nor affine but Hq generates a root system of finite type. 

Put J = {j ^ctj^i, G suppofm such that {a\aj,i,) < 0} 7^ and for each j £ J 
define kj with the condition (9.45). Then we note that 



(a|Q;j>) 





2n 



< -1 (i^ = kj). 



Applying the above lemma to m by putting n = b + kjC and rtj_^ = b + {kj — z/)c 
(1 < ;/ < fcj) and nj_kj+i — a, wc have 



(9.54) 



n-6 \<kj + l {l<kj < 5), 

{nj,k,.i + nj,k,+, - 2nj^k,)nj,k, \ <7 (1 < k^ < 6). 



a < —1 and we have Kaja)! > Kajaj^^)! > 



if k, < 6 



Here {a\aj^kj) = - 
and therefore kj > 3. 

It follows from the condition kj > 3 that m G 7^3 because Hq is of finite type and 
moreover that IIq is of exceptional type, namely, of type Eq or £'7 or Eg because 
supp a is not of finite type. 

Suppose #J > 2. We may assume {0,1} C J and fco < ^i- Since Hq is of 
exceptional type and supp a is not of finite type, we may assume kg ~ 3 and 
fci < 5. Owing to ( |9.52 ) and ( |9.54 ), we have 



|(a|Q;)| > no,3(»^o,2 + ?^o,4 - 2no,3) + ni^ki{ni,ki-i + ni,ki+i - 2ni,fcJ 



> 



3+1 



5+1 3 



which contradicts to the assumption. 

Thus we may assume J = {0}. For j = 1 and 2 let rij be the positive integer 
such that aj^rij & suppa and aj.„^.+i ^ suppa. We may assume ni > 712. 

Fist suppose fco ~ 3. Then (ni,ri2) ~ (2,1), (3,1) or (4,1) and the Dynkin 
diagram of suppa with the numbers m^ jy is one of the diagrams: 



3m 

-o- 



4m 

-o 



< fc < m 
fc 

G> 



m 



m 



4m 

-o- 



5m 

-o 



2m 

-o 



7m 

o- 



03m 
6m 4m 

o — o 



2m 

o 



3m 

-o- 



02m 

o 



4m 3m 



05m 



10m 8m 

o — o- 



6m 

o- 



2m 

-o 



4m 

o- 



m 

-o 



2m 



(a|a)| > 3m 



|(a|a)| > 2fc(m- fc) 



(a|a)| > 2m^ 



For example, when (ni,ri2) = (3, 1), then k :~ mo, 4 > 1 because (a|ao,3) 7^ and 
therefore < fc < m and |(a|a)| > fc(m— 2fc)+m(2m+fc— 2m) = 2fc(m— fc) > 2m— 2 
and 3|(a|a)| + 6 - 4m > 3(2m - 2) + 6 - 4m > 0. Hence ( |9.53| ) doesn't hold. 

Other cases don't happen because of the inequalities 3 • 3m + 6 — 6m > and 
3 • 2m2 + 6 - 10m > 0. 
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Lastly suppose fco > 3. Then {ko, 712) = (4, 2, 1) or (5, 2, 1). 

O 3™ 



m < k < 2m 

k 2m 3m Am 5m 



<D O O O O O 



6m 4m 2m 

o — o 



0<k< 



k m 

<D O 



2m 3m 

o — o 



4m 

-o- 



5 m 

o- 



03m 



6m 4m 

o — o 



2m 



|(a|a)| > 2m 



|(a|a)| > 2(m- 1) 



In the above first case we have (a|a)| > 2m, which contradicts to ( p.53| ). Note 
that (|Q:|a)| > fc • (m — 2k) + m ■ k = 2fc(m — fc) > 2(m — 1) in the above last case, 
which also contradicts to ( 9.53 ) because 3 • 2(m — 1) + 6 = 6m. 

Thus we have proved ( 9.4S ) . 

Assume m ^ 7^3 to prove a different inequality ( 3.49| ). In this case, we may 
assume (a|ao) = 0, |(q!|q!)| > 2 and n > 4. Note that 



(9.55) 2n no,i + ni.i 



Up^i with p > 3 and nj_i > 1 for j = 0, . 



If there exists j with 1 < rijj < f — 1, ( |9.49 ) follows from ( 9.52| ) and |(q;|q;j.i)| = 
rij^iin + nj.2 ~ 2nj_i) > 2?7.j.i(^ — nj,i) > n — 2. 

Hence we may assume nj^i > ^^-^ for j = 0, . . . ,p. Suppose there exists j with 
rij^i = ^^^Y^- Then n is odd and ( 9.55| ) means that there also exists j' with j ^ j' 
and rij'^i = ^^y^- In this case we have ( 9.49| ) since 

|(a|Q;j,i)| + |(a|aj'^i)| = njj(n + nj,2 - 2nju) +nj/^i(n + nj',2 - 2r7,j,i) > ^ + ^. 



Now we may assume nj i > ^ for j = 0, . . . ,p. Then (9.55) implies that p = 3 
and rij^i = ^ for 7 = 0, . . . , 3. Since {a\a) < 0, there exists j with nj^2 > 1 and 

|(q;|q;j,i)| + |(Q;|aj,2)| = nj^i{n + nj^2 - 2nj,i) + nj,2("j,i + rij^s - 271^,2) 
= f «i,2 + "i,2(f + nj,3 - 2nj,2) 

\>n {nj^2 > 1), 



2 i''^j,2 = 1 and n 



j.3 



0). 



Thus we have completed the proof of ( 9.49 ). 

There are 4 basic tuples with the index of the rigidity and 13 basic tuple s with 
the index of the rigidity —2, which are given in (8.18) and Proposition B.1C| . They 
satisfy ( p!50| ). 

Suppose that ( 9.50| ) is not valid. We may assume that p is minimal under this 
assumption. Then idxm < — 2, p > 5 and n = ordm > 2. We may assume 
n > TT-o,! ^ n-i^i > • • • > Up^i > 0. Since (ajao) < 0, we have 

(9.56) no,i + 711,1 + • • • + 7ip,i >2n> tiq.i + • • • + Tip-i^. 

In fact, if 7?o,i + • • • + 7ip_i,i > 277,, the tuple m' = (mo, . . . , mp_i) is also basic and 
|(q;|q;)| — I (ctm' , Q!m' ) I = 77^ — J2i/>i ""p.iy — 2, which contradicts to the minimality. 

Thus we have 2nj^i < 77 for j ~ 3, . . . ,p. If 77 is even, | idxm| > J2^=3 \ = 
^^0(77 + 77j.2 ^ 277j,i) > 2{p — 2), which contradicts to the assumption. If 77 = 3, 



( 9.56| ) assures p = 5 and 779, 1 = • • • = n^ Q = 1 and therefore idxm = —4, which 
also contradicts to the assumption. Thus 77 = 2m + 1 with m > 2. Choose k 
so that 77fc_i,i > m > 77^,1. The n | idx m| > I]j=fc(Q^I"j,i)l = Z]j=fe("- + '^j,2 - 
277j,i) > 3{p — k + 1). Owing to (9.56), we have 2(2m + 1) > km + {p — k) and 
k < ^^^73r^ < ^Er ^ 5, which means fc < 4, | idxm| > 3(p - 3) > 2p - 4 and a 
contradiction to the assumption. □ 
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10. Expression of local solutions 



Fix m = (?7ij>)j=o,...,p S 'Pp+i- Suppose m is monotone and irreducibly realiz- 

l<i/<nn 



able. Let Pm be the universal operator with the Rieniann scheme (S.15), which is 
given in Theorem 8.13. Suppose ci = and mi^m ~ 1- We give expressions of the 
local solution of P^u = at x = corresponding to the characteristic exponent 



Theorem 10.1. Retain the notation above and in Definition 7.11. Suppose Xj^ 
are generic. Let 



(10.1) 



oo 
1^=0 



be the local solution of {d^^^^Pmjv — at x — with the condition Cq = 1. Put 

(10.2) Xik)j^max = A(fc)j_£(fe)^.. 

Note that if m is rigid, then 



(10.3) 



J=2 



The function 



(10.4) 



r(A(fc)i,„j - X{k)i,jnax + l) 



k=0 



.''0 r^K-i 



K~l 



Jo 

K-1 



\[{s,-s,^,)-^^'^^-' 



n 



fc=0 



Sfe+1 



fc=0 

v{sK)dsK ■ ■ ■ dsi 



J=2 



is the solution of P^u ~ so normalized that u{x) = mod x'^^'^^^'^^Oq. 

Here we note that 



n 

A:=0 



Sk 
Sfe+1 



A(fe)i,„ 



-A-/ 1-C -^Sfc xA(fe-).,. 
J=2 



(10.5) 



A(0)^_^ P (1_,^V1,^)A(0),,„„ 

i)i,™„. 11 (i_c-1sk)^(^-i)- 



s 

7a(^ 



„-A(fe-l)i,„ 



-A(fe- 



fc=l 



i=2 



-l)j,™axy 
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When m is rigid, 



{^j.k) 2<j<p £^>o 



l<k<K 



1111 TTa 11 



When m is noi ri(;jd 



^ - - - A(o),,„ 



l^i'i.fcj 2<j<p 6*>o 



i<fc<A: 



(10.7) f=o ~ Ki)l,max + + 1) 



11 TTZ] 11 11 



s=2 ' i=l s=2 



s=2 

f za; J and fc and suppose 



(10.8) 



£(fc — l)j = ^(fc)i/ w/ien m is ri^id or k < K, 

£{k — l)j = when m is noi rigid and k = K. 



Then the terms satisfying i^j^k > vanish because (0)i/ ^ = ^o.i/ for Vj^k = 
0,1,2,.... 

Proo/. The theorem follows from ( |7.25| ), (^^), ( [7.27D , ( |4^ and (m) by the in- 
duction on K. Note that the integral representation of the normalized solution of 
{dmaxP)v — corresponding to the exponent A(l)„j equals 

, , r(A(fc)i,„i - A(fc)i,„aj; + l) 

v{x) ■= 11 



r(A(fc)i,„, - \{k)i^raax + Kk) + l)r {- fl{k)) 



"'0 



A'-l 



fc=0 



nifc) nil— T^, 



■ v{sK)dsK ■ • • dsi 

Si—X 

mod x^fi^i'-i+^Oo 
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by the induction hypothesis and the normahzed solution of Pu ~ corresponding 
to the exponent Ai,„j equals 

r(A(0)i^„, - X{0)l,max + 1) 



r(A(o)i,„, - A(o)i,,„a. + /i(o) + i)r(-M(o)) 

-A(0), P 



-mi. 



■m- 

J=2 



1 - \-A(0),,, 



v{so)dsQ 



and henc e we have ( 10.4 ). Then the integral expression ( 10.4 ) with ( 10.5 ), (4.2) 
and (4^) inductively proves ( 10.6 ) and ( 10.7 ). □ 

Example 10.2 (Gauss hypergcometric equation). The reduction ( 12.55| ) shows 

A(0)j,, = Aj- ™(0)j- , = 1 (0 < j < 2, 1 < 1/ < 2), ^l{0) = -Ao,2 - Xi.,2 - A2,2, 

m(l),-i=0, m(l),-2 = l (j=0,l,2), 

A(l)o,i = Ao.i + 2Ao^2 + 2Ai^2 + 2A2,2, A(l)ij = Ai_i, A(l)2,i = A2,i, 

A(l)o,2 — 2Ao,2 + Ai^2 + A2,2, A(l)i,2 = — Ao,2 — A2,2, A(l)2,2 ~ — Ao,2 — Ai,2 

and therefore 

A(0)i,„, - A(0)i,,„ax + /^(O) + 1 = Ai,2 - Ai,i - (Ao,2 + Ai,2 + A2,2) + 1 

= Ao,i + Ai,2 + A2,i, 

A(0)2, max — A(l)2, man = A(0)2,l — A(l)2,2 = A2,l + Ao,2 + Ai^2- 



Hence (10.4) says that the normalized local solution corresponding to the charac- 
teristic exponent Ai,2 with ci = and C2 = 1 equals 

r(Ai.2-Ai.i + l)x^i-i(l-x)^^i 

U[X) ~ — -, r -, 7- 

g-j r(Ao,l + Ai^2 + A2,l)r(Ao^2 + Ai^2 + A2,2) 

^j. ^^Ao.2+Ai.2+A2.2 — 1 — Ao.2— Al l— A2,2 — Ao,2 — Ai .2 — A2 , 1 ^ 



and moreover ( 10.6 ) says 

(10.10) nix) = .T^- (1 - x)'-^ £ ^+ + + + A2,i). 



v=0 



Note that u{x) = F{a, b, c; a;) when 
a; = oo 1 



(10.11) 



Ao,i Ai,i A2,i 

Ao,2 Ai_2 ^2,2 _ 



(Ai,2-Ai,i + l)^i/! 



X — oo 1 
a 1 - c 

b c — a — b \ 



The integral expression (10.9) is based on the minimal expression w = 50,1*1,151,250 
satisfying wam ~ o^o- Here am ~ 2ao + X]^=o'^j.i- When we replace w and its 
minimal expression by w' = so,i5i.iSi_2So5o.i or w" — so,iSi.iSi_2SoS2.i, we get the 
different integral expressions 

r(Ai,2-Ai,i + l)x^ii(l-:E)^^'i 



u(x) 



r(Ao,2 + Ai_2 + A2,i)r(Ao,i + Ai 2 + -^2,2) 



(10.12) 



'X — 5^-^0,l+-^l-^+-^2.2 — — Ao,l— Ai.i— A2,2 ^ 

r(Ai,2-Ai,i + l)a:^^.^(l-a;)^^-^ 

r(Ao,l + Al,2 + A2,2)r(Ao,2 + Ai_2 + A2,l) 



^j, t,^Ao,2+Al,2+A2,l — 1 — Ao,2— Ai 1— A2,l ^-j^ j.^— Aq,; 



5)-Ao.i-Ai,2-A2,i^g 
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These give different integral expressions of F{a, b, c; x) under ( 10.11 ). 
Since Sao+ao.i+ao,2Q!m = Om, we have 



a; = oo 
a 1 — c 
b c 

{X ^ oo 
a-d+1 
b-d+l d-1 

and licncc (cf. (p^)) 
(10.13) F{a,b,d;x) 




1 


a 



r{d)x 



r(c)r(d-c) Jo 



{x- s)''-''-h''-^F{a,b, c;s)ds. 



Remark 10.3. The integral expression of the local solution u{x) as is given in 
Theorem 10.1 is obtained from the expression of the element w of Woo satisfy- 



ing warn 'E B U {ao} as a product of simple reflections and therefore the integral 
expression depends on such element w and the expression of w as such product. 
The dependence on w seems non-trivial as in the preceding example but the de- 
pendence on the expression of w as a product of simple reflections is understood as 
follows. 

First note that the integral expression doesn't depend on the coordinate trans- 
formations X t-^ ax and x t-^ x + b with a € and b € <C. Since 



{x-tr-'4'{t)dt = - (x-i) 



(-1) 



\h-sr-\^r+'cb{^)ds, 



we have 
(10.14) 



= -(-1)^-1x^-1 (/f (x'^+V(x))|,^i) 



which corresponds to (7.11). Here the value (—1)^ ^ depends on the branch of the 
value of {x - i)^-i and that oi x''~^x^-''{^ - s)^-i. 



Hence the argument as in the proof of Theorem |9.5| shows that the dependence 
on the exp ressio n of w by a product of simp le re flections can be understood by the 
identities (|l0.14|) and I^^I^'^ = (cf. Q) etc. 



11. MONODROMY 



The transformation of monodromy generators for irreducible Fuchsian systems 
of Schlesinger canonical form under the middle convolution or the addition is stud- 
ied by [Kz| and [DR, DR2 etc. A non-zero homomorphism of an irreducible single 



Fuchsian differential equation to an irreducible system of Schlesinger canonical form 
induces the isomorphism of their monodromies of the solutions (cf. Remark ^.12 ) . 
In particular since any rigid local system is realized by a single Fuchsian differen- 
tial equation, their monodromies naturally coincide with each other through the 
correspondence of their monodromy generators. The correspondence between the 
local monodromies and the global monodromies is described by [DR2|, which we 
will review. 
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11.1. Middle convolution of monodromies. For given matrices Aj E M{n,C) 
for j = 1, . . . ,p the Fuchsian system 

dv _ ^ Aj 



dx ^ X — Co 

2 = 1 J 

of Schlesinger canonical form (SCF) is defined. Put Aq ~ —Ai — ■ ■ ■ — Ap and 
A = {Aq, Ai, . . . , Ap) which is an element of 

(11.2) M(n,C)g+^ := {(Co, ...,Cp)e M{n,Cr+^ ; Co + • • • + Cp = 0}, 

The Riemann scheme of (|l 1 . l[ ) is defined by 
(11.3) 

a; = Co = oo ci • • • Cp ^ 

[Aoalmo.i [Al4]mi 1 • • • [Ap,i]t„ 1 I , ■ ■ 

. . . ; f ' ■= h I ^ A/(i,fc,C) 

if 

A-i ^ L(mj,i,...,mj>^.;Aj4,...,Aj,„J {j = 0,...,p) 
under the notation ( |6.33| ). Here the Fuchs relation equals 

p "j 

(11.4) ^^m,-,A,-.=0. 

j=0 v=\ 

We define that A is irreducible if a subspace V of C" satisfies AjV C Aj for 
j = 0, . . . then y = {0} or F = C". In general, A = (^o, ■ • • , Ap), A' = 
{A'f),...,A'p) € M{n,C)P+\ we denote by A - A' if there exists U € GL{n,C) 
such that A'j = UAjU^^ for j = 0, . . . ,p. 

For (^0, . • . , A^p) e CP+i with ^o H h^^p = 0, the addition A' = {A'^, . . . , A'^) <= 

A/(n, C)q^ of A with respect to {fiQ, . . . , fip) is defined by Aj = Aj + fij for 

For a complex number fi the middle convolution A := mCp(A) of A is defined 
by = Aj(/^) for j ~ 1, . . . ,p and Aq = —Ai — • • • — under the notation in 
.51 Then we have the following theorem. 



Theorem 11.1 (|DR| DR2|). Suppose that A satisfies the conditions 



(11.5) Pi kerAj nker(Ao - t) = {0} (i = 1, . . . ,p, Vt e C), 



i<3<P 



(11.6) Pi ker*Aj nker(% - t) = {0} (i = 1, . . . ,p, Vr G C). 

i<i<p 

i) T/ie tuple mc^(A) = (Ao, . . . ,Ap) also satisfies the same conditions as above 
with replacing A^, by A^, for v = 0, . . . ,p, respectively. Moreover we have 

(11.7) mCp(A) ~ mc^(A') if A ^ A', 

(11.8) mc^,/ o mCp(A) ^ 7nc^+p/(A), 

(11.9) TOCo(A) - A 

and A is irreducible if and only if A' is irreducible. 

ii) (cf. |06, Theorem 5.2]) Assume 

(11.10) = Ao,i 7^ and A^.i = for j = l,...,p 
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and 
(11.11) 



Xj i, = Aj_i implies nij^i, < nij_i 



for j ~ 0, . . . ,p and v = 2, . . . ,nj . Then the Riemann scheme of mc^(A) equals 



(11.12) 



with 



.T = OO 
[Ao,2 - lAmo,2 



Cl 

[Al,2 + At]mi,: 



[Ap,2 + A*]™p,2 
[Ap/rip + lAmp.l . 



(11.13) 



d := mo,i + • • • + mp,i — (p — 1) ordm. 
Example 11.2. The addition of 

?Tic_Ao_i-Ai,2-A2,2 ({Ao,2 — Ao,i, Ao,i + Ai^i + A2,2, Ao4 + Ai^2 + A2a}) 

with respect to (— A1.2 — A2.2, Ai,2, A2,2) give the Fuchsian system of Schlesinger 
canonical form 

du Ai A2 



dx X 
Ai,i Ao,i + Ai,2 + A2,i 

Al,2 



x-l 
and A2 = 



A2,2 

Ao,i + Ai 1 + A2,2 A2,i 



with the Riemann scheme 

a; = 00 1 
Aoa Ai^i A2,i 

Ao,2 Ai^2 A2,2 . 



(Ao,i + Ao,2 + Ai^i + Ai^2 + A2,i + A2,2 — 0). 



The system is invariant as iy(a;; Aj^i/)-modules under the transformation Xj i, 1— > 
Aj,3_i/ for j = 0, 1, 2 and = 1, 2. 

Suppose Xj ij are generic complex numbers under the condition Ao,i+Ai_2 + A2,i = 
Ao,2 + Ai_i + A2.2 = 0. Then Ai and A2 have a unique simultaneous eigenspace. In 
fact, ^i('j') = Ai^2(i) and ^2(1) = A2,i('j'). Hence the system is not invariant as 
W(a;)-modules under the transformation above and A is not irreducible in this case. 

To describe the monodromies, we review the multiplicative version of these op- 
erations. 

Let M = (Afo, . . . , Mp) be an element of 

(11.14) GL{n, Cf+' {(Go, . . . , Gp) e GL{n, Cr+' ; Gp • • • Go = /„}. 

For (po, ■ ■ ■ , Pp) G C^+^ satisfying po ■ ■ ■ Pp = 1, the multiplication of M with respect 
to p is defined by {poMo, . . . , ppMp). 

For a given p e C^, we define Mj = i^Mj^^y) i<,y<n <= GL{pn,C) by 

i<i/'<p 



p{AU,^l) {v = j,] + l<v'<p). 
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Let Mj denote the quotient Mjlcpn/y of 



(11.15) 



I In 



A/i - 1 



p{Mp - 1) 



e GL{pn,C) 



V In I 

for j = 1, . . . ,p and Mq = (Mp . . . Mi)'^ . The tuple MCp(M) = (Mq, ■ • ■ , Mp) is 
called (the multiplicative version of) the middle convolution of M with respect to 
p. Here V := ker(M - 1) + ff.^ ker{Mj - 1) with 



'Ml 



M := 



Mr, 



Then wc have the following theorem. 

Theorem 11.3 ([^ pR2[ ). Let M = (Mq, . . .,Mp) G GL(n,C)f+\ Suppose 
(11.16) Pi ker(M^ - 1) n ker(A/i - t) = {0} (1 < i < p, Vr e ), 



l<iy<p 

(11.17) Pi ker(*M^ - 1) n ker(*M, - t) = {0} {1 < i < p, Vt e C"). 
i<i/<p 

i) The tuple MCp(M) = (Mq, . . . , Mp) also satisfies the same conditions as above 
with replacing Mi, by for v = 0, . . . ,p, respectively. Moreover we have 

(11.18) MCp(M) - MCp(M') i/ M - M', 

(11.19) MCp'oMCp(M)-MCpp'(M), 

(11.20) MCi(M)-M 

and MCp(M) is irreducible if and only i/M is irreducible. 

ii) Assume 

(11.21) Mj L{mj^i,...,mj^„.;pjs,---,Pj^nj) for j = 0,...,p, 

(11.22) p = po^i^l and Pj.i = l for j = l,...,p 
and 

(11.23) pj^i, = pj_i implies mj^^, < mj^i 

for J = 0, . . . ,p and v ~ 2^ . . . ,nj. In this case, we say that M has a spectral type 
m := (mo, . . . , mp) with rxij = (toj.Ii ■ • ■ > i^T-j-nj)- 

Putting (Mo, ■ • ■ , Mp) = MCp(Mo, . . . , Mp), we have 
(11.24) 

L{ma.i -d,mo,2,---,TOo,no;/5"\/0"Vo,2,---/0"Vo,«o) U = 0), 



M, 



L{mj,i - d,TOj,2, • ■ • ,TOj,nj ; ^,PPj:2, ■ ■ ■PPj,nj) 



(J = 1,...,P). 



Here d is given by (11.13). 



Remark 11.4. i) We note that some TOj.i may be zero in Theorem |l 1 . l| and Theo- 



11.3 



ii) It follows from Theorem llJ| (resp. Theorem 11. 3| ) and Scott's lemma that any 
irreducible tuple A e M(n,cjg^ (resp. M e GL(n,C)?+^) can be connected by 
successive applications of middle convolutions and additions (resp. multiplications) 
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to an tuple whose spectral type is fundamental (cf. Definition 8.14). In particular, 
the spectral type of M is an irreducibly realizable tuple if M is irreducible. 

,Mp) e GL(n,C)5'+\ Suppose ( |ll.2lD . Fix 



Definition 11.5. Let M 



(Mo, 



G Z>j and define de'M. as follows. 



Pi 



PjJ, (0 < J < p, 1 < ij < n,), 

1 any complex number (0 < J < P, < £j), 
p := popi ---Pp, 
. , Af;) MCp(pi • • • PpAfo, p^Hh.p^Hh, . . ..p-^Mp), 
dM (pr' • • • Pp^K^ piM^p^Ah,' . . . , PpM^). 
Here we note that if £ = (1, . . . , 1) and pj^i = 1 for j = 2, . . . ,p, diM = MCp(M). 
Let w(l), . . . ,u{n) be independent solutions of ( 11.1 ) at a generic point q. Let 



(Mi . 



7j be a closed path around Cj as in the following figure. Denoting the result of 
the analytic continuation of u := (u{l) , . . . , u{n)) along 7^ by ^j{u), we have a 
monodromy generator Mj € GL(n, C) such that 7j(ft) = -uMj. We call the tuple 



M ~ {Mq, . . . , Mp) the monodromy of ( 11.1 ) with respect to u and 70, . . . , 7p. The 
connecting path first going along 7^ and then going along jj is denoted by 7^ o 7^ . 



(11.25) 




7i O 7j (u) Jj{uMi) 

= ilMjMi, 



M„M, 



plVlp^l 



•A/iA/o =/„. 



The following theorem says that the monodro my of solutions of the system ob- 
tained by a middle convolution of the sy stem (1 
convolution of that of the original system (11.1). 



11.1 



) is a multiplicative middle 



Theorem 11.6 ( pI)R2 |). Let Mon(A) denote the monodromy of the equation ( |1 1 . l| ) . 
Put M = Mon( A) . Suppose M satisfies ( |11.16| ) and ( |11.17D and 



rank(Ao — p) = rank(A/o 

rank(j4j) = rank(Afj — 1) 



. ,p, then 



Mon(TOc^(A)) - MC^2.v^4Mon(A)). 



(11.26) 
(11.27) 
for j = 1, . 
(11.28) 

Let be a space of (multi-valued ) ho lomorphic functions 011 C \ {ci, . . . , Cp} 
valued in C" such that sat isfies ( 3.15 ), ( 3.16 ) and ( 3.17| ). For example the 
solutions of the equation ( 11.1 ) defines J". Fixing a base u = (u(l), . . . ,u(n)) of 
J^{U) with U B q, we can define monodromy generators {Mq, . . . , Mp). Fix p G C 
and put p — e'^'^^Z-^t^ and 

l'j(,x + ,c^ + ,x-,Cj-) u(t){x-tr-^ 

■ and v{x) — (vi{x), . . . ,Vp{x)) . 

f{x + ,Cj + ,x-,c,-) u{t)(x-tY-^ 



Vjix) 



-dtj 



Then v{x) is a holomorphic function valued in A'I{pn, C) and the pn column vectors 



of v{x) define a convolution F oi F and the following facts are shown by |DR2 
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The monodromy generators of T with respect to the base v(x) equals the convo- 
lution M = (Mo, ■ • ■ , Mi) of M given by (11.15) and if corresponds to the space 
of solutions of ( ^.74| ), J" corresponds to that of the system of Schlesinger canonical 
form defined by (^o(m)j • ■ • ,^p(m)) in ( ^-771 ), which we denote by M^. 

The middle convolution MCp(M) of M is the induced monodromy generators on 
the quotient space of C^"/F where V is the maximal invariant subspace such the 

restriction of M on y is a direct sum of finite copies of 1-dimensional spaces with 

j 

the actions (p-\ 1, . . . , 1, P, 1, • ■ • , 1) e GL(1, C)?+^ (j = 1, ■ ■ ■ ,p) and (1, 1, • • ■ , !)• 
The system defined by the middle convolution mc^(A) is the quotient of the system 
Ai^ by the maximal submodule such that the submodule is a direct sum of finite 
copies of the equations (x — Cj)^ = {j = 1, . . . ,p) and ^ = 0. 

Suppose M and MCp(M) are irreducible and p ^ I- Assume 0(x) is a function 
belonging to such that it is defined around x = Cj and corresponds to the 
eigenvector of the monodromy matrix Mj with the eigenvalue different from 1. 
Then the holomorphic continuation of $(a-) = j{x+,cj+,x ) (*-^)^ defines 
the monodromy isomorphic to MCp(M). 

Remark 11.7. We can define the monodromy M — {Mo, ■ ■ ■ , Mp) of the universal 
model PmU = (cf. Theorem 8.13) so that M is entire holomorphic with respect 
to the spectral parameters Aj> and the accessory parameters gi under the nor- 
malization u{j)'^'^~'^\q) = (5j> for j, v ~ 1, . . . ,n and q G C \ {ci, . . . ,Cp}. Here 
m(1), . . . , u{n) are solutions of P^u ~ 0. 

Definition 11.8. Let P be a Fuchsian differential operator with the Ricmann 
scheme ( |6.15 ) and the spectral type m = (m 



cally non-degenerate if the tuple of the monodromy generators M := {Mq 
satisfies 



We define that P is lo- 



(11.29) Mj-L(mj-i,. 



J.nj,- ,---,e (j =0, 

which is equivalent to the condition that 

(11.30) dimZ{Mj)^ml, + ---+ml„^ {j=Q,...,p). 

Suppose m is irreducibly realizable. Let P^ be the universal operator with the 
Riemann scheme (6.15). We say that the parameters Xj^y and gi are locally non- 
degenerate if the corresponding operator is locally non-degenerate. 



Note that the parameters are locally non-degenerate if 



A, 



A, 



Z (j = 0, . . . ,_p, 1/ = 1, 



l,...,nj). 



Define Pt as in Remark 3.4 iv). Then we can define monodromy generator Mt of 
Pt at X = Cj so that Mt holomorphically depend on t (cf. Remark 11.7). Then 
Remark 6.13 v) proves that ( |11.3(]| ) implies ( |11.29D for every j . 

The following proposition gives a sufficient condition such that an operator is 
locally non-degenerate. 

Proposition 11.9. Let P be a Fuchsian differential operator with the Riemann 
scheme (3.1£) and let Mj be the monodromy generator at x — Cj. Fix an integer j 
Then the condition 



with < j < p 
A 

(11.31) 



for 1 < v < Uj and I < < Uj 



A 



^J,!/') < 



implies dim Z{Mj) = m'j ^ + 
if (11.31) is valid for j ~ 0, 



. . In particular, P is locally non-degenerate 
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Here we remark that the following condition implies (11.31). 

(11.32) Aj> - \jy ^ Z \ {0} for l<v < and l<v'<nj. 
Proof. For £ C wc put 

N^j_ ^ [v ; I < V <nj, ^ S + 1, . . . , + - 1}}. 

If > 0, we have a local solution u^ ,^{x) of the equation Pu = such that 

(11.33) u^,,{x)^{x~Cj)^\og''{x~Cj)+Oc,{pi + l,L,) for = 0, . . . , - 1. 

Here L,y are positive integers and if j = 0, then x and x — cj should be replaced by 
y — - and y, respectively. 



Suppose ( 11.31 ). Put p = g27rMi^ — {fTLj^y] — p € Z j and mj!. 



{™p,i'' 



(11.34) 



^p,"J ^ith 1 > 2 > ' ' ' > "ip,„^ > 1. Then (|ll.3lD implies 



n - rank(Mj - p)'' < 



(1 <fc<np), 



"ip,«, («p < fc)- 



The above argument proving (11.29) under the condition (11.30) shows that the 
left hand side of (11.34) is not smaller than the right hand side of (11.34). Hence 
we have the equality in (11.34). Thus we have (11.3C) and we can assume that 
L^ = vin (pT33|). □ 



Theorem 11.3, Theorem 11.6 and Proposition 4.1 sho w the following corollary. 



One can also prove it by the same way as in the proof of | DR2 , Theorem 4.7 



Corolla ry 1 1.10. Let P be a Fuchsian differential operator with the Riemann 
scheme ( 6.15 ). Let Mon(P) denote the monodromy of the equation Pu = 0. Put 
Mon(P) = {Mo, Mp). Suppose 



(11.35) Afj-i(mj-i, 



-lA, 



"0 for j ^0,...,p. 



In this case, P is said to be locally non-degenerate. Under the notation in Defini- 
7.6, we fix £ G Z,^^^ and suppose (7.23). Assume moreover 



tion 



(11.36) 

(11.37) m 

Then we have 



fie ^ Z, 

< m-j^tj or Xj^ij - Aj,,y ^ Z (j = 0, . . . ,p, i/ = 1, . . . , nj). 



(11.38) MonidiP) - di Mon(P). 

In particular, Mon(P) is irreducible if and only if MoTi{deP) is irreducible. 

11.2. Scott's lemma and Katz's rigidity. The results in this subsection are 
known but we will review them with their proof for the completeness of this paper. 



Lemma 11.11 (Scott jScI). L et M e G'i(n,C)f+^ and A G A/(n,C)g+' under 



the notation ( 11.2 ) and ( 11.14 ). Then 



(11.39) codimkcr(A/j - 1) > codim f] ker(A/j- - 1) + codim Q ker(*Mj - 1), 
i=o j=o j=o 

p p p 

(11.40) codimkcr > codim ker + codim ker*Aj. 

j=0 j=0 j=0 
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In particular, if M and A are irreducible, then 

p 

(11.41) ^dimkcr(A/j - 1) < (p- l)n, 

3=0 

p 

(11.42) ^dimkcrAj < {p - l)n. 

3=0 

Proof. Consider the following linear maps: 
V = lm(Mo - 1) X • • • X lm(A/p - 1) C C"(p+^\ 
/3 : C" ^ {{Ma - l)v, . . . , {Mp - l)v), 

S : y ^ C", {vo,...,Vp)^ Mp--- Miva + Mp - - - M2V1 + --- + MpVp^i + Vp. 

Since Mp • • • Mi(Mo - 1) + • • • + Mp{Mp^i - 1) + {Mp - 1) = Mp • • • MiM^ -1=0, 
we have 5 o /3 = 0. Moreover we have 

Mp ■ ■ ■ M,+,{M, - l)v, = (1 + J2 (^^- - 1)^^-1 • • • ^^J+i) (^^^- - 
j=o j=o •y=j+l 







p u—l 


-l)A/,_i---A/,+i(A/,-l)z; 










3=0 




+ ^M,+i.. 

4=0 


•A/,_i(A/,-l)z;,) 



and therefore ImS = X]j=o Ini(^^j ~ !)• Hence 

/*Mo - 1' 

dim Im 6 = rank(Mo — 1, ■ . ■ , Mp — 1) = rank : 

VMp - 1, 

and 

p 

codim kcr(A/j — 1) = dim^ = dimker(5 + dimlmJ 

> dim Im /3 + dim Im 6 

p p 
= codim Pi ker(Mj — 1) + codim Q ker(*A/j - 1). 
j=o i=o 

Putting 

y = ImAo X • • • X Im Ap C C"^p+^\ 
^ : C" ^ V", {Aov,...,Apv), 
S : V ^ C\ (uo,...,Wp) i-^ uo +wi H \^ Vp, 

we have the claims for A e M (n, 0)*^+^ in the same way as in the proof for M G 
GL{n,Cf+\ □ 

Corollary 11.12 (Katz @ and |S^). Let M G G'i(n,C)f+\ T/ie dimensions 
of the manifolds 

(11.43) := {H e GL(n,C)?+^ H- M} 
and 

(11.44) F2 := {H e GL{n, Cf+' ; if, ^ M, (j = 0, . . . ,p)} 
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are give by 

(11.45) dimFi = codimZ(M), 

p 

(11.46) AimV2 = ^codimZ(Afj) - codim Z(M). 

i=o 

Here Z{M) := H^^o ^(^^j) "''^^ Z{Mi) = {X e M{n, C) ; XMj = M^X}. 
Suppose M ?s irreducible. Then codimZ(M) = — 1 and 

V 

(11.47) ^codimZ(Mj) > - 2. 

j=o 

p 

Moreover M is rigid, namely, Vi ~ V2 if and only if codim Z{Mj) ~ Ir? — 2. 

i=o 

Proof. The group GL(n, C) transitively acts on Vi as simultaneous conjugations 
and the isotropy group with respect to M equals 2'(M) and hence dimVi = 
codim Z(M). 

The group GL{n, C)p+^ naturally acts on GL{n, C)^'^^ by conjugations. Putting 
L = {{gj) e GL{n,C)P+^; gpMpg-^---goMogQ^ = Mp---Mo}, V2 is identified 
with L/Z{Mq) X • • • X Z{Mp). Denoting gj = exp(tXj) with Xj e M{n,C) and 
t e M with |t| < 1 and defining Aj £ End(M(ri, C)) by AjX = MjXMj'^, we can 
prove that the dimension of L equals the dimension of the kernel of the map 

p 

7 : M{n, C)P+i 9 (Xq, . . . , Xp) ^ ^ • • • - l)X, 

3=0 

by looking at the tangent space of L at the identity element because 

exp{tXp)Mp cxp{-tXp) ■ ■ ■ cxp{tXo)Moi~tXa) - Mp--- Mq 



p 



J^Ap--- Aj+i{Aj - l)X,j Mp--- Mo + o{t). 

3=0 



We have obtained in the proof of Lemma 11.11 that codimker7 — dimlm7 = 
dimEj=o Im(Aj - 1) = codim flj^o ker(*ylj - 1). We will see that flj^o ker(*Aj - 1) 
is identified with Z(M) and hence codimker7 = codim Z(M) and 

p p 
dim V^2 = dimker7 - ^ dimZ(A'f,) = ^ codimZ(A/j) - codim Z(M). 

3=0 j=Q 

In general, &x H e Vi and define A^ e End(A/(7i, C)) by X MjXHJ^ for 
j = 0, . . . ,p. Note that ApAp-i ■ ■ ■ Aq is the identity map. If we identify M(n, C) 
with its dual by the inner product trace XF for X, Y E M{n, C), *Aj are identified 
with the map Y 1— )■ HJ^YMj, respectively. 

Fix Pj e GL{n,C) such that Hj = P^M^Pr^. Then 

Aj{X) = X ^ MjXHJ^ = X ^ MjX = XPjMjPr'^ ^ ^h^Ps = XP3MJ, 
%iX) ^X ^ HJ^XMj = X ^ XMj = PjMjP^^X ^ Pf'^XM^ = M^P^^X 

and codim ker(Aj - 1) = codimZ(Mj) and 0^=0 ker(*Aj - 1) ~ Z{M). 

Suppose M is irreducible. Then codim Z(M.) = v? — \ and the inequality ( 11.47 ) 
follows from V\ C V2. Moreover suppose ^^^q codim Z(Afj;) = Iv? — 2. Then 
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Scott's lemma proves 

p 

2r? - 2 = ^ codimkcr(Aj - 1) 



p 

>n^- dim Pi {X e M(n, C) ; M^X = XHj} 

3=0 

p 

+ n^~ dim Pi {X e M{n, C) ; HjX = XM^}. 

3=0 

Hence there exists a non-zero matrix X such that MjX = XHj {j = 0, . . . ,p) or 
HjX = XMj (j = 0,...,p). If MjX = XiJj (resp. HjX = XMj) for j = 0, . . . ,p, 
kerX (resp. ImX) is Mj-stable ioi j = 0, . . . ,p and hence X £ GL{n, C) because M 
is irreducible, Thus we have Vi = V2 and we get all the claims in the corollary. □ 

12. Reducibility 

12.1. Direct decompositions. For a realizable {p + l)-tuplc m € 'T^p+i, Theo- 



13 gives the universal Fuchsian differential operator Pmi^j.fT di) with the Rie- 



mann scheme (6.15). Here 51, . . . ,gN are accessory parameters and N = Ridxm. 

First suppose m is basic. Choose positive numbers n', n", m'^ and m'^ such 
that 

n = n' + n", < m' , < n', < m", < n", 
(12 1) 3-i- - ' J,i - 

m'o,! + ■ ■ ■ + m'p^^ < {p - l)n' , m'^^ + ■ ■ ■ + m'^^^ < {p - l)n" . 

We choose other positive integers m'j ^ and m'j,^ so that m' = (m'j and m" = 
(to"j^) are monotone tuples of partitions of n' and n", respectively, and moreover 

(12.2) m = m' + m". 



Theorem 8.6 shows that m' and m" are realizable. If {Aj_i/} satisfies the Fuchs 
relation 

X ^ \ - , , , idx m 

(12.3) ^^^;.^A,-^ 

j=o ^=1 



for the Riemann scheme {[Aj_^](,„' )}, Theorem 6.19 shows that the operators 



(12.4) Pm"(A,,. +m;., - <5,-o(p- l)n',g:') • Pm'(Aj,.,5-) 

has the Riemann scheme {[Aj,,y](„ij ^)}. This shows that the equation Pm{Xj^^, gi)u = 
is not irreducible when the parameters take the values corresponding to (|12.4 ). 
In this subsection, we study the condition 

(12.5) Ridxm = Ridxm' + Ridxm" 

for realizable tuples m' and m" with m = m' + m". Under this condition the 
Fuchs relation ( 12. 3| ) assures that the universal operator is reducible for any values 



of accessory parameters. 

Defin ition 12.1 (direct decomposition). If realizable tuples m, m' and m" satisfy 
(I12I) and (HJ), we define that m is the direct sum of m' and m" and call 



m = m' + m" a direct decomposition of m and express it as follows. 
(12.6) 
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Theorem 12.2. Let ( 12. 6| ) be a direct decomposition of a realizable tuple m. 

i) Suppose m is irreducibly realizable and idxm" > 0. Put m' = gcd(m')~^m'. 
// m' is indivisible or idxm < 0, then 



(12.7) 



(12.8 



(ajfj"|aTn") 

I m" is isomorphic to one of the decompositions 

32, 32, 32, 221 = 22, 22, 22, 220 10, 10, 10, 10, 001 
322, 322, 2221 = 222, 222, 2220 © 100, 100, 0001 
54, 3222, 22221 = 44, 2222, 22220 © 10, 1000, 00001 
76, 544, 2222221 = 66, 444, 2222220 © 10, 100, 0000001 



under the action of Woo ■ 

ii) Suppose idxm < and idxm' < and idxm" < 0. Then m = m' © m" 
m = m" © m' is transformed into one of the decompositions 

2 = 11,11,11,11 111,111,111 22,1"*, I'' 33,222,1^ 

mS = fcE © £1] 

mm, mm, mm, m(m — 1)1 = kk, kk, kk, k{k — 1)1 © £i, ££, ii, iiO 
mmm, mmm, mm{m — 1)1 = kkk, kkk, kkk, kk{k — 1)1 © Hi, Hi, iiiO 
(2m)^ m^ mmm{m - 1)1 = {2kf, k^, k^, kkk{k - 1)1 © {2i)^,e^, i^O 
(3m)^ (2m)^ m^(m - 1)1 = (3fc)^ (2fc)^ k^{k - 1)1 © (3£)^ {2if, £^0 

under the action of Wx)- Here m, k and £ are positive integers satisfying m = k + 
These are expressed by 



(12.9) 



(12.10) 



mD4 = kDi © £Di 



mEj = kEj 



D 



(m) 



Df^®£bi, E 



(m) 



E. 



(k) 



HE, 
5 iE, 



(.7 = 
(j 



6,7,1 
= 6,7, 



Proof. Put m' = km' and m" = iTn" with indivisible m' and m". First note that 
(12.11) (amiam) = (am'|"m') + 2(am'|am") + (am"|am")- 



ii) Usin g Lemma 12.3 , we will prove the theorem. If i dxm = 0, then ( 12.11 ) 
and ( 12.12 ) show ~ (am'lo^m") = fc^(am' |Q!m")i Lemma 12.3 proves idxm' — 
and m' = m" and we have the theorem. 

Suppose idxm < 0. 

If idxm' < and idxm" < 0, we have Pidxm = Pidxm' + Pidxm", which 



implies (am'lo^m") = ^ 1 and contradicts to Lemma 12.3 
Hence we may assume idx m" 



0. 



Case: idxm' < . It follows from ( |12.11| ) that 2 - 2Ridxm = 2 - 2Ridxm' + 
2^(m,m). Since Rid x m = Ridxm' + £, we have (am|am') = ^1 and the theorem 
follows from Lemma 12.3. 

Case: idxm' = . It follows from ( |l2.1lD that 2 - 2 Ridxm = 2M(am'|"m")- 
Since the condition Ridxm = k + £ shows {ctm'\<^m") = th; — i: — h and we have 

(am'|"m") 



12.3 



-1. Hence the theorem also follows from Lemma 
i) First suppose idx m' ^ 0. Note that m and m' are rigid if idx m' > 0. We have 
idxm = idxm' and idxm = (am'+^am" lo^m'+^am") = idxm'+2£(am|am")+2^^: 
which implies (12.7). 



Thus we may assume idxm < and idxm' =0. If fc = 1, idxm = idxm' = 



and we have (12.7) as above. Hence we may moreover assume k > 2. Then (12.11) 
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and the assumption imply 2 — 2fc = 2ki{aYn' lam") + 2^^, which means 

, , , k-l+f 
-(am'|am") = -j^ ■ 

Here k and i are mutually prime and hence there exists a positive integer m with 
k = ml + 1 and 

. . . m + £ 1 1 

mi+ I £ + — m+i 

Thus we have m = £= l,fc = 2 and (am'l'^m") = ^1- By the transformation 
of an clement of Woo, we may assume m' G Vp+i is a tuple in ( 12.16 ). Since 
{a-in'\ajn") = ~1 and am" is a positive real root, we have the theorem by a similar 
argument as in the proof of Lemma 12.3. Namely, m'p „, = 2 and = and 

we may assume ™"„/+i = for j = 0, . . . ,p — 1 and „/ + m^' „, +2 + ' ' ' = !> 
which proves the theorem in view of am" G A™. □ 

Lemma 12.3. Suppose m and m' are realizable and idxm < and idxm' < 0. 

Then 

(12.12) (am|am')<0. 
// m and m' are basic and monotone, 

(12.13) (am|wam') < ("m|am') (Vw e VFoo). 

If (am I am') ~ and m and m' are indivisible, then idxm = and m = m'. 
If (am I am') = ^1; then the pair is isomorphic to one of the pairs 

{Df\bi): {{kk,kk,kk,k{k- 1)1), (11,11,11,110)) 

{E^/\Ee) ■■ {{kkk, kkk, k{k - 1)1), (111, 111, 1110)) 

{e!j''\E7) : {{{2k)^,kkkk,kkk{k- 1)1), (22,1111,11110)) 

(£;f \ £;§) : (((3fc)^ (2fc)3, kkkkk{k - 1)1), (33, 222, 1111110)) 

under the action of Woo- 

Proof. We may assume that m and m' are indivisible. Under the transformation of 
the Weyl group, we may assume that m is a basic monotone tuple in Vp+i, namely, 
(am|ao) < and (amla^^^) < 0. 

If m' is ba sic and monotone, wam' ~ ctm' is a sum of positive real roots, which 
proves (112.131) . 

Put am = nao + ^ 7ij>aj> and m' = n'^ao + ^ Then 

^-^2 (am|am') = n'„{a„,\ao) + ^ n^- ,,(am|aj>), 

(am|a) < (VaGsuppam)- 

Let kj be the maximal positive integer satisfying rnj^k = and put Hq = 

{ao, aj^i, ', 1 < < kj , j = 0, . . . ,p}. Note that Ho defines a classical root system 
if idx m < (cf. Remark |9.12[ ) . 

Suppose (am|am') = and m e Vp+i. Then mo,i + ■ ■ • + rrtp i = (p — 1) ordm 
and suppam' C XIq because (am|a) = for a S suppam'- Hence it follo ws from 
idxm' < that idxm = and we may assume that m is one of the tuples (12.16). 
Since suppam' C suppam and idxm' < 0, we conclude that m' = m. 

Lastly suppose (ami am') = ^ 1- 

Case: idxm = idxm' = . If m' is basic and monotone and m' 7^ m, then it is 
easy to see that (am|am') < —1 (cf. Remark 9.1). Hence (12.13) assures m' = wm 
with a certain w G Woo and therefore suppm C suppm'. Moreover there exists 
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jo and L > kj^ such that suppm' = supp m U {aj-Q.^^.^ , ajp^fc^+i, . . . , a^^.L} and 
Win *■ =1 and ml- , , ~ 1. Then by a transformation of an element of the 
Weyl group, we may assume L = fcj,, and m' = ri„ • • • ri^r^j^ ^. )m with suitable iu 
satisfying ai^ G supp m for v ~ 1, . . . ,N. Applying • • • r^^ to the pair (m, m'), 
we may assume m' = r^^jg i^.^^-fm.. Hence the pair (m,m') is isomorphic to one of 
the pairs in the list (12.14) with k = 1. 

Case: idxm < and idxm' < 0. There exists jo such that supp am' 3 ctjo-k - 
Then the fact idx(m, m') = —1 implies n'j^ f.^ = 1 and n'ji^, =0 for j ^ jo. 
Let L be the maximal positive integer with n'^^ l 0- Since (amlajo,!^) ~ 
ko + 1 < V < L, we may assume L = fco by the transformation ''(jo ,fco+i) o • • • o 
if L > fco. Since the Dynkin diagram corresponding to Ho U {ajg^kj^ } is classical or 
afiine and suppm' is contained in this set, idxm' = and m' is basic and we may 
assume that m' is one of the tuples 

(12.16) 11,11,11,11 111,111,111 22,1111,1111 33,222,111111 

and jo = P- In particular ! = •••= Wp k ~ ^ ^^d f. = 0. It follows 
from (am|ap,fcp) = ^ 1 that there exists an integer L' > kp + 1 satisfying suppm = 
supp m' U {ap^jy ] kp < V < L'} and mp,kp = "mp^kp-i — 1- In particular, rrij^i, = rrij^i 
for V = 1, . . . ,kj — Sj^p and j = 0, . . . ,p. Since X]^=o ''^3,^ ^ (-P ^ 1) ordm, there 
exists a positive integer k such that 



km'^A (j = 0, . . . ,p, = 1, . . . , fcj - 6j^p), 

l^fcm^ 1 - 1 [j ^p, V = kp). 

Hen ce mp^ k^+i = 1 and L' — kp + 1 and the pair (m, m') is one of the pairs in the 
list ( |l2.14j ) with fc > 1. □ 

Remark 12.4. Let k be an integer with k > 2 and let P be a differential operator 

(k) (k) (k) (k) 1 

with the spect ral type D\ , i?g , i?) or E'g . It follows from Theorem 6.19 and 
Theorem 8.13 that P is reducible for any values of accessory parameters when the 
cha racter istic exponents satisfy Fuchs relation with respect to the subtuple given 
in ( 12.14 ). For example, the Fuchsian differential operator P with the Riemann 
scheme 

[Ao,i](fe) [A2a](fc) [A3,i](fe) 

[Ao,2](fc) [Al,2](fc) [A2,2](fe) [A3,2](fc-1) 

A3,2 + 2fc - 2 
is reducible. 

Example 12.5. i) (generalized Jordan-Pochhammer) If m = km' © £m" with a 
rigid tuples m, m' and m" and positive integers k and i satisfying 1 < A; < £, we 
have 

(12.17) (am' |am" ) = e 

For positive integers k and £ satisfying 1 < k < £ and 

1,2 I /72 _ -1 

(12.18) P'-^ M + ^ ^ ^' 
we have an example of direct decompositions 

p-\-l partitions 



£k, £k,...,£k = Ok, Ok,..., Ok® £0, £0,...,£0 

^^^■^^^ = Hp - i)k - £)k. Hp - i)k - £)k, ...,{{p- i)k ~ £)k 

® {2£ - (p - 1)A:)0, {2£ - (p - l)fc)0, ...,{2£-{p- l)k)0. 
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Here p — 3 + ^^^f.^ > 2 and the condition p ~ 2 implies k — £ = I and the 
condition p = 3 imphes £ ^ k + 1. Iffc = l, then (am' |am") = and we have an 
example corresponding to Jordan-Pochhammer equation: 

£+2 partitions 

(12.20) H~^'~7r = 01, • • • , 01 © £0, • • • , £0. 

When i = k + 1, we have (am' |Q!m") = ^2fc and an example 
(fc + l)k, (k + l)k, {k + l)fc, (fc + l)fc 

(12.21) Ofc, Ofc, Ofc, Ok®{k + 1)0, (fc + 1)0, (fc + 1)0, (fc + 1)0 
= (fc - l)k, (fc - 1)A:, (fc - l)fc, (fc - l)fc ® 20, 20, 20, 20. 

We have another example 

83, 83, 83, 83, 83 = 03, 03, 03, 03, 03 ® 80, 80, 80, 80, 80 

n 2 22~1 

^ ■ ' =13,13,13,13,13 70,70,70,70,70 

in the case (fc, £) ~ (3, 8), which is a special case where £ = k'^ — 1, p^k + 1 and 
(am'lam") = 

When p is odd, the equation ( 12.18[ ) is equal to the Pell equation 



(12.23) - (to^ - l)x^ = 1 

by putting p — 1 = 2m, x = £ and y = m£ — k and hence the reduction of the tuple 
of partition ( 12.19| ) by (?max and its inverse give all the integer solutions of this Pell 
equation. 

The tuple of partitions £k, £k, . . . , £fc G V^^^i'^ with (12.18) is called a generalized 



Jordan-Pochhammer tuple and denoted by Pp+u+k- In particular, Pn+i,n is simply 
denoted by P„. 

ii) We give an example of direct decompositions of a rigid tuple: 

3322, 532, 532 = 0022, 202, 202 © 3300, 330, 330 : 1 
= 1122, 312, 312® 2200, 220, 220: 1 
= 0322, 232, 232 ® 3000, 300, 300 : 2 
= 3302, 332, 332 © 0020, 200, 200 : 2 
= 1212,321,32102110,211,211 : 4 
= 2211,321,312© 1111,211,220 : 2 
= 2212, 421, 322 ® 1110, 111, 210 : 4 
= 2222, 431, 422 ® 1100, 101, 110 : 2 
= 2312, 422, 422 © 1010, 110, 110 : 4 
= 2322, 522, 432 © 1000, 010, 100 : 4. 

They are all the direct decompositions of the tuple 3322, 532, 532 modulo obvious 
symmetries. Here we indicate the number of the decompositions of the same type. 

Corollary 12.6. Let m E V be realizable. Put m = gcd(m)m. Then m has no 



direct decomposition (12.6) if and only if 
(12.24) ordm = l 



or 



(12.25) idxm = and basic 
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or 

idx m < and m is basic and m is not isomorphic to any one of tuples 



(12.26) 



in Example 9.14 with m > 1 



Moreover we have the foUowing result. 

Proposition 12.7. The direct decomposition m = m' © m" is called rigid decom- 
position if m, m' and m" are rigid. If m Cz V is rigid and ordm > 1, there exists 
a rigid decomposition. 

Proof. We may assume that m is monotone and there exist a non-negative integer 
p such that mj 2 7^ if and only if < j < p + 1. If aid dm = 1, then we may 

assume m = (p— 1)1, (p— 1)1,..., (p— 1)1 e "Pp+i and there exists a decomposition 
(p - 1)1, (p - 1)1, . . . , (p - 1)1 = 01, 10, . . . , 10 ® (p - 1)0, (p - 2)1, . . . , (p - 2)1. 

Suppose orddm > 1. Put d = idx(m, 1) ~ mo,i + • • • + mp^i — (p — 1) • ordm > 0. 

The induction hypothesis assures the existence of a decomposition 9m = m'0m" 
such that m' and m" are rigid. If dm' and dm" are well-defined, we have the 
decomposition m = d^m = dm' dm" and the proposition. 

If ordm' > 1, dm' is well-defined. Suppose m' = ) j=o,...,p- Then 

^—1,2,... 

P 

idx(9m, 1) — idx(9m, m') = ^(('tIj^i — d — (jTij,^^ — dSi^,i)) 

3=0 

> -d#{j;lj > 1, 0< J <p}. 

Since idx(9m, 1) = —d and idx(9m, m') = 1, wc have <i#{j ; £j > 1, < j < p} > 
d + 1 and therefore #{j ; £j > 1, < j < p} > 2. Hence 9m' is well-defined. □ 

Remark 12.8. The author's original construction of a differential operator with a 
given rigid Ricniann scheme doesn't use the middle convolutions and additions but 



uses Proposition 12.7 



Example 12.9. We give direct decompositions of a rigid tuple: 

721, 3331, 22222 = 200, 2000, 20000© 521, 1331, 02222 : 15 
(12.27) = 210,1110,111000 511,2221,11122: 10 

= 310, 1111, 11110® 411, 2220, 11112 : 5 

The following irreducibly realizable tuple has only two direct decompositions: 
44, 311111, 311111 = 20, 200000, 200000® 24, 111111, 111111 
= 02, 200000, 200000® 42, mill, mill 

But it cannot be a direct sum of two irreducibly realizable tuples. 

12.2. Reduction of reducibility. We give a necessary and sufficient condition 



so that a Fuchsian differential equation is irreducible, which follows from [Kz| and 



|DR, DR2]. Note that a Fuchsian differential equation is irreducible if and only if 



its monodromy is irreducible. 



Theorem 12.10. Retain the notation in §12.1. Suppose m is monotone, realizable 
and (?,„a^m is well-defined and 

(12.29) d := mo,i H h mp,i - (p - l)ordm > 0. 
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Put Pm (cf. (p5|)) and 



(12.30) ^l 

(12.31) Q 

(12.32) P° 



Aoa + A14 + • • • + Ap,i 
(9 P 



with some complex numbers \° ^ and g° satisfying the Fuchs relation |{A^}| = 0. 
i) The Riemann scheme {Am} of Q is given by 



(12.33) 



= Aj-^ + ((-1)'^^'° -(5^,i)m. 



ii) Assume that the equation P°u — is irreducible. If d > 0, then /i ^ Z. // the 
parameters given by \° ^ and g° are locally non-degenerate, the equation Q"v = 
is irreducible and the parameters are locally non- degenerate. 

iii) Assume that the equation Q°v = Q is irreducible and the parameters given by 
\° ^ and g° are locally non-degenerate. Then the equation P°v — is irreducible if 
and only if 

p 

(12.34) X! •^J>i+<5j,j„(i'o-i) ^ ^ for any [jo,Vo) satisfying ruj^^^^ > mj^^i - d. 
j=o 

If the equation P°v ~ is irreducible, the parameters are locally non- degenerate. 

iv) Put m{k) :~ 9^Qj.m and P{k) = d^^^^P. Let K be a non-negative integer 
such that ordm(O) > ordm(l) > • • • > ordm{K) and m{K) is fundamental. The 
operator P{k) is essentially the universal operator of type m{k) but parametrized 
by A,-, andg,. Put P[kY = P{k)\x,„^xo ^. 

If the equation P°u = Q is irreducible and the parameters are locally non- 
degenerate, so are P{k)°u = for k = 1, . . . ,K. 

If the equation P°u = Q is irreducible and locally non- degenerate, so is the equa- 
tion P[K)°u = 0. 

Suppose the equation P{K)°u = Q is irreducible and locally non- degenerate, 
which is always valid when m is rigid. Then the equation P°u = is irre- 



ducible if and only if the equation P{k)°u = satisfy the condition (12.34) for 



k ~ Q, . . . ,K —1. If the equation P°u = is irreducible, it is locally non-degenerate. 



Proof. The claim i) follows from Theorem 7.2 and the claims ii) and iii) follow from 
Lemma 7.3 and Corollary |11.10| , which implies the claim iv). □ 



Remark 12.11. i) In the preceding theorem the equation P°u = may not be 
locally non-degenerate even if it is irreducible. For example the equation satisfied 
by 3F2 is contained in the universal operator of type 111, 111, 111. 

ii) It is also proved as follows that the irreducible differential equation with a 
rigid spectral type is locally non-degenerate. 

The monodromy generators Mj of the equation with the Riemann scheme at 
X = Cj satisfy 

rank(Af;-e2"^^-i) • • • (Afj - e'"^^-'' ) < mj,fc+i + • • • + to,- (fc = 1, . . .,n,) 

for j ~ 0,...,p. The equality in the above is clear when Aj^^ — Xj^^' ^ Z for 
I < v < ly' < Uj and hence the above is proved by the continuity for general Xj^^. 
The rigidity index of M is calculated by the dimension of the centralizer of Mj 
and it should be 2 if M is irreducible and rigid, the equality in the above is valid 



(cf. |Kz|, ]06|), which means the equation is locally non-degenerate. 
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iii) The same results as in Theorem 12.10 are also valid in the case of the 
Fuchsian system of Schlesinger canonical form ( 1 1 . l|) since the same proof works. 
A similar result is given by a different proof (cf. |CB[ ). 

iv) Let (Mo, . . . , Mp) be a tuple of matrices in GL{n, C) with MpMp-i ■ ■ ■ Mq = 
In. Then (A/q, ■ • ■ , Mp) is called rigid if for any go, . . . ,gp G GL{n, C) satisfying 
QpMpg-^ ■ 5p-iMp„i.g~ii • • ■ g^M^g'^ = /„, there exists g G GL{n,C) such that 
giMig~^ = gMig~^ for i = 0, . . . ,p. The tuple (Mq, . . . , Mp) is called irreducible 
if no subspace V of C" satisfies {0} C i/ C C" and M,V C F for i = 0, . . . ,p. 
Choose m e and {/ij>} such that L(m; . . . , /^j_„^ ) are in the conjugacy 
classes containing Alj, respectively. Suppose (A/o, . . . , Mp) is irreducible and rigid. 
Then Katz [Kz] shows that m is rigid and gives a construction of irreducible and 
rigid {Mq, . . . , Mp) for any rigid m (cf. Remark 



11.4 



ii)). It is an open problem 
given by Katz | Kz whether the monodromy generators Mj arc realized by solutions 
of a single Fuchsian differential equations without an apparent singularity, whose 
affirmative answer is given by the following corollary. 

Corollary 12.12. Let m (^mj,^) o<j<p be a rigid monotone {p + l)-tuple of 



partitions with ordm > 1. Retain the notation in Definition 7.11. 

i) Fix complex numbers Xj ^, for < j < p and 1 < Vj such that it satisfies the 
Fuchs relation 

p rij 

(12.35) mj>Aj> = ord m — 1 

j=0 v=\ 



The universal operator Pin{X)u — with the Riemann scheme ( I.IC ) is irreducible 
if and only if the condition 



(12.36) ^ Kk)3,i(k),+&o,,A^o~mj) i ^ 
i=o 

for any {jo,Vo) satisfying m{k).j^^^^ > m{k)j^^i(^k)j^ - d{k) 

is satisfied for k = 0, . . . , K — 1. 

ii) Define ji{k) and p,{k)j_i, for k ~ 0, . . . , K by 

(12.37) ;x(0)j^i. = ptj,^ {j = 0,...,p, f = l,...,nj), 

p 

(12.38) /l(fc) = n/^(%^(%' 

3=0 

(12.39) /^(fc + l)j., =/i(%, •/i(fc)(-i)'""-*-i. 

Then there exists an irreducible tuple (A/g, ■ . ■ , Mp) of matrices satisfying 

Mp---Mo^In, 

Mj ^ L(mj,i, . . . ,mj>^.;/Xj4, . . . ,Aij,„J (j = 0, . . . ,p) 



(12.40) 



under the notation ( p.35| ) if and only if 

p rij 



(12.41) 



nn 

j=0 u=l 



and the condition 
p 



(12.42) Y[fiik),^, 

for any {jo,Vo) satisfying m{k).j^^y^ > m{k)j^j(^k)j^ - d{k) 
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is satisfied for k ~ 0, . . . , K — 1. 

iii) Let (Mq, . . . , Mp) be an irreducible tuple of matrices satisfying ( 12.40| ). Then 
there uniquely exists a Fuchsian differential equation Pu = with p + 1 singular 
points Co, . . . ,Cp and its local independent solutions ui, . . . , Uordm in a neighborhood 
of a non-singular point q such that the monodromy generators around the points Cj 
with respect to the solutions equal Mj, respectively, for j = 0, . . . ,p (cf. ( 11.25| )). 



Proof. The clam i) i s a d irect consequ ence o f Theorem 12. IC and the claim ii) is 
pro ved by Theorem 11.3 and Lemma |ll.ll| as in the case of the proof of Theo- 



rem 



12.10| (cf. Remark |ll.^ ii)). 



iii) Since gcdm = 1, we can choose Xj^i, G C such that e 



— ttj,u 



and 



S J "^^3,1^^3,'^ = oi'd m ~ 1. Then we have a universal operator Pm(Aj>)u = with 

,Mq) and Theorem |ll.6| 
□ 



the Riemann scheme (1.10). The irreducibility of (Mp, 
assure the claim. 



Now we state the condition ( 12.36 ) using the terminology of the Kac-Moody root 
system. Suppose m G P is monotone and irreducibly realizable. Let {Am} be the 
Riemann scheme of the universal operator Pm- According to Remark [7^ iii) we 
may relax the definition of £,„aa;(m) as is given by ( 7.42| ) and then we may assume 

(12.43) VkSG---visok{\)eW'^K{\{k)) {k = l,...,K) 

under the notation in Definition [7.11| and ( |9.31 ). Then we have the following 
theorem. 



Theorem 12.13. Let m 



(m^ jy) Q<j<p be an irreducibly realizable monotone 

l<i^<nj 



tuple of partition in V . Under the notation in Corollary 12.12 and § |9.l[ , there 
uniquely exists a bisection 



w : A(m) 



(12.44) 



{{k,jo,vo) ;0<k<K, 0<jo<p, I < i'q < nj„, 

Vf) i- £{k)jo and m{k)j„.y^ > m{k)j^j^k),^ - d{k)) 
U {(/s,0,£(fc)o); <k<K] 



such that 

(12.45) (A(A)|a) 

Moreover we have 
(12.46) 



p 

E 

3=0 



Kk)j,i(k)j+&,,^^(i'„-i(k)^) when w{a) = (k, jo,vo)- 



(a|am) = m{k)j^^^,, - Mk)joAk),o + ^(^■) 

(a e A(m), {k,jo,i^o) ^ ■^{a)) 
and if the universal equation PmWu = is irreducible, we have 
(12.47) (A(A)|a)^Z for any a e A{m) . 



In particular, if m is rigid and (12.47) is valid, the universal equation is irreducible. 



Proof. Assume ordm > 1 and use the notation in Theorem 12.10. Since m may 
not be monotone, we consider the monotone tuple m' = sm in 5*^151 (cf. Defini- 
tion S.ll). First note that 



(ao -I- H h aj.,.-i|an 



Let Vj be the positive integers defined by 



™j\pj+i < - d < 



'■3^'Jj 
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for j ~ 0, . . . ,p. Then 

p 



V ^Qfrin with V 



3=0 

and u;(m) = sgvsa^ and 

A(m) = SU sovA(m'), 

E:={ao}U (J {ao + aj,iH \- a^^^ ; v ^ 1, . . . ,Dj - I}. 

0<j<p 

Note that £(0) = (1, . . . , 1) and the condition mj^^^o > ™io,i ~ ^(0) is valid if 
and only if i^o <= { 1 j • • ■ i ^^jo } ■ Since 
p 

•^(0)j,i+<5,,jo(''o-i) (A(A)l"o + aj„s H \- ttjo.i'o-i) + 1. 

3=0 

we have 

L(0) = {(A(A)|a) + l;aeS} 

by denoting 

p 

3=0 

Applying v^^so to m and {Am}, they changes into m' and {A^,}, respectively, such 
that A(A') — w~-^soA(A) S CAq. Hence we obtain the corollary by the induction as 
in the proof of Corollary 12.12| . □ 

Remark 12.14. Let m be an irreducibly realizable monotone tuple in V. Fix a G 
A(m). We have a = am' with a rigid tuple m' G V and 

(12.48) |{Am'}| = (A(A)|a). 

Definition 12.15. Define an index idxm(^(A)) of the non-zero linear form ^(A) = 
X]^=o X]"=i ^3,'^^i,i' of with kj^y € Z>o as the positive integer di such that 

p "3 p "j 

(12.49) 1^ ^ kj^ytj^y ; tj.y G Z aud ^ ^ ruj^yej^y = o| = Zdj. 

j=0 1^=1 j=0 1^=1 



Proposition 12.16. For a rigid tuple m in Corollary 12.12, define rigid tuples 
m^-'^'', . . . , m'^) with a non-negative integer N so that A(m) = {m^-'^ m'^^^} 
and put 

p "j 

(12.50) ^.(A) :=EE™£^J-^- (z = l,...,iV). 

3=0 v=\ 



Here we note that Theorem 12.13 implies that Pm(A) is irreducible if and only if 
£i{X) fori = l,...,n. 

Fix a function £{X) of Xj^y such that £{X) ~ ii{X) — r with i G {1, . . . ,N} and 
r G Z. Moreover fix generic complex numbers Xj^y G C under the condition £{X) = 
|{Am}| = and a decomposition Pm(A) = P"P' such that P' , P" G W{x), < 
n' := ordP' < n and the differential equation P'v = is irreducible. Then there 
exists an irreducibly realizable subtuple m' of m compatible to £{X) such that the 
monodromy generators A/j of the equation P'u ~ satisfies 

rank(Af, - e^-v^A,., ^ . . . ^^^^ _ ^s^v^A,,, ) < ^ . . . ^ (fc = 1 , . . . , n,) 
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for J = 0, . . . ,p. Here we define that the decomposition 

(12.51) m = m' + m" (m' € V^+l m" e vl'l[\ < n' < n) 

is compatible to £{X) and that m' is a suhtuple of m compatible to if the 
following conditions are valid 

(12.52) |{A^4|€Z<o and |{A„,4| £ Z, 

(12.53) m' is realizable if there exists {j^v) such that m'j ^ = mj,u > 0, 

(12.54) m" is realizable if there exists (j, v) such that m'j ^ = mj y > 0. 
Here we note |{Am'}| + |{Ajn"}| = 1 if m' and m" are rigid. 

Proof. The equation Pm{\)u = is reducible since £(A) = 0. We may assume 
Aj.j/ — ^j,u' 7^ for \ < V < v' < Uj and j = 0, . . . ,p. The solutions of the equation 
define the map J- given by ( ^.15 ) and the reducibihty imphes the existence of 
an irreducible submap such that T'{U) C J^{U) and < n' := d\mF'{U) < 
n. Then F' defines a irreducible Fuchsian differential equation P'v = which 
has regular singularities at x = cq = oo,ci,...,Cp and may have other apparent 
singularities c'^^ . . . ,c'^. Then the characteristic exponents of P' at the singular 
points are as follows. 

There exists a decomposition m = m'+m" such that m' G P*-" -* and m" G P'" -* 
with n" :— n n' . The sets of characteristic exponents of P' at x ~ Cj are 
{X'j j ; i = 1, . . . , m'j 1/ — 1, . . . ,n} which satisfy 

Aj>,i ~ Aj> e {0, 1, ... , TOj> — 1} and A^ ,^ ^ < A^ ,^ 2 < • • ■ < ^'j,u,m'- „ 

for j ^ 0, . . . ,p. The sets of characteristic exponents at x = c^- are {fJ-j.i, . . . , 
which satisfy G Z and < fij_i < ■ ■ ■ < ^ij_n' for j ~ 1, . . . , q. Then Remark |6.17| 
ii) says that the Fuchs relation of the equation P'v = implies |{Am'}| S Z<o. 

Note that there exists a Fuchsian differential operator P" S W{x) such that P = 
P" P' . If there exists jo and Vq such that m^^ „^ = 0, namely, m"^ ~ "bo.i^o > Oj 
the exponents of the monodromy generators of the solution P'v = are generic 
and hence m' should be realizable. The same claim is also true for the tuple m". 
Hence we have the proposition. □ 

Example 12.17. i) The reduction of the universal operator with the spectral type 
11, 11, 11 which is given by Theorem 12.10 is 



{ Ao,i 

(12.55) [ 

X ^ 00 1 

^2Ao.2 + Al l + A2.1 — Ao^2 — A2^2 — Ao,2 ~ Ai^2^ 

because /i = Ao.i + Ai_i + A2.1 — 1 = — A0.2 — Ai^2 — ^2.2- Hence the necessa ry and 
sufficient condition for the irreducibility of the universal operator given by (12.34) 
is 

'Ao,i+Ai,i + A2a ^Z, 
Ao,2 + Ai,i + A2a ^Z, 
Ao,i +Ai,2 + A24 ^Z, 
,Ao,i + Ai,i + A2.2 ^ Z, 
which is equivalent to 

(12.56) Ao,, + Ai^i + A2 J i Z for i = l,2 and j = 1, 2. 

The rigid tuple m = 11,11,11 corresponds to the real root = 2ao + ao.i + 
0^1,1 + c«2,i under the notation in §9.1. Then A(m) = {ao,ao + ctj,i j = 0,1,2} 
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and (A|q;o) = Ao,i + Ai^ + A2.1 and (Ajao + ao,i) — -^0,2 + Ai^ + A2,i, etc. under 
the notation in Theorem 12.13. 

The Riemann scheme for the Gauss hypergeometric series 2-^1(0, b, c; z) is given 
X = 00 1 

and therefore the condition for the irrcducibihty 



by 





1 — c c — a — 6, 



IS 

(12.57) 



a(^Z, b(^Z, c-b(^Z and c - a ^ Z. 



ii) The reduction of the Riemann scheme for the equation corresponding to 

3F2{ai,a2,a3,l3i,l32;x) is 



(12.58) 



a; = 00 1 

ai [0](2) 
a2 I- I3i 
as 1-/32 

X = 00 1 

a2 — (ii + 1 ai — /?! 

as - ai + 1 ai - P2 ai - (3s - 1 



with /i — ai — 1. Hence Theorem |12.10| says that the condition for the irrcducibihty 
equals 



a,<^Z (i = 1,2,3), 

ai-l3j(^Z (j = l,2) 



together with 



a, -/3j^Z {i^2,3, j ^1,2). 

Here the second condition fohows from i) . Hence the condition for the irrcducibihty 
is 

(12.59) a, <^ Z and a, - ^ Z {i = 1, 2, 3, j = 1, 2). 

iii) The reduction of the even family is as follows: 



X ^ 00 
ai 

OL2 

as 
a4 





[0](2) 

1-/32 



1 

[0](2) 
-^3] (2) 



.T = 00 

Q!2 — Q!l + 1 

as — ai + 1 Q!i — /?! 

Q!4 — Q!l + 1 Q;i — /J2 



[ai ~ Ps- 1](2) 



[X- 



) 02 - Ps 



1 



as ~ Ps ai- Pi 
a4 - ^3 ai- (32 



-ai + (3s + l 

[0](2) 



Hence the condition for the irrcducibihty is 

U,iZ (i = 1,2,3,4), 

1 «i - /33 ^ Z 



together with 



a,-(3siZ (i = 2,3,4). 

«i +a,-/3j -/33 ^ Z (z- 2,3,4, J = 1,2) 
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by the result in ii). Thus the condition is 

ai ^ Z, a.i — /?3 ^ Z and ai + a^. — f3j ^ jS^ ^ 
(z = 1,2,3,4, J = 1,2, fc = 2,3,4). 

Hence the condition for the irreducibiUty for the equation with the Riemann scheme 

Aoa [Ai,i](2) [A2,i](2) 

Ao,2 M,2 [A2,2](2) 
Ao,3 ^^1,3 
.^4 



(12.60) 



(12.61) 



of type 1111,211,22 is 
(12.62) 



Ao.. + Aia + A2,fc ^ Z (i. = 1, 2, 3, 4, fc = 1, 2) 

Ao,,. + Ao^^' + Ai.i + Ai.2 + A2.1 + A2.2 ^ Z {l<iy <u' <A). 



This condition corresponds to the rigid decompositions 



(12.63) 



l'',21^22 



1,10, le 1^11^21 



l2,ll,l2< 



1^ 11 1^ 



which are also important in the connection formula. 

iv) (generalized Jordan-Pochhammer) The reduction of the universal operator 
of the rigid spectral type 32, 32, 32, 32 is as follows: 



[Aoa](3) [Al,l](3) [A2,l](3) [A3,l](3) 
[Ao,2](2) [Al,2](2) [A2,2](2) [A3,2](2) 



N 3 3 

(3^A,,i+2^A,,2 
^ .7=0 7=0 



= 4) 



Ao,i — 2/i Ai_i A2,i As^i 

JAo,2-m](2) [Ai,2+M](2) [A2,2+M](2) [A3,2 + A«] (2) , 

with /.J = Ao.i + Al l + A2.1 + A3.1 — 1. Hence the condition for the irreducibiUty is 



(12.64) 



Ej=o^i,i+s..^^ (fc = 0,l,2,3,4), 

E-=o(l + '5j,fe)A,,i + E-=o(l - kk)^j.2 ^ Z (fc = 0, 1,2,3,4). 



Note that under the notation defined by Definition 12.15 we have 

(12.65) idxm(Ao,i + Ai,i + A2,i + A3,i) = 2 

and the index of any other linear form in (12.64) is 1. 

In general, the universal operator with the Riemann scheme 

[Ao,i](fc) [Ai,i](fc) [A2,i](fc) [A3,i](fe) 

[Ao,2](fc-l) [Al,2](/£-l) [A2,2](fe-1) [A3,2](fe-1) 

(12.66) 3 3 
(fc^A,,i + (A;-l)^A,-2 = 2/c) 

is irreducible if and only if 
^3 



(12.67) 



EUoi" - + Ej=o(^ - 1 + kk)^3.i ^ ^ (fc = 0, 1,2,3,4), 

E'=o(^' + + E'=o(^' - hk)h2 ^ Z (fc = 0, 1, 2, 3, 4), 



for any integers ly and ly' satisfying 1 < 2i/ < fc and 1 < 2iy' < fc — 1. 
The rigid decomposition 



(12.68) 



65, 65, 65, 65 = 12, 21, 21,210 53, 44, 44, 44 



gives an example of the decomposition m = m' © m" with supp am — supp an 
supp am" ■ 
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v) The rigid Fuchsian differential equation with the Riemann scheme 



a; = 

[0](9) 
H(3) 



1 C3 C4 OD 

[0](9) [0](9) [0](9) [eo](8) 
W(3) [c](3) M](3) [ei](3) 
62 



is reducible when 



a + b + c + d + 3eo + ei G Z, 

which is equivalent to ^(gq — 62 — 1) £ Z under the Fuchs relation. At the generic 
point of this reducible condition, the spectral types of the decomposition in the 
Grothendieck group of the monodromy is 

93,93,93,93,831 31,31,31,31,211 + 31,31,31,31,310+31,31,31,31,310. 

Note that the following reduction of the spectral types 

10,10,10,10,001 



93,93,93,93,831 
31,31,31,31,211 
31,31,31,31,310 

and idx(31, 31, 31, 31, 211) = -2. 



13,13,13,13,031 
11, 11, 11, 11,011 
01,01,01,01,010 



13. Shift operators 

In this section we study an integer shift of spectral parameters Xj,^ of the Fuch- 
sian equation Pm(A)w = 0. Here Pm{X) is the universal operator (cf. Theorem 8.13| ) 
corresponding to the spectral type m = (jrij^^^ j=o,...,p ■ For simplicity, we assume 

i^— l,...,nj 

that m is rigid in this section unless otherwise stated. 

13.1. Construction of shift operators and recurrence relations. First we 
construct shift operators for general shifts. 



(rrij^i,) j=o,...,p G Vp'^i, a set of integers (e^^ 



Definition 13.1. For m 

i^—l,. ..,nj 

parametrized by j and v is called a shift compatible to m if 



ij) j=0,...,p 



(13.1) 



p "j 

j=0 u=l 



0,v 



Theorem 13.2 (shift operator). Fix a shift (ej>) compatible tome T^p+i- Then 
there is a shift operator i?m(e, A) e W[x] ® C[Aj_i/] which gives a homomorphism 
of the equation Pm{X')v = to Pm(A)u ~ defined by v — Ryn{e,X)u. Here the 
Riemann scheme of Pm{X) is {Am} = {[Aj,iy](m i,)} j=o,...,p o,n-d that of P^iX') 

i^— l,...,nj 

is {A^} defined by A^^ = Xj^i, + 6^,^. Moreover we may assume ordi?m(e, A) < 
ordm and Rm{e, A) never vanishes as a function of X and then i?m(e, A) is uniquely 
determined up to a constant multiple. 
Putting 



{Tj,u) o<j<p with Tj^^ := (2 + (p - l)n)dj,o 



(13.2) 

l<i^<nj 

and d = ord 7?m (^7 ? have 

(13.3) P^{X + e)R^{e, A) = {-!)'' R^{e, r - A - e)* P^{X) 



under the notation in Theorem 6.19 ii) 
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Proof. We will prove the theorem by the induction on ord m. The theorem is clear 
if ord m = 1 . 

We may assume that m is monotone. Then the reduction {Am} of the Ricmann 
scheme is defined by ( 12.33| ). Hence putting 



(13.4) 



ei — £0,1 + • • • + €p,i, 

ej,^ ^ + ~ S^.i)ei (j = 0, = 1, . . . 



there is a shift operator R{e, A) of the equation Pm(A')7) = to Pm(A){t = defined 
by z; = i?(e, X)u. Note that 

p p 

Pm(A) = 9™a.Pm(A) = Ad(n(^ ~ H " C, )"-^-'*5-'*Ad(a-^) 

J=l J=l 
f[{x- c,r^^'^ Ad{f[{x - c,)-"-0^m(A), 
p p 

Pm(A') = 9,„axPm(A') = Ad(n(a; - c,)^-0 - c,)"-i-''5-'^Ad(a-^') 

J=l J=l 

- c,)-™-^ Ad(n(x - c,)-''^.^)pux'). 

Suppose Aj^jy are generic. Let u{x) be a local solution of -Pm(A)u = at a; = ci 
corresponding to a characteristic exponent different from Ai.i. Then 

u{x) := f[{x - c, f-^d'^^ \{{x- c,r^^-'u{x) 
i=i i=i 

satisfies Pm{X)u{x) ~ 0. Putting 

v{x) := i?(e, A){t(x), 

p p 
v{x) := " Cj)^^m9^' - Cj)^^-iz}(x), 

j=i j=i 
p 

i?(e,A) := Ad(n(^-c,)^-0^!(?, A) 
j=i 

we have Pm(A')u(x) = 0, Pm(A')i'(a;) = and 

p p p 

i=i j=i j=i 

In general, if 

p p p 

(13.5) S'2 - CjY^-'d-''' Y[{x cj)~^'^^^v{x) = ^i^-^ ~ cj)^^'''"(2;) 

j=i j=i j=i 

with 5*1, S'2 G we have 

(13.6) R2v{x) = Riu{x) 
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by putting 



(13.7) 



J=l 

V 



p 



i=i 



j=i 
p 



-R2 



j=i 



j=i i=i i=i 

with suitable integers fci.j, A:2,j and so that i?2 G iy[a::; A]. 

We choose a non-zero polynomial 5*2 G C[x] so that 5*1 — SiR(t, A) G W^[a;]. Since 
■Pm(A') is irreducible in W{x\ A) and R2v{x) is not zero, there exists i?3 G iy(a;; ^) 
such that R3R2 — 1 G W^(x; A)Pni(A'). Then v{x) = Ru{x) with the operator 
i? = i?3i?i G W{x]X). 

Since the equations Pm(A)u = and Pm(A')'y = are irreducible W{x;X)- 
modules, the correspondence v = Ru gives an isomorphism between these two 
modules. Since any solutions of these equations are holomorphically continued 
along the path contained in C \ {ci, . . . , Cp}, the coefficients of the operator R are 
holomorphic in C \ {ci, . . . ,Cp}. Multiplying i? by a suitable element of C(A), we 
may assume R G W{x) ® C[A] and R does not vanish at any Aj> G C. 



Put f{x) = n 



j=i^ 



Cj)". Since Rm{e,X) is a shift operator, there exists 



Sm{i, A) G W{x\ A) such that 
(13.8) r^Pm{\ + e)-Rm(e, A) = 5^(e, A)/- ip^(A). 

Then Theorem 6.19| ii) shows 

i?m(e,A)*(rip„(A + e))* = (,riPrx>(A))*5™(e, A)*, 
i?m(e,A)* -/-ip^CA + e)^ = r ^F™(A)^ • 5™(e, A)*, 
-Rm(e, A)*r '^'m(p - A - e) = r^PUP - A)^m(e, A)*, 



(13.9) 



Pm(e, Ai- e)*/ ^Pm(M) = / ^Pm(Ai + e)'5'm(e, /O-A^-e) 



Here we use the notation ( 3.52| ) and put pj^i, = 2(1 — n)5jfi + n — nij i, and fi = 
p— A— e. Comparing (13.9) with (13.8), we see that S'm(e, A) is a constant multiple of 
the operator i?m(e,p-A-e)* an d /i? m(£, p-\-e)*f^^ = (/"ii?m(e, p-A-e)/)* = 
i?m(e, T — A — e)* and we have ( 13. 3| ). □ 

Note that the operator i?m(e, A) is uniquely defined up to a constant multiple. 

The following theorem gives a recurrence relation among specific local solutions 
with a rigid spectral type and a relation between the shift operator i?m(e, A) and 
the universal operator Pm(A). 



e')-l G VF(.T;A)P„(A + e) 



Theorem 13.3. Retain the notation in Corollary 12.12 and Theorem 13.8 with a 
rigid tuple m. Assume nij^n. = 1 for j = 0, 1 and 2. Put e = (ej>), e' = (e^ 

(13.10) Cj^i, ^ ^],iS„^ni - ^j,2<5iy,n2 i^nd „ 

/or j = 0, . . . , p and = 1 , . . . , rij . 

i) Define Qm{\) G W^(x; A) so that (5m(A)Pm(A 
T/ien 

(13.11) Rm{e, A) - C(A)g^(A)P„(A + e') e W^(x; A)P„(A) 

wit/i a rational function C(A) of Xj,y. 

ii) Lei UA(a;) &e t/ie Zoca/ solution of Pm{X)u = suc/i that u\{x) = {x — Ci)^^'"i 
mod (a; — ci)'^i "i+^Oci /c"^ generic Xj.y Then we have the recurrence relation 

noio^ (\ t ^ A(t^ + l)i,„, - + 1 

(13.12) Uxix) = Ux+e'[x) + (Ci - C2) II — — -r- — — • Ux+e[x). 

A(t/)i,„i - A(i/)i,f(^)^ + 1 
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Proof. Under the notation in Corollary 12.12| , £{k)j ^ rij for j = 0,1,2 and k = 
. . . ,K ~ 1 and therefore the operation d^^^^ on Pm(A) is equals to d ^„^ o n 
-Pm(A + e) if they are realized by the produet of the operators of the form (7.25). 
Hence by the induction on K, the proof of Theorem 13.2 (ef. ( 13. 5| ), ( |13.6 ) and 
( 13.7 )) shows 

(13.13) P^{\ + e')u{x) = P^iX + e')vix) 

for suitable functions u{x) and v{x) satisfying Pm{X)u{x) = Pm(X + e)v{x) = and 
moreover (13.12) is calculated by (4.6). Note that the identities 



Cl 



i=i 



p 



P 



i=i 

d- 



E 



j=l J=l j=l 

correspond to ( 13.12 ) and ( 13.13D , resp ectivel y, when K = 0. 

Note that ( |13.13| ) may be proved by ( |13.12[ ). The claim i) in this theorem follows 
from the fact v{x) = (3m(A)Fm(A + e')v{x) = Qm(A)Pm(A + e')u{x). □ 

In general, we have the following theorem for the recurrence relation. 

Theorem 13.4 (recurrence relations). Let m G T''-"-' be a rigid tuple with mi^m = 
1 and let ui{X,x) be the normalized solution of the equation Pm(A)M = with 
respect to the exponent Ai_„j at x = ci. Let e^*^ be shifts compatible to m for 
i = 0,...,n. Then there exists polynomial functions ri{x,X) € C[a;,A] such that 
(ro, . . . , r„) ^ and 



(13.14) 



^r,(x,A)wi(A + e('\r 



0. 



1=0 



Proof. There exist i?i G C(A)_Rm(e^*\ A) satisfying ui(A + e(*\x) = i?iWi(A, a;) and 
ord i?i < n. We have ri{x, A) with X]r=o ''«(-^' A)-Ri = and the claim. □ 

Example 13.5 (Gauss hypergeometric equation). Let P\u — and Pyv = be 
Fuchsian differential equations with the Riemann Scheme 



X = oo 1 
Aoa Ai^i A2,i 

Ao.2 Ai 2 A2,2 , 



and 



.T = oo 

Ao 1 = Ao,i 
A^ 





A'l.i = Ai 



0.2 



Ao,2 A']^ 2 — Ai.2 + 1 A2 



1 

X'2^1 = A2,l 

At. 2 — 



respectively. Here the operators P\ = P\„ ^_Xq 2M i.Ai 2M iM 1 ^'^d Py are given 
in ( p.51 ). The normalized local solution u\{x) of P\u = corresponding to the 
exponent A 1.2 at x = is 



(13.15) ^1 - x)^^-'F{Xq,i + Ai,2 + A2,i, Ao,2 + Ai,2 + A2,i, 1 





By the reduction 






1 


1,1 


A2a 


1,2 


A2.2 



X = 00 

Ao,2 ~ Ai^2 



Ai,i + Ai,2;a;) 
1 



M A2,2+/^ 



a; = 00 
Ao,i 
Ao,2 

A* ~ Ao.i + Ai.i + A2.1 — 1, the recurrence relation (13.12) means 
x^i-^ (1 - a;)^=-ii^(Ao,i + Ai,2 + A2,i, Ao,2 + Ai,2 + A2a, 1 - Ai,i + Ai,2; x) 



with 



x—^(l - a:)^^ iF(Ao,i + Ai^2 + A2a, Ao,2 + Ai,2 + A2,i + 1, 1 - Ai,i + Ai,2;a;) 
Aog + Ai,2 + A2,i _^^^^_n^^ _ 
1 — Ai,i + Ai,2 

• F{Xo^i + Ai^2 + A2,i + 1, Ao,2 + Ai,2 + A2,i + 1,2 — Xii + Ai^2; 2;), 
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which is equivalent to the recurrence relation 

(13.16) F{a, 7, x) = F{a, /3 + 1, 7; x) - -xF{a + 1,^ + 1,7 + 1; x). 

7 



Using the expression (2.51), we have 

P\+t' - -Pa = x^{x - 1)5 + Xa^ix^ - (Ao,i + \2.i)x, 
P\+e' - P\+e x{x - 1)^9 + Ao,ix^ - (Aq,! + Ai,i)a; - Ai,i, 

{X - l)Px+, = {x{x - l)d + (Ao,2 - 2)X + Ai,2 + 1) {Px+e' - Px+e) 

- (A04 + Ai.i + A2.i)(Ao,2 + Ai,2 + A2,i)a;(x - 1), 
x-\x - l)-^{xix - l)d + (Ao,2 - 2)x + Ai,2 + 1)(Pa+.' - Pa) - (x - l^^Px 

= -(^0,1 + + A2,i)(a-5 - Ai,2 - ^^^) 

X — 1 



and hence ( 13.11 ) says 

(13.17) i?m(e,A) =xa-Ai,2- A2,i- 



X 



X- 1 

In the same way we have 

(13.18) R^{-e,X + e) = (x - 1)9 - A2,2 + 1 - Ai,i 

X 

Then 

(13 19) ^ ^ ~ " 

~ ^(-^0,1 + -^1,2 + A2,l)(Ao,2 + A1.2 + A2,l) 

and since -Rm{e,T - A - e)* = -{ xd + (Ai,2 + 2) + (A24 + l)^^)* ^ xd ~ Ai,2 - 
1 — (A2,i + 1) with T given by ( pj2| ), the identity ( p^ ) means 

(13.20) PAi?m(e,A)= (xa-(Ai,2 + l)-(A2a + l)^^)PA+e. 

Remark 13.6. Suppose m is irreducibly realizable but it is not rigid. If the reduc- 
tions of {Am} and { A^} to Ricmann schemes with a fundamental tuple of partitions 
arc transformed into each other by suitable additions, we can construct a shift op- 
erator as in Theorem 13. 2| . If they arc not so, we need a shift operator for equations 
whose spectral type are fundamental and such an operator is called a Schlesinger 
transformation . 

Now we examine the condition that a universal operator defines a shift operator. 
Theorem 13.7 (universal operator and shift operator). Let m = {rrij,^^ o<j<p 

l<i/<nj 

and m' = (m^ j^) o<j<p G 'Pp+i irreducibly realizable and monotone. They may 



l<i^<^i 

not be rigid. Suppose ordm > ordm'. Fix ja with < jo < p. Let n^^ be a 
positive integer such that m' , > m'- , = and let Pm(A) be the universal 

Jo- Jo- jo + l 

operator corresponding to {Am}- Putting A^^ — Xj^i, when (j, i') ^ {jo,n'j^), we 
define the universal operator P^i{X) := Pm'(A') with the Riemann scheme {A^/}. 
Here A' / is determined by the Fuchs condition. Suppose 



(13.21) (am|am')(= '^'^'^J^f'^j-i' ~ iP~ l)ordm- ordm' 

j=0 u=l 
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Then m' is rigid and the universal operator P^i{X) is the shift operator i?r„(e, A); 
(13.22) ^^ '-'^'-^ ^^"^^'^^ 



0<J<P 



0<j<p 
l<i/<nT 



with e,- 



1 



Sjfl • (p — 1) ordm'. 



Proof. We may assume A is generic. Let u{x) be the solution of the irreducible 
differential equation Pm(A)w = 0. Then 



Pr^'{\'){x - Cjf'"Oc, C (X - Cj) 



Aj,,. + (l-i53,jo5„ )r 



Pm'(A')x- 



--''O, ,.-(1-150. jo5„.„'. )mo +(p-l)ordm' 



and Pin' (A')^(2;) satisfies a Fuchsian differential equation. Hence the fact Ria.{e, A) = 
Pm'(A') is clear from the characteristic exponents of the equation at each singular 
points. Note that the left hand side of (13.21) is never larger than the right hand 
side and if they are not equal, Pm'(A')u(x) satisfies a Fuchsian differential equation 
with apparent singularities for the solutions u{x) of Pm(A)w = 0. 

It follows from Lemma 12.3 that the condition (13.21) means that at least one 
of the irreducibly realizable tuples m and m' is rigid and therefore if m is rigid, so 
is m' because Pm(e, A) is unique up to constant multiple. □ 



If ordm' = 1, the condition ( 13.21 ) means that m is of Okubo type, which will 
be examined in the next subsection. It will be interesting to examine other cases. 
When m = m' © m" is a ri gid decomposition or am' G A(m), we easily have many 
examples satisfying ( 13.21 ). 

Here we give examples of the pairs (m ; m') with ord m' > 1: 



(i",r 



ll;l"-\l"~\n- 21) (221,32,32,41; 110,11,11,20) 



(13.23) (r™, mm - 11, m^ ; l\ 110, V) 
(221, 221, 221; 110, 110,110) 



(l2™+i, m^l, m + Im ; 1^ 1^0, 11) 
(211, 221, 221; 110, 110, 110). 



13.2. Relation to reducibility. In this subsection, we will examine whether the 
shift operator defines a VF(a;)-isomorphism or doesn't. 



Theorem 13.8. Retain the notation in Theorem 13.2 and define a polynomial 
function Cm(e;A) of Xj^i, by 

(13.24) Rm{-e, A + e)Pm(e, A) - c^{e; A) e {W[x] ® C[A])Pm(A). 

i) Fix A°j^ G C. If c^{e; A°) ^ 0, the equation Pm{\°)u = is isomorphic to the 
equation Pm(A° + e)v ~ 0. -(/cm(e; A°) = 0, then the equations Pm(A°)M = and 
Pm(A° + e)v = are not irreducible. 

ii) Under the notation in Proposition 12.16, there exists a set A whose elements 
(i, k) are in {1, . . . , iV} x Z such that 

(13.25) Cm(e;A) = C [] (£,;(A) - fc) 

(i,fc)eA 

with a constant C G . Here A may contain some elements (i, k) with multiplici- 
ties. 

Proof. Since u i— Pm(— e, A + e)Pm(e, A)m defined an endomorphism of the irre- 
ducible equation Pm(A)u = 0, the existence of Cm(e; A) is clear. 

If Cm(e; A°) = 0, the non-zero homomorphism of Pm(A°)M = to Pm(A°-|-e)w = 
defined by m = Rmie', X°)v is not surjective nor injective. Hence the equations are 
not irreducible. If Cm(e; A°) 7^ 0, then the homomorphism is an isomorphism and 
the equations are isomorphic to each other. 
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The claim ii) follows from Proposition 12.16. □ 



Theorem 13.9. Retain the notation in Theorem 13.8 with a rigid tuple m. Fix a 
linear function £{X) of A such that the condition £{X) = implies the reducibility of 
the universal equation Pm(A)w = 0. 

i) // there is no irreducible realizable suhtuple m' of m which is compatible to 
i{X) and £{X + e), £{X) is a factor o/cm(e; A). 

// there is no dual decomposition of m with respect to the pair £(X) and £{X + e), 
£{X) is not a factor o/cm(e;A). Here we define that the decomposition (12.51) is 
dual with respect to the pair £(X) and £{X + e) if the following conditions are valid. 

(13.26) m' is an irreducibly realizable subtuple of m compatible to £{X), 

(13.27) m" is a subtuple of m compatible to £(A + e). 

ii) Suppose there exists a decomposition m = m' m" with rigid tuples m' and 
m" such that £{X) = |{Am}| + k with k^Z and £{X + e) = ^(A) + 1. Then £{X) is 
a factor of Cni(e; A) if and only if k ^ 0. 

Proof. Fix generic complex numbers Xj ^, e C satisfying £{X) = |{Am}| — 0. Then 
we may assume Xj ^, — Xjjyi ^ Z for 1 < v < v' < nj and j — 0, . . . ^p. 

i) The shift operator R := i?m(— e, A + e) gives a non-zero VF(a;)-homomorphism 
of the equation PmiX + e)v = to Pm(A)M = by the correspondence v = Ru. 
Since the equation Pm{X )u = is reducible, we examine the decompositions of m 



described in Proposition |12.16| . Note that the genericity of Xj_i, g C assures that 
the subtuple m' of m corresponding to a decomposition Pm(A) = P"P' is uniquely 
determined, namely, m' corresponds to the spectral type of the monodromy of the 
equation P'u = 0. 

If the shift operator R is bijective, there exists a subtuple m' of m compatible 
to £{X) and £{X + e) because R indices an isomorphism of monodromy. 

Suppose £{X) is a factor of Cr„(e; A). Then R is not bijective. We assume that 
the image of R is the equation P"u = and the kernel of R is the equation 
P^v = 0. Then Pm(A) = P"P' and P^{X + e) = with suitable Fuchsian 

differential operators P' and P". Note that the spectral type of the monodromy of 
P'u = and P^'v — corresponds to m' and m" with m = m' + m". Applying 



Proposition 12.16 to the decompositions Pm(A) = P"P' and Pm(A + e) = P,'P", we 



have a dual decomposition (12.51) of m with respect to the pair ^(A) and ^(A + e). 

ii) Since Pm(A)it = is reducible, we have a decomposition Pm(A) = P"P' with 
< ordP' < ordPr„(A). We may assume P'u = and let m' be the spectral type 
of the monodromy of the equation P'u = 0. Then m' — ^im' + £2^1" with integers 
£1 and £2 because |{Am'}| G Z<o. Since P'u = is irreducible, 2 > idxm' = 
2{£l - £i£2 + £l) and therefore (£1,^2) = (1,0) or (0, 1). Hence the claim follows 
from i) and the identity |{Am'}| + |{Am"}| = 1 D 

Remark 13.10. i) The reducibility of Pm(A) implies that of the dual of Pm(A). 



ii) When m is simply reducible (cf. Definition 8.14), each linear form of Xj^i, 
describing the reducibility uniquely corresponds to a rigid decomposition of m 
and therefore Theorem gives the necessary and sufficient condition for the 



bijectivity of the shift operator Pm(e, A). 

Example 13.11 (£'04). Let P{X)u = and P{X')v = be the Fuchsian differential 
equation with the Riemann schemes 

A04 [Al,l](2) [A2,l](2) I [ Ao,l [Al,l](2) [A2,l](2) 

Ao,2 Ai_2 [A2,2](2) I g^j^j ) Ao,2 Ai_2 [A2,2](2) 
Ao,3 Ai_3 
Ao,4 
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respectively. Since the condit ion of the reducibihty of the eq uatio n corresponds 
to rigid decompositions (12.63), it easily follows from Theorem 13. £ that the shift 
operator between P{X)u = and P{\')v = is bijective if and only if 



Ao,4 + Ai,2 + Aa,^ - 1 7^ 

Ao.iy + Ao,,y' + Ai,i + Ai,3 + A2,i + X2.2 



(1<M<2), 
MO (1 < !^ < i^' < 3). 



In general, for a shift e = (ej>) compatible to the spectral type 1111, 211, 22, the 
shift operator between P{X)u ~ and P(A + e)v = is bijective if and only if the 
values of each function in the list 



(13.28) 
(13.29) 
are 

(13.30) 



Ao,iy + Al^l + A2,p 

Ao,i/ + Aq,;/' + Ai.i + A1.3 + A2,i + A2,2 — 

not integers for A and A + e 
or positive integers for A and A + e 
or non-positive integers for A and A + e. 



(1 < < 4, 1 < < 2), 
(1 < J/ < I/' < 4) 



Note that the shift operator gives a honiomorphism between monodromies (cf. ( 3.23 )) 

The following conjecture gives Cm(e; A) under certain conditions. 
Conjecture 13.12. Retain the assumption that m = (A^^^) o<j<p G ^p+i is rigid. 



i) If ^(A) = £{X + f ) in Theorem 13. £, then ^(A) is not a factor of Cm(e; A), 

ii) Assume mi^m = 'm2,n2 = 1 s-i^d 



(13.31) 

Then we have 
(13.32) 



\^i-v) o<j<p , 

l<i/<nT 



Cm(e; X) = C 



n 



|{A™'}I 



m— m 0m 



with C e C^. 

Suppose the spectral type m is of Okubo type, namely, 
(13.33) TO14 + • • • + mp,i = (p — 1) ordm. 

Then some shift operators are easily obtained as follows. By a suitable addition we 
may assume that the Riemann scheme is 



(13.34) 



a; = 00 X — ci 

[Ao,l](mo,l) [0](mi,i) 
[Ao,2](mo,2) [Al,2](mi,2) 



[Ap,2](mp,2) 



,no]("io,no) [Al,ni](mi^„j^) ••• [Ap 

and the corresponding differential equation Pu = is of the form 

Pn.(A) = - ^^■)"""^" rf^^ + E IK- - 

Here ak{x) is a polynomial of x whose degree is not larger than k — X]j=i maxjfc - 
TOj,i, 0}. Moreover we have 

no iTio.iy — 1 

(13.35) ao(x) = n n (V. 
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Define the differential operators i?i and i?m(-^) <= W[x] (X) C[A] by 

(13.36) -Ri = £ and P^{\) = -R^WRi + ao{x). 

Let Pm(A')u = be the differential equation with the Ricmann scheme 



(13.37) 



a; = oo X = ci 

[Ao4 + l](mo,l) [0](mi,i) 

[Ao,2 + l](mo,2) [-^1,2 - l](mi,2) 

JAo,,io + l](mo,„„) [^l,ni - l](Tni,„j) 



M(™p,i) 



[Ap,2 - l](rnp,2) 



Then the correspondences m = ^m(A)w and u = Riu give VF(a;)-homoniorphisnis 
between the differential equations. 

Proposition 13.13. Let m = {wj>} o<j<p &e ri(;id iMp/e of partitions satisfying 



{j = 0, l<iy< no) 



1 



5,^,0 - 1 (1 < j < p, 1 < I' < fij), 



mo.„-l 



( |13.33| ). Futtmg 

(13.38) ej,, 

(13.39) Cm(e;A) = [] (Aq,. + Ai,i + • • • + Ap,i + i). 

Proof. By suitable additions the proposition follows from the result assuming Aj.i = 
for j = 1 , . . . , p, which has been shown. □ 

Example 13.14. The generalized hypergeometric equations with the Riemann 
schemes 



'^o.i Ai,i [A2,i](„_i) 



(13.40) <^ Ao,^ Ai,^, 



Ao,l Ai^i [A2,l](n-1) 



,Ao,ri Ai_„ A2^2 



> and < Ao,,y Ai + 1 



,Ao,n Ai^n 



A 



2,2 



1 



respectively, whose spectral type is m = 1", 1", (n — 1)1 are isomorphic to each 
other by the shift operator if and only if 

(13.41) Ao,^ + Ai^^„ + A2,i 7^ (j/= l,...,n). 

This statement follows from Proposition |13.13| with suitable additions. 

Theorem 13.9 shows that in general P{X)u = with the Ricmann scheme {Am} 
is VF(x)-isomorphic to P(A + e)v = by the shift operator if and only if the values 
of the function Ao,i/ + Ai,^ + A2,i satisfy ( 13.30| ) for 1 < < n and 1 < n < n. Here 
e is any shift compatible to m. 

The shift operator between 

Ao,i A14 + 1 [A2,i](„_i) 

, _,_ , . Ao,2 Ai,2 — 1 A2,2 

(13.42) i . . ^ and 



Ao,i Ai,i [A2,i](„_i) 

Ao,2 Ai,2 A2,2 



^Ao,ri Ai^n 



Ao.n Ai „ 



is bijective if and only if 

Ao,i/ + Ai,i + A2,i 7^ and Aq,^ + Ai,2 + A2,i 7^ 1 for iy = l,...,n. 
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Hence if Ai^i = and Ai_2 = 1 and Ao,i + X2,i ~ 0, the shift operator defines a 
non-zero endomorphism which is not bijective and therefore the monodromy of the 
space of the solutions are decomposed into a direct sum of the spaces of solutions 
of two Fuchsian differential equations. The other parameters are generic in this 
case, the decomposition is unique and the dimension of the smaller space equals 
1. When n = 2 and (co,ci,C2) = (oo,l,0) and A2,i and A2,2 arc generic, the space 
equals Ca:^2,i ^ Cx^"'^ 

13.3. Polynomial solutions. We characterize some polynomial solutions of a dif- 
ferential equation of Okubo type. 



Proposition 13.15. Retain the notation in §13.1. Let Pm(A)w — be the dif- 



ferential equation with the Riemann scheme (13.34). Suppose that m is rigid and 



satisfies (13.33). Suppose moreover that there exists jo satisfying mj^^i ~ 1 and 
< jo < P- Fix a complex number C. Suppose Aq.i ~ —C and Xj ^, ^ Z for 
j = 0,...,p and V ~ 2,...,rij. Then the equation has a polynomial solution of 
degree k if and only if C ~ k. 

We denote the polynomial solution by p\. Then p'y^ is a polynomial solution of 
Pm{X + e)v = under the notation ( [13.38 ). Moreover 



(13.43) R^{\) o R^{\ + e) o . . . o R^{\ + {k ~ l)e)l 



is a non-zero constant multiple of px under the notation ( 13.36 ). 



Proof. Since m = {^Lm) o<j<p ® {'mjM — Si^,^) o<j<p is a rigid decomposition of 

l<!^<nj l<z^<nj 

m, we have Pm{X) = Pid with suitable Pi £ W{x) when C = 0. Note that 
i?rn(A-l-^e) defines an isomorphism of the equation Prn(A-l~ (i+ l)e)ufc+i = to the 
equation Pm(A + £e)uk = by it/j = -Rm(A + £e)uk+i if C ^ £, the function ( 13.43| ) 



is a polynomial solution of Pm(A)u = 0. The remaining part of the proposition is 
clear. □ 

Remark 13.16. Wc have not used the assumption that m is rigid in Proposi- 
tion 



13.13 



and Proposition 13.15 and hence the propositions are valid without this 



assumption. 

14. Connection problem 

14.1. Connection formula. For a realizable tuple m G Vp+i, let PmU = be a 

universal Fuchsian differential equation with the Riemann scheme 

X ~ Ci — 1 ■ ■ ■ Cj ■ ■ ■ Cp = oo 

[Ao,l](mo,i) [Al,l](mi,i) [Aj,l](mj,l) [Ap,l](mp,i) 



(14.1) 



[Ao ,no](mo,„Q) [Al,ni](mi_„j) '■' [Aj,!!^ ] (mj^„ . ) ••• [Ap 



The singular points of the equation are Cj for j = 0, . . . ,p. In this subsection we 
always assume cq = 0, ci = 1 and Cp = oo and cj ^ [0, 1] for j ~ 2, . . . ,p — 1. We 
also assume that Xj^i, are generic. 

Definition 14.1 (connection coefhcients). Suppose Xj,i, are generic under the 

Fuchs relation. Let Uq"'"" and u^^'"^ be normalized local solutions of Pm = at 
X = and x = 1 corresponding to the exponents Ao.^o and Xi^^,-^ , respectively, so that 
Uq'-"" = x^»--o mod x^O'-o+iOg and Mi' "^ = (1 - x)^^--^^ mod (1 - x)^^''^i+^Oi. 
Here 1 < i^o < ^^o and 1 < I'l < ni. If niQ^^g — 1, Uq"'"" is uniquely determined and 
then the analytic continuation of Uq"'"" to x = 1 along (0, 1) C M defines a con- 
nection coefEcient with respect to Ui^'"^ , which is denoted by c(0 : Ao,^,, 1 : Xi^^^ ) 
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or simply by c{Xo,iy„ ^i,^!)- The connection coefficient c(l : Ai_i/j : Ao.,yo) or 
ciXi,ui Ao.i/o) of u''^^'"^ with respect to Uq°'"° are similarly defined if mi^^-^ ~ 1. 

Moreover we define c{ci : Xi^^. Cj : \j,v) by using a suitable linear fractional 
transformation T of C U {oo} which transforms {ci,Cj} to {0,1} so that T'(cy) ^ 
(0, 1) for 1/ = 0, ... ,p. If p = 2, we define the map T so that T{ck) = oo for the 
other singular point Cfc. For example if Cj ^ [0, 1] for j = 2, . . . ,p — 1, we put 
^(^) = 3^ ^° define c(0 : Xa^^„-~-*oo : Xp^„^) or c(oo : Ap,,.^ -^0 : Xa^^g). 

In the definition Uq"'"" (x) = x^"'"^" (/){x) with analytic function (/>(x) at which 
satisfies (/)(0) = 1 and if ReAi i^^ < ReAi^,y for v I'l, we have 

(14.2) c(Ao..o-Ai,,J = lim (l-.T)-^i '^iUo"'''°(a;) (a^ e [0, 1)) 

a:— )-l — 

by the analytic continuation. The connection coefficient c(Ao.iyo ~-~> Ai^^j ) meromor- 
phically depends on spectral parameters Xj^^. It also holomorphically depends on 
accessory parameters and singular points 7- (j = 2, . . . ,p — 1) in a neighborhood 

Cj 

of given values of parameters. 

The main purpose in this subsection is to get the explicit expression of the 
connection coefficients in terms of gamma functions when m is rigid and tjiq jj — 

TOl,iy' = 1- 

Fist we prove the following key lemma which describes the effect of a middle 
convolution on connection coefficients. 



Lemma 14.2. Using the integral transformation (2.37), we put 

(14.3) iT^,,u)ix) := x-^-^il - x)-'-^I^x^\l - xMx), 

(14.4) iS^,t^)i^) x-^-^Ii; x'^il - xfuix) 

for a continuous function u(x) on [0,1]. Suppose Re a > and Kc fi > 0. Under 
the condition Re 5 + Re /i < or Rc6 + Rc/i > 0, {T^^u){x) or f^(u)(x) defines 
a continuous function on [0,1], respectively, and we have 

(14.5) T-,(.)(0) = Si:^,{um ^,I(^±iL_^(0), 

..... Kbi^m _ Tja+ti+m-^i-b) 



(14.7) 



rr,.W(o) ^0) ^'"^ ^'"^ r(a + i)r(-5) 

Sa,bWW u{Q)T{n)T{a + l) Jo 



Proof. Suppose Re a > and < Re ^ < — Re 6. Then 

T{fi)T^^,(u)(x) 

= x-^-f^il - x)-''-" / r(l - tf{x - tY-^u{t)dt {t = xsu < a- < 1) 
Jo 

= (1 - x)-''-^' f slil - si)^-i(l - xsi)''u{xsi)dsi 



[ ^^(737) (t3^) "("^^^13^ 



(1 - S2) -; 1 + u{x - XS2) (si = 1 - S2) 

Vl— a;/V 1 — X / S2 

1 

(1 - s(l - x)) s^{l + xs)^w(x - x(l - x)s)^ (S2 - (1 - a;)s). 
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Since 

- - xsifuixsi)] < max{(l - sif''^'-\ l}3-^<='' max^ 

for < si < 1 and < a; < |, T^f^{u){x) is continuous for x £ [0, |). We have 
I (1 - s(l - a;))%^-i(l + xsfu{x - x(l - x)s)) \ < s^'"'-\l + max^ \u{t)\ 

for i < X < 1 and < s < and therefore Tl^^{u){x) is continuous for a; G (5,1]- 
Hence T^^^ix) defines a continuous function on [0, 1] and 



+ .(0), 



1 (Vs 



The claims for S^^ are clear from 



nl 

Jo 

This lemma is useful for the middle convolution mc^ not only when it gives a 
reduction but also when it doesn't change the spectral type. 



Example 14.3. Applying Lemma 14.2 to the solution 

u',«+'^{x)= ' 



of the Jordan-Pochhammer equation (cf. Example 2.8 iii)) with the Ricmann scheme 



.T = Cl = 1 • • • Cj ■ ■ ■ Cp = 00 

[0](p-i) [0](p_i) ••• [0](p_i) ••• [l-Ai](p-i) 
Ao+M Ai+^ ••• X-j + ^1 ■■■ - J2lZo ^ . 



we have 



c 0:Ao +Ai^l:Ai = Mil 1 

r(Ao + l)r(-Ai) Cj) 



r(^)r(Ao + 1) Jo Cj) 



Moreover the equation Pu = with 

P ■= RAd(a-^')RAd(a;^')RAd(a-'')RAd(a;^''(l - xf^)d 

is satisfied by the generalized hypergeometric function 3F2 with the Riemann scheme 

a; = 1 00 

[0](2) 

A' + ^' 1 - A' - /i - ^' 

Aq + A' + /i + /i' Ai + /i + ^' -Aq - Ai - A' - /i - ^' 
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corresponding to 111,21,111 and therefore 

c(Ao + A' + M + //-Ai + M + m') = C^„M ■ Cxo+x'+,M+^ 

r(Ao + /i + i)r(-Ai - m) r(Ao + y + ^l + fl' + i)r(-Ai -fi-fi') 



r(Ao + i)r(-Ai) r(Ao + A' + ^ + i)r(-Ai - m) 

_ r(Ao + /i + i)r(Ao + A' + M + m' + i)r(-Ai - m - mO 
r(Ao + i)r(-Ai)r(Ao + A' + /i + i) 

We further examine the connection coefficient. 

In general, putting cg = and Ci = 1 and Ai = X]fe=o ^k.i ^ Ij we have 

a; = (j = 0, 1) oo 

2:^"-"o [ X = Cj oo 



[[Aj,^ - Aj,i + Ai](,„^ [Ap,,. + J2l^Q Afe,i - Ai](mp^) 

p 

(d = ^m^^i - (p- 1)71) 

fc=0 



a; = r- 00 



[Aj> + AiJjtoj „) [Ap^jy — Ai](,„p^) 
_ rC-^o.no + Ai — Ap^i + l)r(Ai^i — Ai,„j — Ai) 
^o.'^i-^o.iM,.,~Xi,i - r(Ao,„o - Ao,i + i)r(Ai,i - Ai^„J ■ 



In ge neral , the following theorem is a direct consequence of Definition |7.q and 



Lemma 14.2 



Theorem 14.4. Put cq = 00, ci = 1 and G C \ {0} for j ~ 3, . . . ,p — 1. By the 

transformation 

p—i p~i 
RAd(a;^" ^ J](l - -)^^-^) o RAd(ai-^'=o 1) o RAd(x-^'''i J] (l - ^y^^-' 
j=i ■' j=i 

the Riemann scheme of a Fuchsian ordinary differential equation and its connection 
coefficient change as follows: 

X = Ci 00 



{Am} - {[Aj,,.](mj „)}_0<j^p - [^J,l](mj,i) [^ps]{mp.i) 

ITir, , 



l<iy<n 



l<i/<nj 

X = Cj 00 
[Aj,i](m,,i-d) [Ap,i - 2 J2k=o Afc,i + 2](,„p 
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with 



d = mo,i + • • • + mp^i — (p — 1) ordm, 

m'j,^ = TUj^^ - dS^^i {j = 0,...,p, = 1, . . . ,7ij), 

A-,i=A,-i {j = 0,...,p-l), A;^i = -2Ao,i 

'^'],u = + Ao,i + Ai,i H h Ap.i - 1 (j = 0, . . 

A', ,, = A„_,y — Ao,i — • • • — An.l + 1 



- 2Ap_i 1 — Xp i + 2, 



and if mQ no = 1 o,''^d tiq > 1 and ni > 1, then 

c'(AU,-^^i.nJ 



(14.8) 



c(Ao,, 



nK.na -K,i + mK,i - A'i,„, ) r(Ao,„„ - Ao,i + l)r(Aia " Ai,„, ) ■ 



Applying the successive reduction by dmax to the above theorem, we obtain the 
following theorem. 

Theorem 14.5. Suppose that a tuple m Cz V is irreducibly realizable and mo.no = 
mi^m = 1 in the Riemann scheme (14.1). Then the connection coefficient satisfies 

c(Ao,no ~^ Al,ni) 

c(A(if)o,„o^A(iC)i,„J 

r(A(fc)o,„o - A(fc)o,^(fe)o + 1) • T{X{k)ij^k)i - A(fc)i,„J 



n 



Lo r(A(fc + l)0,no - Hk + l)o,«(fc)o + 1) • r(A(fc + l)lJik), - Hk + l)i,„J 

under the notation in Definitions 7.11. Here c(A(-ftr)o,no X{K)i.ni) is a corre- 
sponding connection coefficient for the equation {d^^^P„i)v = with the funda- 
mental spectral type /m. We note that 

(A(fc + l)o.„o - A(fc + l)o,£(fc)„ + 1) + (A(fc + l)i,£(fc)i - A(fc + l)i,„J 
= (A(A:)o,«o - A(fc)o,£(fc)o + 1) + {\{k)i^^(k)i - Kk)i.m) 
for k = 0,...,K -1. 



(14.9) 



When m is rigid in the theorem above, we note that c(Ao,no('^)'^Ai,„i (A')) = 1 
and we have the following more explicit result. 

Theorem 14.6. Let m G T' be a rigid tuple. Assume TOo,no = = 1, no > 1 

and ni > I in the Riemann scheme ( |14.l| ) . Then 

no — l ni — 1 

Y[ r(Ao,„„ - Ao,, + 1) • n r(Ai,. - Ai,„J 

1^ = 1 u=l 



(14.10) 



(14.11) 



c(Ao,„o ~^ Ai,„J 



m mm — m 



J=2 



E 



m tBm — m 

mn — m'/ „ , — 1 



(ni - l)mj^^ - 5j.o(l - n-o'5i/,„J + ^j,i(l - ?^l'5^.,„J 
(l<i.<n,, 0< j<p) 



under the notation in Definitions 6.1i and 7.11 



Proof. We may assume m is monotone and ord m > 1 . 

We will prove this theorem by the induction on ordm. Suppose 

(14.12) m = m' ® m" with TOq „^ = 7n'/ „^ = 1. 
If 9im' is not well-defined, then 

(14.13) ordm' = 1 and m'^ i = 1 for j = 1,2, . . . ,p 
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and 1 + TOi.i + • • • + JTip.i — (p — 1) ord m = 1 because idx(m, m') = 1 and therefore 
(14.14) di(m) = mo,i. 

If dim" is not wcU-dcfincd, 

ordm" = 1 and m"^ = 1 for j = 0, 2, . . . 
(ii(m) = mia. 

Hence if (ii(m) < mo,i and (ii(m) < mi^i, dim' and 9im" are always well- 



(14.15) 



defined and dim = dim' (B dim" and the direct decompositions ( 14.12| ) of m 
correspond to those of dim and therefore Theorem 14.4 shows ( 14.101) b y the in- 
duction because we may assume di{m) > 0. In fact, it follows from (|7.15|) t hat the 
gamma factors in the denominator of the fraction in the right hand side of ( 14.10| ) 
don't change by the reduction and the change of the numerator just corresponds 



to the formula in Theorem 14.4. 

mo,i, there exists the direct decomposition ( 14.12 ) with ( |l4.13 ) which 



Ifdi(m) 

doesn't correspond to a direct decomposition of dim but corresponds to the term 
r(|{A„,4|) = r(Ao,„, + Aia + • • • + Apa) = r(AJ, „^ - X'^^, + 1) in ( |T4^. Si milarly 
if di(m) = mi^i, there exists the direct decomposition (14.12) with (14.15) and it 



corresponds to the term r(|{Am>}|) = r(l - |{Am"}|) = r(l - A 



A, 



0,1 



A 



l,ri 



A 



2,1 



the induction on ordm. 



r(A'i 1 - A'i_„J (cf. ( |14.21D ). Thus Theorem |l4J assures ( |14.10D by 



Note that the above proof with ( 14.9 ) shows ( 14.18| ). Hence 



E 

m'®m"— m 
■'i,„o='"'i,"i = 



ni — 1 



|{Am}| — (-^0,710 ^ •^0,i> + 1) + E/ ('^1.'^ ~ -^l,"!) 



"0-1 



(no - 1) + [uq - l)Ao,„o - ^ Ao,^ 



ni — 1 

E 

v=l 



Xlw 



p rij— (5j,i 

+ ('^i-l)(E E rUj^^Xj^^-n + l 

j=0 v=l 

"0- 1 

-- (no + ni - 2)Ao,„o + E (^'^^ ~ l)"io,i. 



1 A, 



"1—1 

E 

v=l 



P "2 



((ni - l)7ni^^ + l)Ai,^ + E E^""! ^ 

j=2 u=l 

+ (no + rii — 2) — (rti — 1) ord m. 

The left hand side of the above first equation and the right hand side of the above 
last equation don't contain the term Ai,„j and therefore the coefficients of Xj^i, in 
the both sides are equal, which implies (14.11). □ 



Corollary 14.7. Retain the notation in Theorem 14.6. We have 

(14.16) #{m' ; m' ® m" = m with m'^^^ 

(14.17) ^ ordm' = (?ii - 1) ordm. 



'i,"i 



1} = na + ni 



m ©m — m 



(14.18) 



E 



"0 - 1 



"1—1 



\{Kn}\ - E (^0,"o - ^0,1/ + 1) + E ('^1^'' ^ •^l,"l)- 
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Let c(Ao,no + t Ai,„i — t) be the connection coefficient for the Riemann scheme 
,o5v,no ^ 5js^^,ni)](mj_^)^ ■ Then 

p-1 



(14.19) 



lim c(0:Ao.„o 

i— ^+00 



t l:Ai 



i=2 



Under the notation in Theorem 12.13 
jm' ; m 

(14.20) 



m" = m with m'n 



0,no ~ ™l,ni ~ 1} 

= {m' e V ; mg = 1, m'^ „^ = 0, a™' or am-m' e A(m)}. 

Proo f. Wc have ( |l4.18 ) in the proof of Theorem 14.4 and th en Sthhng's formula 
and ( 14.18 ) prove ( 14.19 ). Putting (j, v) = (0, ng) in ( 14.11 ) and considering the 
sum for ( 14.11 ) with j = 1, we ha ve (14.16 ) and ( 14.17 ), respe ctively . 

Com paring the proof of Theore m |14.6 with that of Theorem 12.13 , we have 
( |14.20| ). Proposition U also proves (|l4.2o| ). □ 



Remark 14.8. i) When we calculate a connection coefficient for a given rigid parti- 
tion m by (14.10), it is necessary to get all the direct decompositions m ~ m'0m" 
satisfying mg „^ = m'l = 1. In this case the equality (14.16) is useful because 



we know that the number of such decompositions equals ng + ni — 2, namely, the 
number of gamma functions appearing in the numerator equals that appearing in 



the denominator in (14.10). 

ii) A direct decomposition m = m' m" for a rigid tuple m means that 
{am', ctm"} is a fundamental system of a root system of type A2 in Mam' + Mam" 
such that am = am' + am" and ^ ,, „, 



(an 



Wm') = (am"|am") = 2, 

|am") = -1- 




iii) In view of Definition 6.12, the condition m = m' © m" in (14.10) means 

(14.21) |{Am'}| + |{Am"}| =1. 

Hence we have 

c(Ao,„o ~^ '^l.ru ) • c(Ai_„j Ag_„„ ) 

n sin(|{Am'}k) 



(14.22) 



m (t)m — m 



"0-1 



ni — 1 



J]^ sin(Ao,,y - Ai,,y)7r • sin(Ai,i. - Ai,„j)7r 



iv) By the aid of a computer, the author obtained the table of the concrete 
connection coefficients ( 14.10] ) for the rigid triplets m satisfying ord m < 40 together 
with checking (14.11), which contains 4,111,704 independent cases (cf. §15.11). 



14.2. An estimate for large exponents. The Gauss hypergeometric series 
^ a(a + 1) • • • (a + fc - 1) • /?(/? + 1) • • • (/? + fc - 1) 



F(a,/3,7;a;) 



k=0 



k-l)-k\ 



-X 



7(7+ I)--- (7- 

uniformly and absolutely converges for 

(14.23) x e 13 {x G C; |a;| < 1} 

if Re 7 > Re(a + j3) and defines a continuous function on D. The continuous 
function F{a,l3,^ + n;x) on D uniformly converges to the constant function 1 
when n +00, which obviously implies 

(14.24) lim F(a, /3, 7 + n; 1) = 1 

n^oo 
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and proves Gauss's summation formula ( |l.3| ) by using the recurrence relation 

..4 2^^ F(a,/3,7;1) _ h ^ a)h - 13) 

^ ■ ' F(a,/3,7 + l;l) 7(7-«-/5) ' 

We will generalize such convergence in a general system of ordinary differential 
equations of Schlesinger canonical form. 
Under the condition 

a > 0, 6 > and c> a + b, 
the function F{a,b,c;x) = X^fe^o '^TsfflJ^^'' strictly increasing continuous func- 
tion of X G [0, 1] satisfying 

1 < F a, b, c; x) < F a, b, c; 1 = ) ' ^ -( 

1 (c — aji (c — o) 

and it increases if a or 6 or —c increases. In particular, if 

< a < iV, < < iV and c> 2iV 
with a positive integer iV, we have 
< F(a,6,c; x) - 1 

T{c)T{c-2N) ^ _ {c-N)n 



< 



N 



- 1 = ii^iii^ - 1 = n — — ^ - 1 



r(c - N)T{c - N) (c - 2N)n ^Ji^^ ^ 



S-2N ) V C-27V 

<iV[ 1 + 



C-2N J c - 27V 
Thus wc have the following lemma. 

Lemma 14.9. For a positive integer N we have 



N 



(14.26) |F(a,/3,7;x)-l|<(l + ^^^-^j -1 
^f 

(14.27) X eD, \a\ < \I3\ < N and Rc-/ > 2N. 

Proof. The lemma is clear because 

IV^ («)fc(/3)fc fcl ^ (l«l)fc(l/3|)fc I |fc I i«i Tj o!\r I i\ 1 

l^^l^" 1-^^ (Re7).fc! -^(H'l/3|'R^7-2iV;N)-l ^ 

For the Gauss hypergeometric equation 



wc have 



x{l - x)u" + (7 - (a + ^ + l)x)u' - ajiu = 



„ xu' ((a + /? + l)a; - 7)w + a/3u 

(XU ) = U + .TU = 1 ; 

X l — x 

a/3 (\ 7 a + /3 + l 

u + - 



l — x \a; x(l — x) l — x 
a/3 /I — 7 a + Z?- 7+1 



Putting 
(14.28) 



l—x Vx l—x 



"0 \ / w 
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we have 
(14.29) 

In general, for 
we have 

Thus 

(14.30) I 

and the functions 
(14.31) 



a 
1-7 





13 q; + /?-7+ 1 

1-a; 



, A B 

V = —V H 1 

X \ — X 



XV — Av + 



-Bv 



l-x 

= Av + x{xv' + (B - A)v) . 



xUq = aui, 

xu\ = (1 — 7)ui + x{x'u!^ + /?uo + (a + /3)iti) 



uo = F(q;,/3,7;x), 

ux = ^i^(a + l,/3 + l,7+l;2;) 
7 



satisfies ( |l4.30D . 



Theorem 14.10. Let n, hq and ni be positive integers satisfying n = uq + ni 



and let A 



^0 
AJ' 



. B 





Bo Bi 



e M{n,C) such that Ai, Bi e M(ni,C), 



Aq g A/(rio,ni,C) and Bq G A/(ni,no,C). Let D{0,m) = Z?(0, mi, . . . , m„j) be 
the diagonal matrix of size n whose k-th diagonal element is mfe_„„ if k > hq and 
otherwise. Let m™ be the local holomorphic solution of 

A-D(0,m.) B-D(0,m) 

(14.32) u = ^— — '-U + ^— — '-U 

X 1 — X 

at the origin. Then if Kem^ are sufficiently large for v = l,...,rii, the Taylor 
series of it™ at the origin uniformly converge on £) = {x G C ; |a;| < 1} and for 
a positive number C , the function and their derivatives uniformly converge to 
constants on D when min{Remi, . . . ,Rem„j} — > +oo with |Ay | + \Bij\ < C. In 
particular, for x £ D and an integer N satisfying 

ni ni no ni 

(14.33) <N,Y. \{A^U < iV, g |(i3o),.| < N, K^O-I ^ ^ 

u—l w—l u—1 u—1 

we have 

2^(Ar + 1)2 



(14.34) max kt™(x) - u™(0) < max 



l<v<n 



l<i/<no 



mill Re — 4iV — 1 



if Re TOj, > 5iV + 4 for v = I, . . . ,ni. 



Proof. Use the method of majorant series and compare to the case of Gauss hyper- 
geometric series (cf. ( |14.30 ) and ( 14.31 )), namely, limc-).+oo ^"(0, 6, c; a;) = 1 on D 
with a solution of the Fuchsian system 

B 



u = — u H 1 

X \ — X 



A 



Ao 
Ai) ' 



B 





Bq Bi 
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xv'i = x'^v'i + (1 — x)Aivi + xBqVo + xBivi 

= Aivi + x{xv[ + BqVq + [El - Ai)vi) 

or the system obtained by the substitution Ai i—> Ai — D{m) and Bi i~-> Bi — D{m). 
Fix positive real numbers a, (3 and 7 satisfying 

a>J2\i^oh.\ {l<i<no), /3>^|(Bo)..| (1 < z < ni), 

iy=l i/=l 
"1 

a + /3>J2\iBi-Ai),,\ (l<^<no), 



7 = min{Remi, . . . , Rem„j} — 2 max > \{Ai)i^\ — 1 > a + (3. 

l<i<ni ^ — ^ 
i/=l 

Then the method of majoraut series with Lemma |l4.1l| , ( 14.3C ) and ( |l4.31 ) imply 



ur « 



maxi<^<„o |m™(0)| • F(a,/3,7;x) (1 < i < ^o), 

^ •maxi<^<„„ |u^(0)| + 1,^ + 1, 7+1;. t) {uq < i < n), 



which proves the theorem because of Lemma 14. £ with a ~ (3 ~ N a,s follows. Here 
J2T=o "^i^^;" ^ Si^o ^i'^" fo'' formal power series means \a^\ < for ly G Z>o. 

Put m = min{Rcmi, . . . ,ReTO„j} — 2N — 1 and L = maxi<i^<„Q |w™(0)|. Then 
J > fh — 2N — 1 and if < i < tiq and x < D, 

\uY'ix)~uf^{0)\<L-{F{a,P,rAoo\)~l) 

N N JV 



<L^1 

< l( 1 



m - 4A^ - 1 
TO - 4iV - 1 



- 1 ^ 



TO-4iV-l ~ m-4A^-l 



< 



If no < i < ?i and a; G D, 



|"r(a;)l < -•LF(a + l,/3 + l,7 + l;|x|) 

7 



< 



- 2A^ - 1 



TO - 4iV - 3 



1 < 



£jV(2^+^ + 1) 
TO - 2iV - 1 



□ 



Lemma 14.11. Let A e A/(n,L) and put 

n 

(14.35) 1^1 := max ^|^,.|. 

l<z<n ^ — ' 
iJ=l 

If positive real numbers toi, . . . , to„ satisfy 

(14.36) TOmin := min{TO.i, . . . , to„} > 2\A\, 
we have 

(14.37) |(fc/„ + i?(m) - A)"'| < (fc + TO™„-2|.4|)-i (Vfc > 0). 
Proof. Since 

|(Z?(m)-v4)"'| - |i?(m)-i(/„-i?(m)-M)-i| 

i:i(m)-i^(D(m)-M)' 
<"VL-(1 + ^) <Kni„-2|.4|)-\ 
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we have the lemma by replacing by + k for ly = 1, . . . , n. 



□ 



14.3. Zeros and poles of connection coefficients. In this subsection we exam- 
ine the c onne ction coefBcients to calculate them in a different way from the one 
given in 



14.1 



First review the connection coefficient c(0 : Ao,2 1 ■ -^1.2) for the solution of Fuch- 

(x^O 1 00 ^ 

sian differential equation with the Riemann scheme < Ao,i A14 A2,i >. Denot- 

[ Ao,2 Ai_2 A2,2 J 

ing the connection coefficient c(0:An2^1:Ai 2) by c(\ ^"'^ ^ ^^'^ ^^'^ \), we have 



/I A oo\ ^0.2 I \ Aq i Ai 1 A2,l 1 \ Ai 2 I / 1 Ao,l Ai 2 A2,l 1 \ Ai.i 

(14.38) Mo = c(| ^ ^ ^ + c(| ^ ^ ^ . 

Aq i Ai,i A2,1 \\ (\ Aq 1— A0.2 Al l— Ai,2 Ao,2+Ai,2+A2,l \\ 

(14 39) ^"'^ ^^'^ ^^'^ J " ^ Ao 2+Ai.2+A2,2 J ' 

= ^(Ao,2 + Ai,2 + A2,i, Ao,2 + Ai,2 + A2,2, Ao,2 ^ Ao,i + 1; 1) 
under the notation in Definition 14.1 . As was explained in the first part of § 14.2 , 
the connection coefficient is calculated from 



(14.40) 
and 

(14.41) 



lim 



/{ Ao,i-n Ai_i+n A2,i \\ 

''^ Ag,2 Al,2 A2,2 ^' 



= 1 



J Ao^i Ai 1 A2,l In 

'\y Ao,2~^Ai,2 A2,2 J ' _ (Ao,2 + Ai,i + A2,2)(Ao,2 + Ai_i + A2,i) 



„|-rAo.i-l Ai,i + 1 A2,i ~l N (Ao,2 - Ao,i + l)(Ai,i — Ai,2) 

1 A0.2 ^ A12 A2,2 \' 



The relation ( 14.4C ) is easily obtained from ( 14.39 ) and ( |l4.24 ) or can be reduced 
to Theorem |14.1C| . 

We wi ll exa mine ( 14.41 ). For example, the relation ( 14.41 ) follows from the 
relation ( |l4.25 ) which is obtained from 

7(7 - 1 - (27 - a - /? - l)x)F{a, /3, 7; x) + (7 - a){-f - P)xF{a, /3, 7 + 1; x) 

= 7(7-l)(l-a:;)F(a,/3,7-l;a;) 
by putting x = 1 (cf. | WW , §14.1]). We may use a shift operator as follows. Since 

-f-i^(a, 7; x) = —F{a + 1, /3 + 1, 7 + 1; x) 
ax 7 



„//l-7 a \ W „,0 I / / 1-7 7-"- 



and 



£«r""^ = (a + /3 - 7)(1 ~ x)^-"-^-i mod (1 



have 



7 ^ $11 }) = ia + P- 7)c({ \ 



which also proves ( 14.41 ) because 

1^ Ao,2 ~^ Al,2 A2,2 J ' I ' 



Ao,2+A 

Ai,2 — Ai.i Ao,2+A 



ai X 

7-a-y3 y3 j 7' 

1,1 +A2.1 \ \ 

1,1+A2,2 J ^ 



// Ao,i — 1 Ai^i + 1 A2,i \\ /] Ao.i — An,2 — 1 

Ao,2 ^ Ai,2 A2,2 " 



Ao,2+Al,2+A2 
Al,2^Ai_i — 1 Ao,2+Al,2+A2,2 



III})' 



Furthermore each linear term appeared in the right hand side of (14.41) has own 
meaning, which is as follows. 

Examine the zeros and poles of the connection coefficient c(| ^^'^ ^ ^]^'^ ^^'^ |). 
We may assume that the parameters Xj^^ are generic in the zeros or the poles. 



WEYL ALGEBRA AND FUCHSIAN DIFFERENTIAL EQUATIONS 



129 



Consider the linear form Ao,2 + Ai,i + A2,2- The local solution Ug"^ corresponding 
to the characteristic exponent A0.2 at satisfies a Fuchsian differential equation of 
order 1 which has the characteristic exponents A2,2 and Ai_i at 00 and 1, respec- 
tively, if and only if the value of the linear form is or a negative integer. In this 
case c(| ^ ^^'^ ^^'^ |) vanishes. This explains the term Ao,2 + Ai_i + A2,2 in the 



numerator of the right hand side of ( 14.41 ). The term Ao,2 + Ai_2 + A2,2 is similarly 
explained. 

The normalized local solution Uq"'^ has poles where Ao,i — Ao,2 is a positive 
integer. The residue at the pole is a local solution corresponding to the exponent 

Ao.2- This means that c(| ^ ^^'^ |) has poles where Ao,i — A0.2 is a positive 

integer, which explains the term Ao,2 — Aq^i + 1 in the denominator of the right hand 



side of (14.41) 



There exists a local solution a(A)it^^'^ +6(A)u^^'^ such that it is holomorphic for 
Aj_j/ and 6(A) has a pole if the value of Ai_i — Ai,2 is a non-negative integer, which 

means c(| ^^'^ ^ ^J'^ ^^^'l |) has poles where Ai,2 — Ai,i is non-negative integer. This 



explains the term Ai^i — Ai,2 in the denominator of the right hand side of ( 14.41 ) 
These arguments can be generalized, which will be explained in this subsection. 
Fist we examine the possible poles of connection coefficients. 

Proposition 14.12. Let Pu = be a differential equation of order n with a regular 
singularity at x — such that P contains a holomorphic parameter A = (Ai, . . . , Ajv) 
defined in a neighborhood of X° = (A°,...,A^) in . Suppose that the set of 
characteristic exponents of P at x — equals {[Aijj^i), • ■ • , [AAr](TnN)} " 
nil + • • • + TTijv o,iT-d 

(14.42) A° 1 := A° - A° e Z>o and X° - X° Z if 1 < i < j < N and j ^ 2. 
Let Uj_i, be local solutions of Pu = uniquely defined by 

(14.43) Mj- ^ = x^^^" mod a;^^+'"^Oo (j = 1, . . . , and v = {),..., nij - 1). 

Note that Uj^u = '^kyQO'k,j,v{^)x^^'^'^'^^ with meromorphic functions ak,j,,^{X) of X 
which are holomorphic in a neighborhood of X° if X2 — Xi X2 i- Then there exist 
solutions Vjj^ with holomorphic parameter X in a neighborhood of X° which satisfy 
the following relations. Namely 

(14.44) Vj^y = u-j^^ < j < N and = 0, . . . , - 1) 
and when X° + mi > A2 + m2, 

vi^i, = (0 < ly < mi), 

(14.45) ^ ^2,,. - uu^+xo ^ ^ „ b^AUl,^ (0 < I. < m2) 

Ai — A2 + Ao 1 , f— ' . Ai — A2 + An 1 



Xl XI + 1 ... A? + A^_i X°i+Xli+m2-l X°i+mi-l 
with the diagram q o o o o 

A^ . . . A^ + m2 - 1 
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which illustrates some exponents and when A J + mi < A2 + 7712, 
(14.46) 

V2,u = ""2,1/ (0 < < 7712), 

vi,u = ui^^~ V - — (0 < < min{mi,A2i}), 

^ — ^ Ai — A2 + -Ao 1 

inax{0,mi— A2 j^}<i<?n2 

Ai - A2 + A2 1 ^ Ai - A2 + A2 1 

' max|u,mi — A2 ^ |<'i<m2 ' 

XI XI + 1 ... A^ + A^i AJ + mi-1 
with Q Q o o 

A^ A^-A^i+mi-1 A§ + m2-l 
o o o 

and here b^j G C. Note that Vj_i, {1 < j < N, Q < v < nij) are linearly independent 
for any fixed X in a neighborhood of X° . 



Proof. See §3.1 and the proof of Lemma 6.5 (and [ |03[ Theorem 6.5] in a more 
general setting) for the construction of local solutions of Pu = 0. 

Note that Uj^i, for j > 3 are holomorphic with respect to A in a neighborhood 
of A = A°. Moreover note that the local monodromy generator AIq of the solutions 
Pu = at a; ~ satisfies njLi(-^o ~ e'^'^^^~^'^^) = and therefore the functions 
(Ai — A2 — A2 i)%> of A are holomorphically extended to the point A = A° for 
j = 1 and 2, and the values of the functions at A = A° are solutions of the equation 
Pu = with A = A°. 

Suppose Ai + mi > A2 + m2- Then Uj_i, (j = 1, 2) are holomorphic with respect 
to A at A = A° and there exist bj,^ e C such that 

and we have the proposition. Here 

W2,.|a=A° = + K,^X^°+^' mod X^°+"^Oo. 

m2 + A° ^<i/<mi 

Next suppose A" + mi < Aj + m2. Then there exist bj^i, € C such that 

((Ai - A2 + A2^l)lil.^)|A=A° = ^ b^^i{u2^t\\=\o) 

max{0,mi — A° ^}<?'<m2 

{0 < ly < min{mi, A2^i}), 
uim\\=\'' = ^ b^^i{u2j\\=\o) {X^j <y< mi) 

max{0,mi — A2 j^}<2<m2 

and we have the proposition. □ 
The proposition implies the following corollaries. 



Corollary 14.13. Retain the notation and the assumption in Proposition 14.12. 

i) Let Wj{X,x) be the Wronskian of Uj_i, . . . ,Uj^rnj for j ~ 1,...,N. Then 
(Ai — A2 + A2 1)^^ Wi(A) and Wj{X) with 2 < j < N are holomorphic with respect 
to X in a neighborhood of X° by putting 

(14.47) li — maxjO, min{mi, m2, A2 1, A2 1 + m2 — mi}}. 
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ii) Let 

N rrij 

Wk = y^y^ "j.i^,fc(A)Mj,^,fc 

j=l iy=l 

be a local solution defined in a neighborhood of with a holomorphic X in a neigh- 
borhood of X° . Then 



(Ai - A2 + \l,Y'- dct(a,.,,fe(A))i<,<„^ 



l<k<mj 

with 

£2,1 = niaxjO, niin{mi — A2 ^,TO2}}, 
< £2,2 = niin{mi, 7712}, 
Mj^O {3<j<N) 
are holomorphic with respect to X in a neighborhood of X° . 

Proof, i) Proposition 14.12| shows that Uj^i, (2 < j < N, < v < ruj) are holo- 
morphic with respect to A at A°. The functions ui^^, for niin{77ii, A2 1} < < 77ii 
are same. The functions ui_i, for < < min{777i, A2 1} may have poles of order 1 
along A2 — Ai = X2 I and their residues are linear combinations of U2.i\\2=Xi+\? 1 
with max{0, 7711 — A2 1} < i < 7772. Since 

min{#{i/ ; < 7^ < min{777i, Aj 1}}, #{« ; max{0, nii — X2 1} < i < ^2}} 
= maxjO, min{777i, A21, 7(7,2, ^2 — r77i + Aj j}} , 
we have the claim. 

ii) A linear combination of Vj^^, (1 < J < A^, < v < nrij) may have a pole of 
order 1 along Ai — A2 + Aj ^ and its residue is a linear combination of 

("1,1.+ X! fel.+A|,,iWl,i)|A2=Ai+A5 , (A2_i < 7/ < min{777l,7772 + A2_i}), 

m2-{-y^% -i^<i<mi 

(U2,u+ X] &i.+A°i,iU2,j)|A2=Ai + A§i (0 < 7^ < 777,1 - A2,i), 

max{0,mi — A2 i}^i<^^^i2 

fei/,jM2,i|A2=Ai+A° 1 (0 < 7^ < min{?77i, Aa^i}). 

max{0,mi— A2 j^}<z<m2 

Since 

; A2 1 < < min{777i, 7772 + A2 1}} = max{0, min{777i — Aj 1, 7712}}, 
< 1/ < 7771 - A^ i} 
+ min{:/^{i; max{0,?77i — A2 1} <i < 7772}, < < minl^^ii, A2 1}}} 

= min{r)7,i, 7772}, 

we have the claim. □ 

Remark 14.14. If the local monodromy of the solutions oi Pu = at a; = is locally 
non-dcgencratc, the value of (Ai — A2 + A2 iY'^Wi{X) at A = A° does not vanish. 

Corollary 14.15. Let Pu ^ be a differential equation of order n with a regular 
singularity at x = such that P contains a holomorphic parameter X ~ (Ai, . . . , Ajv) 
defined on C^. Suppose that the set of characteristic exponents of P at x = equals 
{[Ai](mi): • • ■ 7 [AAr](mN)} ''^^^^ — "^1+' ' ■+mN. Let Uj^n be the solutions of Pu = 
defined by (pA43|). 



132 



TOSHIO OSHIMA 



i) -Le^ M^i (x, A) denote the ]^ro7iskicL7i of vl\^\^ , . . ^u\^rn\- 

Then 



(14.48) 



is holomorphic for A £ C^. 
ii) Let 



(14.49) 



Wfc(A) = ^^aj,^,fe(A)uj^,. (1 < fc < mi) 



be local solutions of Pu = defined in a neighborhood of which have a holomor- 
phic parameter A G C^. Then 



(14.50) 



det(ai,^,fe(A))^<^<„^ 



l<A:<mi 



Ilf=2 ni<i/<min{mi,m,} ^(Aj - Ai - 771i + I') 

is a holomorphic function of X E . 



Proof Let A° i € Z. The order of poles of ( |l4-48[ ) and that of ( |14.50| ) along 
Xj — Ai = A° 1 are 

; < < nim{mi, mj} and mi — A° i — < 0} 
= ; max{0,mi — A°i} < < min{7Tii, mj}} 



maxjO, min{7Tii, m^ , A° i, A° i + ruj — mi}} 



and 



; 1 < < min{mi, m^} and A° i — mi + h' < 0} 
= maxjO, miii{mi, nij, mi — A° i}}, 
respectively. Hence Corollary |14.13| assures this corollary. 



□ 



Remark 14.16. The product of denominator of ( 14.48 ) and that of ( 14.50 ) equals 
the periodic function 



N 



J=2 



siii(Ai — Xj)7r 



min{7ni ,mj } 



Definition 14.17 (generalized connection coefficient). Let PmU = be the Fuch- 
sian differential equation with the Ricmann scheme 



(14.51) 



X = Co — Ci = 1 C2 

[^0,l](mo,l) [-^l,l](>ni,i) [A2,l](m2,i) 



Up 



[Ap, 



i-l(™p,i) 



,[Ao ,'no]{mo,ng) [Al,ni](mi_„j) [A2,n2 ] (m2,„2 ) 

,np](inp^„ ) J 



We assume C2,...,Cp_i ^ [0,1]. Let u^"^"'^'' (1 < < no, < k < mo^^) and 



Ml (1 < < Til, < /c < mi^^) be local solutions of PmU = such that 



(14.52) 



mod a;^« ''+™°''''Oo, 



Ai,„ + fc 



(1 - a;)^i-+'= mod (1 - x)^^--+"'^-- Oi. 
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They are uniquely defined on (0, 1) C M when Aj.i/ — Xj^i,' ^ Z for j ^ Q, I and 



1 < 1/ < ly' < rij . Then the connection coefficients (A) are defined by 



(14.53) 



Ao,„ + fc 



J2 ^^^fe*" W^i!^' 



Note that (A) is a meromorphic function of A when m is rigid. 

Fix a positive integer n' and the integer sequences 1 < < 1^2 < 
and 1 <v\ < v\ < ■ ■ ■ < v\, < ni such that 

(14.54) n' = niQ ^o H h hiq ^o = m^ ,,! H h m^^^l, ■ 

Then a generalized connection coefficient is defined by 
(14.55) 



The connection coefficient defined in ^14.1 corresponds to the case when n' = 1 



Remark 14.18. i) When mo,i ~ rni i. Corollary |14.15| assures that 

c(0 : [Ao,i](mo,i) 1 : [Ai,i](mi.i)) 

]^ r(Ao,i - Ao,j + mo^ - /c) • Y\_ r(Aij - Ai,i - mi,i + fc) 



2<i<no 
0<fc<min{mQ 1 , mo,j } 



2<j<ni 
0</i:<min{mi 1 , rrii j } 



is holomorphic for G C. 

ii) Let til, . . . be generic solutions of PmU = 0. Then the generalized con- 
nection coefficient in Definition 14.17 corresponds to a usual connection coefficient 
of the Fuchsian differential equation satisfied by the Wronskian of the n' func- 
tions The differential equation is of order ("/)■ In particular, when 
n' = n — 1, the differential equation is isomorphic to the dual of the equation 
Pm = (cf. Theorem 3.19) and therefore the result in § p_4.1| can be applied to the 
connection cocfRcicnt. The precise result will be explained in another paper. 

Remark 14.19. The following procedure has not been completed in general. But we 
give a procedure to calculate the generalized connection coefficient (14.55), which 
we put c(A) here for simplicity when m is rigid. 

(1) Let e = (fij,!/) be the shift of the Riemann scheme {Am} such that 



(14.56) 



eo,. = -1 (i^ e {1, 2, . . . , no} \ {z/?, . . . , 1^°}), 



{v e {1,2,. 

(otherwise) 



,ni}\{j/ii,...,i/i,}). 



Then for generic A we show that the connection coefficient ( 14.55| ) converges 
to a non-zero meromorphic function c(A) of A by the shift {Am} {(-^ + 
fce)m} when Z>o 9 fc — >■ 00. 
(2) Choose suitable linear functions bi{X) of A by applying Proposition 14.12| 

or Corollary plT5| to c(A) so that e(A) := n»=i r(?'i(A)) • c(A)c(A)-i is 



holomorphic for any A. 
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In particular, when L = L' = 1 and i^" = z/J^ = 1, we may put 

no 

{h} = IJ {Ao,i - Ao,j + mo,i -v;0<iy< min{mo,i, "loj}} 
i=2 

ni 

U \^ — Ai,i — mi l + V ] 1 < V < min{mi^i, mij}}. 

(3) Find the zeros of e(A) some of which are explained by the reducibility or the 
shift operator of the equation PmU = and choose linear functions Ci(A) of 

A so that /(A) := Jlili r(ci(A)) • e(A) is still holomorphic for any A. 

(4) If TV = TV' and Y.i M>^) = Ei c,(A), Lemma |l4.20l assures /(A) = c(A) and 

is a rational function of A, which follows from the existence 



(14.57) 



because 

of a shift operator assured by Theorem [13.2 



Lemma 14.20. Let f{t) be a meromorphic function o/ f G C such that r{t) 
J}\\-, is a rational function and 

(14.58) lim f{t + k) = l. 

Then there exists N € Z>o and bi, ci G C for i ~ I, . . . ,n such that 

(14.59) 6iH \-bN = ci-\ \-CN, 



(14.60) 



fit) 



n,Lr(t- 



Moreover, if f{t) is an entire function, then f{t) is the constant function 1. 
Proof. Since limi;_5.oo r{t + fc) = 1, we may assume 



r{t) 



and then 



Since 



f{t + n). 



lim 



r(x), 



the assumption implies (14.59) and ( |14.60 ). 

We may assume bi ^ Cj iov 1 < i < N and 1 < j < TV. Then the function ( 14.60| ) 
with ( |14.59D has a pole if TV > 0. □ 

We have the following proposition for zeros of c(A). 
Proposition 14.21. Retain the notation in Remark 14.P\ and fix A so that 
(14.61) Xj,^ - Xj^^' Z (j = 0, 1 and <v <v' <nj). 

i) The relation c(A) = Q is valid if and only if there exists a non-zero function 



0<A;<mo,i^ 

on (0, 1) with C^,k, C'^j. G 



ue{i,...,ni}\{ul...y^,} 

0<fc<mi „ 
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ii) Fix a shift e ~ {^j,u) compatible to m and let i?m(e, A) he the shift operator 
in Theorem 13.2. Suppose i?m(e, A) is bijective, namely, Cm(e;A) 7^ (cf. Theo- 
rem 



13.8). Then c(A + e) = Q if and only if c{\) = 



Proof. Assumption (14.6l[) implies that {u^^'"^^} and {u\^ "^^} define sets of basis 



of local solutions of the equation Pm" = 0. Hence the claim i) is clear from the 
definition of c(A). 

Suppose c(A) = and i?m(e,A) is bijective. Then applying the claim i) to 
Rm{e^ X)v, we have c(A + e) = 0. If i?m(e, A) is bijective, so is i?m(— e, A + e) and 
c(A + e) = implies c(A) =0. □ 

Corollary 14.22. Let m = m' © m" be a rigid decomposition of m such that 



(14.62) 



E 



> 



E 



i.gK,...,^'"} 



u(^{u\,...,ul,} 



Then r(|{Ar„'}|) ■ c(A) is holomorphic under the condition (14.61) 



Proof. When |{Am'}HO, we have the decomposition P^ ~ Pm"Pm' and hence 
c(A) = 0. There exists a shift e compatible to m such that X]j=o i^^j-i' — 1- 

Let A be generic under \{\m}\ = a nd |{A m'}| S Z \ {0}. Then Theorem p^ ) ii) 
assures Cm(e; A) 7^ and Proposition 14.21 proves the corollary. □ 



Remark 14.23. Suppose that Remark 14.19 (1) is established. Then Proposi- 
tion 14.12 and Proposition 14.21 with Theorem 13.8 assure that the denominator 
and the numerator of the rational function which equals ^^^'^^^ are products of cer- 



&i(A) and Ci(A) of A satisfying Y.^=i Y.i=i Ci(A) 



tain linear functions of A and therefore ( 14.57 ) is valid with suitable linear functions 



Example 14. 24 ( generalized hypcrgcomctric function). The gene ralized hypc rge- 
ometric series (1/7) satisfies the equation P„(a;/3)u = given by ( 15.21 ) and [Kh 
§4.1.2 Example 9] shows that the equation is isomorphic to the Okubo system 

(14.63) 



with 



0/ 



\ du 
I dx 



12,1 



^ Ctn.l 



n-3 1 

— C2 — ci + (n— 2) . 



Ml 



, M = ui and ai, = /3^. 



Let us calculate the connection coefficient 

c(0:0^ l:-/3„) = lim (l-x-)^"„K-i(ai, . • . , a„; . . . , /3„_i; x) (Re/3„>0). 

a:— >1 — 



Applying Theorem 14.10 to the system of Schlesinger canonical form satisfied by 
Ad((l — x)''"), the connection coefficient satisfies Remark 14.19| i) with c(A) = 1, 
namely, 



(14.64) 



lim c(0:0 1 : -^„)U,^q .+fc, (i<i<n) 

k — ^-|-oo 



Then Remark 14.19 ii) shows that IljLi ^if^j ) ^ ' ^(0 : ^ 1 : — /3„) is a holomorphic 
function of (a,^) € C"+("~i). 
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Corresponding to the Riemann scheme (1.8), the existence of rigid decomposi- 
tions 

n n n—1 i n—1 i 

T'^;n- 11;T'^=0^^1;10;0---1 •••Oel~^0;n - ll;l---0---l 

for J = 1, . . . , 71 proves that n"=i r(ai) • 0^=1 ^{Pj)^^ ' ^(0 : 1 : — /?„) is also 

c(0:0^ 1 :-/?„) 



entire holomorphic. Then the procedure given in Remark 14.19 

(14.65) c(0:0^1:-/3„)= V 

We can also prove ( |14.65| ) as in the following way. Since 



assures 



-^F{a]P]x) = ' ' F{ai + 1, . . . , a„ + 1; /3i + 1, . . . , /3„-i + 1; x) 
ax Pi---Pn-i 



and 



{l-x) ^"(l + (l-a;)Oi) =/3„(l-x) '{l + {l~x)Oi) 



dx 



we have 



c(0:0^1:-^„) 



ai...ar. 



c(0:0 l:-/3n)|Qj>-»Qj+i, fti-^^ij+i pi . . .f3n' 
which proves ( pZ65| ) because of ( pZ6^ ). 



A further study of generalized connection coefficients wi ll be d evel oped in another 
paper. In this paper we will only give some examples in § 15.5 and § 15.7.5 . 



15. Examples 

When we classify tuples of partitions in this section, we identify the tuples which 
are isomorphic to each other. For example, 21, 111, 111 is isomorphic to any one of 
12, 111, 111 and 111,21, 111 and 21,3, 111, 111. 

Most of our results in this note are constructible and can be implemented in 
computer programs. Several reductions and constructions and decompositions of 
tuples of partitions and connections coefficients associated with Riemann schemes 
etc. can be computed by a program okubo written by the author (cf. j |15.11 ) 



In § pH| and ^15^ we list fundamental and rigid tuples respectively, most of 
which are o btai ned b y the program okubo. 

In § 15. S and § 15.4 we apply our fractional calculus to Jordan- Pochhammer equa- 



tions and a hypcrgconictric family (generalized hypergeometric equations), respec- 
tively. Most of the results in these sections are known but it will be useful to 
understand our unifying interpretation and apply it to general Fuchsian equations. 

I n §|l5.5 we study an even family and an odd family corresponding to Simpson's 
list [ojl . The differential equations of an even family appear in suitable restrictions 
of Heckman-Opdam hypergeometric systems and in particular the explicit calcula- 
tion of a connection coefficient for an even family was the original motivation for 
the study of Fuchsian differential equations developed in this note (cf. [pS|). We 
also calculate a generalized connection coefficient for an even family of order 4. 

In §15.7, § 15. 8| and §15. £ we study the rigid Fuchsian differential equations of 
order not larger than 4 and those of order 5 or 6 and the equations belonging 
to 12 maximal series and some minimal series classified by [Elo| which include 
the equations in Yokoyama's list [Vo|. We list sufficient data from which we get 
some connection coefficients and the necessary and sufficient conditions for the 



irreducibility of the equations as is explained in §15.9.2. 

In j |l5^ we give some interesting identities of trigonometric functions as a con- 
sequence of the explicit value of connection coefficients. 
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We examine Appell hypergeometric equations in §15.10, which will be further 
discus sed in another paper. 

In §15.11 we explain computer programs okubo and a library of risa/asir which 
calculate the results described in this paper. 

15.1. Basic tuples. The number of basic tuples and fundamental tuples (cf. Def- 
inition B.14 ) with a given Pidx arc as follows. 



Pidx 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


^ fund, tuples 


1 


4 


13 


36 


67 


103 


162 


243 


305 


456 


578 


720 


# basic tuples 





4 


13 


36 


67 


90 


162 


243 


305 


420 


565 


720 


^ basic triplets 





3 


9 


24 


44 


56 


97 


144 


163 


223 


291 


342 


# basic 4-tuples 





1 


3 


9 


17 


24 


45 


68 


95 


128 


169 


239 


maximal order 


6 


12 


18 


24 


30 


36 


42 


48 


54 


60 


66 


72 



Note that if m is a basic tuple with idxm < 0, then 

(15.1) Pidxfcm= l + fc^(Pidxm-l) (fc=l,2,...). 

Hence the non-trivial fundamental tuple m with Pidx m < 4 or cquivalcntly idx m > 
—6 is always basic. 

The tuple 2m with a basic tuple m satisfying Pidx m = 2 is a fundamental tuple 
and Pidx 2m = 5. The tuple 422,44,44,44 is this example. 



15.1.1. Pidxm = 1. There exist 4 basic tuples: (cf. |Ko3], Corollary 8.3) 
LI4: 11,11,11,11 Ee: 111,111,111 Er- 22,1111,1111 E^: 33,222,111111 
They arc not of Okubo type. The tuples of partitions of Okubo type with 

minimal order which arc reduced to the above basic tuples are as follows. 

D4: 21,21,21,111 Ea: 211,211,1111 Et. 32,2111,11111 E^: 43,322,1111111 

The list of simply redu cible tuples of partitions whose indices of rigidity equal 
is given in Example 



8.17 



We list the number of realizable tuples of partitions whose indices of rigidity 
equal according to their orders and the corresponding fundamental tuple. 



ord 


11,11,11,11 


111,111,111 


22,1111,1111 


33,222,111111 


total 


2 


1 








1 


3 


1 


1 






2 


4 


4 


1 


1 




6 


5 


6 


3 


1 




10 


6 


21 


8 


5 


1 


35 


7 


28 


15 


6 


1 


50 


8 


74 


31 


21 


4 


130 


9 


107 


65 


26 


5 


203 


10 


223 


113 


69 


12 


417 


11 


315 


204 


90 


14 


623 


12 


616 


361 


205 


37 


1219 


13 


808 


588 


256 


36 


1688 


14 


1432 


948 


517 


80 


2977 


15 


1951 


1508 


659 


100 


4218 


16 


3148 


2324 


1214 


179 


6865 


17 


4064 


3482 


1531 


194 


9271 


18 


6425 


5205 


2641 


389 


14660 


19 


8067 


7503 


3246 


395 


19211 


20 


12233 


10794 


5400 


715 


29142 
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15.1.2. Pidxm 
tion 8.41): 



2. There are 13 basic tuples (of. Proposition 3.10, [06, Proposi 



+2:11,11,11,11,11 
4:1111,22,22,31 
5:11111,221,221 
*8:22211,2222,44 
*12:2222211,444,66 

Here the number preceding to a tuple is the order of the tuple and the sign * means 



3:111,111,21,21 
4:1111,1111,211 
6:111111,2211,33 
8:11111111,332,44 



*4:211,22,22,22 

5:11111,11111,32 
*6:2211,222,222 
10:22222,3331,55 



that the tuple is the one given in Example 3.51 (D^^"'\ 
the sign + means d{m) < 0. 

15.1.3. Pidxm = 3. There are 36 basic tuples 



(m) p(m) 



E';"> and-B^"^) and 



+2 


11,11,11,11,11,11 


3 


111,21,21,21,21 


4 


22,22,22,31,31 


+3 


111,111,111,21 


+4 


1111,22,22,22 


4 


1111,1111,31,31 


4 


211,211,22,22 


4 


1111,211,22,31 


*6 


321,33,33,33 


6 


222,222,33,51 


+4 


1111,1111,1111 


5 


11111,11111,311 


5 


11111,2111,221 


6 


111111,222,321 


6 


111111,21111,33 


6 


21111,222,222 


6 


111111,111111,42 


6 


222,33,33,42 


6 


111111,33,33,51 


6 


2211,2211,222 


7 


1111111,2221,43 


7 


1111111,331,331 


7 


2221,2221,331 


8 


11111111,3311,44 


8 


221111,2222,44 


8 


22211,22211,44 


*9 


3321,333,333 


9 


111111111,333,54 


9 


22221,333,441 


10 


1111111111,442,55 


10 


22222,3322,55 


10 


222211,3331,55 


12 


22221111,444,66 


*12 


33321,3333,66 


14 


2222222,554,77 


*18 


3333321,666,99 



15.1.4. Pidxm = 4. There 

+2:11,11,11,11,11,11,11 

+4:22,22,22,22,31 

+3:111,111,111,111 
4:211,211,211,22 
5:11111,221,32,41 
5:221,221,32,32 

+6:222,33,33,33 

*8:431,44,44,44 
5:11111,2111,2111 
6:111111,111111,411 
6:111111,2211,321 
7:1111111,322,331 
7:22111,2221,331 
8:2222,2222,431 
9:33111,333,333 
9:222111,333,441 

10:1111111111,433,55 

10:222211,3322,55 

12:33222,3333,66 

12:111111111111,552,66 

14:22222211,554,77 

16:333331,5551,88 
*24: 4444431, 888, cc 



are 67 basic tuples 

3:21,21,21,21,21,21 
4:211,22,22,31,31 
+4:1111,1111,22,31 
4:1111,211,211,31 
5:221,221,221,41 
6:3111,33,33,33 
6:222,33,33,411 
8:11111111,44,44,71 
+6:111111,111111,33 
6:111111,222,3111 
6:2211,33,33,42 
7:2221,2221,322 
8:11111111,3221,44 
8:2111111,2222,44 
9:3222,333,333 
9:111111111,441,441 
10:1111111111,4411,55 
12:222111111,444,66 
12:222222,4431,66 
12:3333,444,552 
15:33333,555,771 
18:33333111,666,99 



+3:111,111,21,21,21 
4:1111,22,31,31,31 
4:1111,211,22,22 
5:11111,11111,41,41 
5:11111,32,32,32 
6:2211,2211,2211 
6:2211,222,33,51 
5:11111,11111,221 

+6:111111,222,222 
6:21111,2211,222 
7:1111111,1111111,52 
7:1111111,22111,43 
8:11111111,2222,53 
8:221111,22211,44 
9:22221,22221,54 

10:22222,33211,55 

10:2221111,3331,55 

12:333111,3333,66 
*12:4431,444,444 

14:33332,4442,77 
* 16: 44431, 4444, 88 

18:3333222,666,99 



Here a, b, c, . . . represent 10,11,12,..., respectively. 

15.1.5. Dynkin diagrams of basic tuples whose indices of rigidity equals —2. We 
express the basic root am for Pidx m = 2 using the Dynkin diagram (See ( pTll ) for 
Pidxm =1). The circles in the diagram represent the simple roots in suppofm and 
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two circles are connected by a line if the inner product of the corresponding simple 
roots is not zero. The number attached to a circle is the corresponding coefficient 
n or rij^i, in the expression ( 9.f 2| ). 

For example, if m = 22, 22, 22, 21f , then = 4ao + 2ao,i + 2ai,i + 2a2,i + 
2q;3^i + q;3.2, which corresponds to the second diagram in the following. 

The circle with a dot at the center means a simple root whose inner product 
with ttjn does not vanish. Moreover the type of the root system n(m) (cf. (9.47)) 
corresponding to the simple roots without a dot is given. 



2 

o 




11,11,11,11,11 5^1 

01 



1 

o 



02 



o — (y — o — o 



02 

22,22,22,211 Di + Ai 
02 



O — o — O O — o — o 



Oi 

21,21,111,111 As 



1 

-o 



4 

o 



02 



04 



-o- 



02 

31,22,22,1111 De 

01 



4 

-o 



2 



222,222,2211 Ea + Ai 



1 1 

-o o 



01 



2 

-o- 



3 

-o- 



02 



o- 



3 

-o 



2 

-o 



1 

-o 



211,1111,1111 A7 + A1 



1 

o 



3 

-o 



03 



-o- 



4 

o 



3 

o 



221,221,11111 D7 
04 



2 

o 



1 

o 



4 
-0 



4 

-o 



6 
-0 



8 

-o 



6 

-0 



4 

-0 



2 

o 



1 

-o 



44,2222,22211 £7 + ^1 



7 

-o 



05 



10 



8 

-o 



o 

55,3331,22222 Es 
02 



6 

-o 



2 



4 

o 



1 

-o 



2 

-o 



1 

o 



2 

-o 



3 

-o- 



4 

-o- 



32.11111,111111 Ag 



4 

-o 



3 

-o- 



2 

-o- 



1 

-o 
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1 

o 



4 

o 



2 



2 



8 

o 



4 

-o- 



03 
6 

-o- 



5 

-o- 



4 

-o- 



33,2211,111111 Ds+^i 
06 



-o 



12 



10 

o 



8 

o 



6 

-o 



66,444,2222211 + 
04 



5 

-o 



8 

-o- 



7 

O 



6 

o 



5 

-o 



4 

o 



3 

-o 



4 

-o 



3 

o 



2 

o 



2 



1 

-o 



1 

-o 



2 

o 



1 

-o 



44,332,11111111 Dio 



15.2. Rigid tuples. 

15.2.1. Simpson's list. Simpson classified the rigid tuples containing the par 
tition 11 • • • 1 into 4 types (Simpson's list), which follows from Proposition 
They are E02nn E02m+i and Xq in the following table. 



8.ie 



See Remark 3.11 ii) for [A(m)] with these rigid tuples m. 

The simply reducible rigid tuple (cf. §8.5) which is not in Simpson's list is iso- 
morphic to 21111,222,33. 



order 


type 


name 


partitions 


n 


Hn 


hypergeometric family 


l",l",n- 11 


2m 


E02rn 


even family 


1"^'", mm — 11, mm 


2m + 1 


E02m+l 


odd family 


yim+i ^ mml, m + Im 


6 


^6 = 76,2 


extra case 


111111,222,42 


6 


76,6 




21111,222,33 


n 


Pn 


Jordan Pochhammer 


11,71- 11,... e -p^^'i 



Hi = EOi, H2 = EO2 = P2, H3 = EO3 



(n) 

15.2.2. Isomorphic classes of rigid tuples. Let T^p+i be the set of rigid tuples in 

Vll\. Put 7^p+l = Ur=i<+i, ^^"^ = Ur=2<+i and 7^ = Ur=i^^"^- The sets 

of isomorphic classes of the elements of 7?.^"^ (resp. TZp+i, 7?.^"^ and TZ) are denoted 

'^p+i (resp. ■^p+i, H^"^ and H). Then the number of the elements of 1Z^^^ are as 
follows. 



n 






n 


#^(") 




71 


#^(") 




2 


1 


1 


15 


1481 


2841 


28 


114600 


190465 


3 


1 


2 


16 


2388 


4644 


29 


143075 


230110 


4 


3 


6 


17 


3276 


6128 


30 


190766 


310804 


5 


5 


11 


18 


5186 


9790 


31 


235543 


371773 


6 


13 


28 


19 


6954 


12595 


32 


309156 


493620 


7 


20 


44 


20 


10517 


19269 


33 


378063 


588359 


8 


45 


96 


21 


14040 


24748 


34 


487081 


763126 


9 


74 


157 


22 


20210 


36078 


35 


591733 


903597 


10 


142 


306 


23 


26432 


45391 


36 


756752 


1170966 


11 


212 


441 


24 


37815 


65814 


37 


907150 


1365027 


12 


421 


857 


25 


48103 


80690 


38 


1143180 


1734857 


13 


588 


1177 


26 


66409 


112636 


39 


1365511 


2031018 


14 


1004 


2032 


27 


84644 


139350 


40 


1704287 


2554015 
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15.2.3. Rigid tuples of order at most 8. We show all the rigid tuples whose orders 
are not larger than 8. 



2 : 


•11 11 11 ('ffo- naiic;=;~l 






3: 


1111,111,21 {H^:zF2) 


3: 


:21,21,21,21 (P3) 


4 : 


■1111 1111 31 ( R, ■ A Fol 


4; 


■1111 911 99 (ED A- even"! 


4 : 


■911 911 911 (R, TT-i rv^") 


4; 


■911 99 31 31 ( Ta 


4: 


: 22, 22, 22, 31 (^4,4) 


4 : 


■•^1 '^1 '^1 '^1 '^1 ( p,) 


5: 


:11111, 11111, 41 {H5 : 5F4) 


c . 

■ 


•11111 991 "^9 (KOr- CicicW 


5: 


:2111,2111,32 (C5) 


5 ; 


•9111 991 "^1 1 r TTTo") 


5: 


:221,221,221 (as) 


c . 


■991 991 d1 d1 f' /c'i 


5: 


: 221, 32, 32, 41 


c . 


■■^ll "^11 "^9 d1 iJ^ \W^\ 


5: 


132,32,32,32 (^4,5) 


c . 


■•^9 "^9 d1 d1 d1 /'A/r'\ 


5: 


:41, 41, 41, 41, 41, 41 (P5) 






6: 


1111111,111111,51 {He : eFs) 


6 ; 


■mill 222 42 f — Xr- extra") 


6: 


; mill, 321, 33 {EOq: even) 


6: 


:21111,2211,42 (£;6) 


6; 


121111,222,33 (76,6) 


6; 


:21111,222,411 (i^g, IV) 


6:21111,3111,33 (Ce) 


6 ; 


■ 991 1 991 1 ■^■^ I'flc'l 

iZ.Z.XX]Z.Z.XX]00 \/-'D/ 


6; 


12211,2211,411 (G6) 


D . 


■ 991 1 "^91 "^91 
. zzxx ,oz± ,oz± 


6: 


: 222, 222, 321 (ag) 


fi ■ 


■ 999 "^1 1 1 "^91 


6: 


:3111, 3111, 321 (^6, II3) 


c . 
. 


■ 991 1 999 1^1 1^1 ('7^^^ 


6: 


12211,33,42,51 


c . 

D , 


•999 "^"^ "^"^ 


6; 


1222,33,411,51 


p. ' 




6: 


: 321, 321, 42, 51 


U . 


. Q01 A9 A9 A9 

. OZX j^Z 


6: 


: 33, 33, 33, 42 (^4,6) 


G . 
U . 


• '^'^ '^'^ A1 1 A9 


6; 


133,411,411,42 


c . 

D , 


•d11 d11 d11 d9 ( Afr^ TV* 


6: 


:33,42,42,51,51 {Me) 


D . 


■ "^91 "^"^ f^l f^l f^l /' TCr^\ 


6: 


:411,42,42,51,51 


C . 
D . 


•R1 R1 R1 R1 R1 1^1 f^l ( Pn') 


7: 


:1111111, 1111111, 61 {Hj) 


7 . 


•1111111 "^"^l A"^ (' J^O^\ 
, 1111111 jOoi J 'lO 1 Jiv Lyy ) 


7: 


:211111,2221,52 {Dr) 


7 . 


•911111 "^99 d*^ I'o/^'l 
.ziiiiijOZZj'xo 1 17 J 


7: 


:22111, 22111, 52 (£'7) 


7 ; 


■ 991 1 1 9991 R1 1 ( F't'I 

iZZllljZZZljvJll \J- 7 1 


7: 


: 22111, 3211, 43 


7 . 


• 991 1 1 '^'^1 d91 

. ZZlll f 00 J. j'xZl 


7: 


:2221,2221,43 (^7) 


7 . 


• 9991 "^1111 d*^ 
. zzzi ,01111 , ^0 


7: 


: 2221, 322, 421 


7 . 


•9991 '^'^1 '^'^1 

. ZZZl jOOl jOOl 


7; 


12221,331,4111 


7 . 


• ■^1111 "^1111 d*^ (r^^\ 

.01111 ,01111 f tO I J 


7: 


:31111,322,421 


7: 


:31111, 331, 4111 (B7, III3) 


7: 


: 3211, 3211, 421 


7: 


: 3211, 322, 331 


7: 


13211,322,4111 


7; 


:322,322,322 ((17) 


7: 


:2221,2221,61,61 (J7) 


7; 


: 2221, 43, 43, 61 


7: 


:3211,331,52,61 


7; 


:322,322,52,61 


7: 


: 322, 331, 511, 61 


7: 


: 322, 421, 43, 61 


7: 


: 322, 43, 52, 52 


7: 


: 331, 331, 43, 61 


7; 


1331,43,511,52 


7; 


:4111,4111,43,61 {It, IIIJ) 


7: 


:4111,43,511,52 


7: 


: 421, 421, 421, 61 


7: 


: 421, 421, 52, 52 


7: 


: 421, 43, 43, 52 


7: 


143,43,43,43 (^4,7) 


7; 


: 421, 43, 511, 511 


7: 


1331,331,61,61,61 (L7) 


7; 


: 421, 43, 52, 61, 61 


7: 


: 43, 43, 43, 61, 61 


7; 


: 43, 52, 52, 52, 61 
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7:511,511,52,52,61 (Nj) 
7:52,52,52,61,61,61 (Mj) 



11111111,11111111,71 (Hs) 
2111111,2222,62 (Dg) 
2111111,422,44 
221111,2222,611 (Fg) 
221111,332,44 (73) 
22211,22211,611 (Gs) 



22211,3311,44 



22211,41111,44 

22211,44,53,71 

2222,32111,53 

2222,3311,521 

2222,422,431 

311111,332,521 

32111,32111,53 

32111,3311,521 

32111,422,431 

3221,3311,5111 

332,332,332 (ag) 



332,41111,422 
3221,4211,431 
3311,332,422 



3311,4211,422 

41111,4211,422 

22211,2222,71,71 (Jg) 

3221,332,62,71 

3221,44,62,62 

3311,332,611,71 

3311,44,611,62 

332,431,44,71 



332,53,53,62 
41111,44,611,62 
4211,44,611,611 
422,422,44,71 



422,431,62,62 
431,44,44,62 



422,53,53,611 
431,521,53,62 
44,5111,521,62 
44,521,53,53 



5111,521,53,611 

332,332,71,71,71 

4211,44,62,71,71 

431,53,53,71,71 

44,53,611,62,71 

521,53,62,62,71 

53,62,62,62,62 

53,53,62,71,71,71 

611,62,62,62,71,71 (Mg) 



7:43,43,61,61,61,61 (/-sTy) 
7:61,61,61,61,61,61,61,61 (P7) 



11111111,431,44 (SOg) 

2111111,332,53 

221111,22211,62 {Eg) 

221111,3311,53 

221111,4211,44 

22211,3221,53 

22211,332,521 

22211,431,431 

2222,2222,53 iPs,2) 



2222.3221,44 (/3g,4) 



2222,332,5111 
311111,3221,53 
311111,41111,44 (Cg) 
32111,3221,44 



32111,332,5111 

3221,3221,521 

3221,332,431 



332,332,4211 



332,4211,4211 
3311,3311,431 



3221,422,422 
41111,41111,431 (Bg, Ih) 
4211,4211,4211 
2222,44,44,71 



3221,44,521,71 

3311,3311,62,71 

3311,431,53,71 

332,422,53,71 

332,44,611,611 

41111,44,5111,71 (/g, III) 

4211,422,53,71 

4211,53,53,62 

422,431,521,71 

422,44,53,62 



431,44,53,611 



431,431,611,62 
44,44,44,53 (^4,8) 



44,521,521,611 

5111,5111,53,62 

521,521,521,62 

332,44,62,71,71 

422,44,611,71,71 

44,44,62,62,71 



521,521,53,71,71 
53,53,611,611,71 
611,611,611,62,62 (A^g) 
431,44,71,71,71,71 (i^g) 
71,71,71,71,71,71,71,71,71 (Pg) 



Here the underlined tuples are not of Okubo type (of. (13.33)) 



WEYL ALGEBRA AND FUCHSIAN DIFFERENTIAL EQUATIONS 



143 



The tuples EOn and Xq are tuples in Simpson's list. The series An = EOn, 
Bn, Cm Dn, En, En, G2m, In, Jn, Kn, L2m+i, Mn and Nn are given in md and 
called submaximal series. The Jordan-Pochhammer tuples are denoted by P„ and 
the series Hn and P„ are called maximal series by 
6n are given in [Ro| and called minimal series. See | 



jRof. The series an,/3n,7n and 



15.9 for these series introduced 



by |Ro|. Then 6n = Pi,n and they arc generalized Jordan-Pochhammer tuples 
(cf. Example |l2^ and § |15.9 131). M oreover II„, II^, III„, IIi;, IV and IV* are in 
Yokoyama's hst in (cf. [ |15 9.15| ). 



Hierarchy of rigid triplets 




31^22l,21^ 321,31^2^ 



2'1,2^1,2^1 ^ 321,321,221^ 



Here the arrows represent certain operations de of tuples given by Definition 7.6 



15.3. Jordan-Pochhammer family. P„ 



We have studied the the Riemann scheme of this family in Example 2.8 iii). 
m=(p-ll,p-ll,...,p-ll)e7'^P\ 



a; 1 



1 

Cp-l 



oo 

[0](p-i) [0](p-i) ••• [0](p-i) 

Ao+Ai Ai+^ ••• Xp-i+n -Ao Ap_i-/.t, 

A(m) = {ao, "0 + "jM ; j = 0, . . . ,p} 
[A(m)] = P+i.(p-l) 

Pp^Hi® ■.p+l = {p- l)Hi ®Hi:l 

Here the number of the decompositions of a given type is shown after the decom- 
positions. For example, Pp — Hi® Pp-i : p+1 = {p—l)Hi® Hi : 1 represents the 
decompositions 



m = 10, . . . , 01, . . . , 10 ® p - 21, . . . ,p - 10, . . . ,p - 21 {v^O,...,p) 
= (p-l)(10,...,10)®01,...,01. 

The differential equation Pp^{X, fi)u = with this Riemann scheme is given by 



p-i 



Pp^iX,n) := RAd(a-^) o RAd^a;^" J|(l 
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and then 



(15.2) 

with 
(15.3) 



k=0 



Vk{x) 



k-i 



p-1 ^ 
Po{x) = X Y[{i - Cjx), q{x) =po(a;)(-— + X! i 



j=i 1 



It foUows from Theorem 12. IC that the equation is irreducible if and only if 
(15.4) ^ Z (.7 = 0, . . . ,p - 1), ^ Z and Ao + • • • + Ap_i +^L(f,1. 



It follows from Proposition 13.13 that the shift operator defined by the map du 
is bijective if and only if 

(15.5) {l,2,...,p- 1} and Aq H V Xp-i+ p.^Q. 

The normalized solution at corresponding to the exponent Aq + is 

p-i 



Ao+M^^N _ r(Ao + ^ + 1) 



r(Ao + i)r(/i) 
r(Ao + /i + i) 



i=i 



E- E 

7ni — mp-i —0 



mi! • • • mp_i! 



r(Ao + i)r(/i) Jo 

cr • • •c"_7H^°+"i+-+"''-i(a; - t)'^-idt 

(Ao + l)mi+---+mp_i (—'^ijmi ' ' ' {^\-l)mp-i 



= E- E 

mi— mp- 1—0 



(Ao + /i + l)mi+...+mp_imi! • • • mp_i! 



rn2 ™p-i Ao+M+miH hm.p-i 

^ ^Ao+Mfi - (^0 + l)(^l'^l + --- + Vl^P-l) ^ + . . . A 

V Ao + + 1 / ' 

This series expansion of the solution is easily obtained from the formula in 
(cf. Theorem 10.1) and Theorem 13.3 gives the recurrence relation 

/ Ao 



(15.6) 4«+^(x)=4"+^(:r)| 



AoM-Ao + l 
AiM-Ai — 1 



Lemma 14.2 with a ~ Ao, 5 = Ai and u{x) = 11^=9(1 ^ ^jx)^^ gives the following 
connection coefficients 

c(0 : Ao + M ^ 1 : Ai + /.j) = 
c(0 : Ao + Ai->1 : 0) = 



r(Ao + A^ + l)r(-Ai~M) 

r(Ao + i)r(-Ai) 
r(Ao + M + i) 



p-l 



r(M)r(Ao + 1) 
r(Ao + M + i)r(Ai + /^) 



/ t^"(i - i)^i+''-i 17(1 - Cjt)^^dt 



r(/i)r(Ao + Ai + /X + 1) 

Here we have 



F(Ao + l,-A2,Ao + Ai+M+l;c2) (p = 3). 



(15.7) 



fc=0 



fc=0 
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for < a; < 1 with Co = c(0 : Ao + A* ^ 1 : 0) and Cq = c(0 : Ao + A* ^ 1 : + ^). 
Since — — is a solution of the equation Pp^[X, ^ — k)u = 0, we have 



^' = vil%'x:l\)k< [ - fill - 



When p = 3, 

r(Ao + /i + l)r(Ai + - fc) , , , , . , ^ 

= r(A.-fc)r(Ao + A. + M + i-fc)fc! ^^'° + ^" + + + 1 - ^^)- 

Put 

vx{x) :=x^° Ylil-c.x)^^. 



We have 



(15.9) = -fid^^ux^f, + xux.^,, 

u...,A,+i,... = ^"^(l - Cj-t)ua = a^^WA + Cjud^'^-^vx - Cjxd'^'vx 



= {I - Cjx)ux,fj. + Cjfid ^ux, 



From these relations with Pp^ux^^j, = we have all the contiguity relations. For 
example 

(15.10) 9wAo,...,Ap_i,p+l = ltA,,x, 

duxo+i....,\p-i4i = [xd + 1 - ijl)ux,^:,, 

9u...,Aj+i,....p = ((1 - c.jx)d - Cj{l - n))ux,p, 



and 



p-i 

PpJA,/x+l)=^p,(x)9^'-^+p„ 



B-l 



Pn = (-1)'' ^Ci . . . Cp_i (^(-/i - l)p + (-At)p-l X] 

= ci • • •Cp_i(/i + 2 -p)p_i(Ao H h Ap_i - A* - 1) 

and hence 

p-i 

Pj (^)^^~'^~^) "A,p = -P7iltA,p+l = -Pn9"^WA,^. 

Substituting this equation to ( 15. 9| ), we have Qj € iy(x;A,At) such that QjUx,^ 
equals W(a„+<5„ j)„=o p-i.m ~ 0^ ■ • ■ ~ 1^ respectively. The operators Rj S 

H^(a;;A, A*) satisfying RjQjUx^^ = ua,^ are calculated by the Euclid algorithm, 
namely, we find Sj G W{x;X,^) so that RjQj + SjPp^ = 1. Thus we also have 
Tj e W{x;X,tJL) such that T^ua,^ equals U(a,-5„,j),=o,...,p-i,m fo^' J = 0, . . . ,p - 1, 
respectively. 
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As is shown in §3.4 the Versal Jordan-Pochhammer operator Pp is given by 



( |15.2| ) with 
(15.11) 



p 



p 



p 



j=l k=l j=k+l 



If ci, Cp are different to each other, the Riemann scheme of Pp^ is 

^ = S7 (j = 
[0](p-i) 



■ lll<u<k{Cj - Ci,) 



oo 

[1 -Ai](p-i) 



fc=i 



Ci . . . Cfc 



> . 



The solution of Pp u = is given by 



uc\x 



Here the path C starting from a singular point and ending at a singular point is 
chosen so that the integration has a meaning. In particular when c\ — ■ ■ ■ — Cp — 
we have 



Uc[X) 



cxp 



c 



and if Xp ^ 0, the path C starts from oo to one of the p independent directions 

A~-^e p^"*"* (t^ \, = 0, 1, . . . ,p — 1) and ends at x. 

Suppose ri = 2. The corresponding Riemann scheme for the generic characteristic 
exponents and its construction from the Riemann scheme of the trivial equation 
m' = is as follows: 



a; = 1 oo 
6o Co ao 



(Fuchs relation: ao + ai + &o + + co + ci = 1) 



X = 1 oo 

— oi — 6o — ci — fli — 6i — Co —Co + ai + 1 



''f)-^i(l-2;)-°i-''i-^o (x = 1 OO 





Then our fractional calculus gives the corresponding equation 



(15.12) 



-(1 - x^v!' - x{\ - x)((ao + ai + \)x + 6o + ^'i - l)w' 
+ (floaix^ — (flofli + &ofei - coCi)x + bobi)u ~ 0, 
the connection formula 

r(co ~ ci)r(5i - 6o + 1) 



(15.13) 



c(0:6i ^ l:ci) 



r(ao + bi+ co)r(ai +bi+ cq) 
and expressions of its solution by the integral representation 



(15.14) 



x^"(l - xy"{x - s)"i+f'i+^i-is-'^i-=i-f'o(i _ s)-«i-f'i-=o-ds 



T{ao + bi + co)T{ai +bi + ci) 
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and the series expansion 

(gp + bi+ eo)„(Qi +bi+ Co)n _ ^^co Ji+n 

4^. {b,-bo + l)„nl 



(15.15) 



(1 - xY°x^^F{aa + fei +co,ai +6i +co,fei - 6o - l;a;)- 



Here (/ifej (a;) is a holomorphic function in a neighborhood of satisfying (0) = 
1 for generic spectral parameters. We note that the transposition of co and ci 
in (15.15) gives a nontrivial equahty, which corresponds to Kummer's relation of 
Gauss hypergeometrie function and the similar statement is true for (15.14). In 
general, different procedures of reduction of a equation give different expressions of 
its solution. 



15.4. Hypergeometrie family. _ff„ 

We examine the hypergeometrie family which corresponds to the equations sat- 



isfied by the generalized hypergeometrie series (1.7). Its spectral type is in the 
Simpson's list (cf. § pX^ ). 

m= (l",n- 11,1") : „^^„_i(a, /3; z) 

l",n- 11,1" = 1,10,1® l""\n- 21, l"-i 

A(m) = {ao + aoa H + oto,y + "2,1 H + "2,1/' ; 

<v <n, Q <v' <n} 

[A(m)] = 1"' 

R2E0 

Since m is of Okubo type, we have a system of Okubo normal form with the 
spectral type m. Then the above R2E0 represents the reduction of systems of 
equations of Okubo normal form due to Yokoyama [ Yo2 |. The number 1 on the 
arrow represents a reduction by a middle convolution and the number shows the 
difference of the orders. 



' a; = 1 00 

Ao,i [Ai,i](„_i) A2,i 



(15.16) 



> , 



Ao,?i-i 
. Ao,Ti 



Al,2 



A2,?i-1 
A2,Tl ^ 



x = 
l-/3i 

1 - /3„-i 




1 

[0](n-l) 



00 
"1 



an-1 

an 



^(Ao,,. + A2,,.) + {n- l)Ai,i + Ai,2 = n - 1, 
i/=i 

ai H h a,i /3i H h 



It follows from Theorem 13.7 that the universal operators 



P^^(A), P^iX), P^„_,(A), P^„_,(A), Pl_,(A). 

are shift operators for the universal model Ph„ (A)w = 0. 
The Riemann scheme of the operator 



P = RAd((9-^"-i) o RAd(2;'^"-i) - 



RAd(a-^i) o RAd(.T'^i(l - xy )d 
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equals 



(15.17) 



x = Q 


(7„_1 + fln-l) 
n-1 

j=n-2 



i=2 
n-1 



1 

[0](„-i) 



oo 

1 - yUn-l 

1 - iln-l + ^J■n-l) - 
n-1 

j=n-2 



Ail 



n-1 

7' + E 



J=2 

n-1 

-7'-E(^^+^j) 



which is obtained by the induction on n with Theorem [7.2| and corresponds to the 
second Ricmann scheme in ( 15.16| ) by putting 

7i = aj+i-/3j (j = l,...,n-2), 7' = -ai + A - 1, 

(15.18) 

Mi = -"j+i + Pj+i (j = 1, • • • , ^ 1), A*n-i = l-an- 
The integral representation of the local solutions at a: = (resp. 1 and 00) corre- 
sponding to the exponents Y.'^ll (7j + ) (resp. 7' + I]"Ji Mi and -7' - I^^Ci (7i + 
fij) are given by 

(15.19) I^-^x^-U^-' ■■■I^^x^^l-xy' 

by putting c = (resp. 1 and 00). 

For simplicity we express this construction using additions and middle convolu- 
tions by 

(15.20) u = a-/^— ix"^— 1 . . . d-t'^x''^d-''^x'''{l - x^'. 
For example, when n = 3, we have the solution 

The operator corresponding to the second Riemann scheme is 

n— 1 n 

(15.21) P„ («;/?) := [] (^ _ /3^.) . 9 

i=i i=i 
This is clear when n = 1. In general, we have 

RAd(9-^) o RAd{x'>)P„{a,l3) 

n — 1 n 

= RAd(9-'^) o Ad(a;'') (Jl x{d + Pj) ■ d - Y[ <^ + "j)) 
i=i i=i 

n—1 n 

= RAd(9-^) ([] (s? + /3j - 1 - 7) (^5 - 7) - n + ~ ^) 



n-1 



i=i 



Ad(a-^)(n('^ + - l)-i^-l+^)d-'[li^ + + - 7) 



i=i 



i=i 



n (^9 + ft- - 7 - Ai) • ('J - 7 - M + 1)5 - n ('^ + 1 - m) • ('^ + "j- - 7 - m) 
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,Ao.„+fc 



and therefore we have ( |15.21[ ) by the correspondence of the Riemann schemes with 
7 = 7„ and ^j, = fin- 
Suppose Ai,i = 0. We will show that 

nj=i(-^2j - Ao,„)fe 

(15.22) ^n;Ci(Vn-Aoj + l)fcfc!'" 

= a;'^°'"„i^„_i ((A2 J- — ^0,n)j=l,...,n, (Ao,ri — ^0,j + ^)j=l,...,n-l', x) 

is the local solution at the origin corresponding to the exponent Ao,n- Here 

nKO-i\ I R a \ \^ {<^l)k ■ ■ ■ (Qn-l)fc k 

(15.23) ntn-l[_ai, . . . ,an, Pl, . . . ,Pn-i;X) = ^ — ^^"^ X 



fc=0 



(/3i)fc...(/3„_i)fcfc! 



We may assume Ao.i = for the proof of (15.22). When n = 1, the corresponding 
solution equals (1 — x)^^^-'^ and we have (15.22). Note that 

rM^7 V n;U(^2., -Ao,„)fc ^^ ^^^ 



k=0 n"=l (Ao,n - Aoj + l)fcfc! 



E 



n?=i('^2j - Ao,„) 



k r(Ao,„+7 + fc+l) ^^„^+^+^+fc 



£^0 n;Ci (Ao,„ - Aoj + l)fefc! r(Ao,„ + 7 + + fc + !)■ 

r(Ao^„ +7 + 1) n;Li(A2,j - Ao,„)fc ■ (Ao,„ + 7 + l)fc ■ a; 

r(Ao,„ + 7 + M + 1) ^ n;^! (Ao,n - Ao,, + l)fc • (Ao,„ + 7 + M + l)fefc! 



Comparing (15.17) with the first Riemann scheme under Aq.i = Ai^i = and 7 = 7^ 
and fi = fin, we have the solution (15.22) by the induction on n. The recurrence 
relation in Theorem 13.3 corresponds to the identity 



(15.24) 



F„_i(ai, . . . 

+ 1; Pii ■ ■ . ,/3n-i; a;) 

= nFn-i{ai, . . . ,«„; . . . ,/3„_i;x) 



ai ■ ■ ■ ttn-l 



• nFn-iiai + 1, . . . ,a„ + l;/3i + 1, . . . ,/3„_i + l;x). 



/?i • • • /3„-i 

The series expansion of the local solution at a; = 1 corresponding to the exponent 
7' + /ii + • • • + Hn-i is a little more complicated. 
For the Riemann scheme 

a; 00 1 

-fl2 + l [0](2) 

1 - 72 - A^i - Ai2 72 + M2 

^ -7' - 71 - 72 - /-ii - fJ-2 7' + /ii + 71 + 72 + Ml + A*2 ^ 



we have the local solution at x = 

00 

- xyn^'x^'ii - xy^ = - x)"'^ ^ 



1=0 



.^^2 V r(Y + i + »)(-7i)« v+^,+„, _ 
" ^r(7' + Mi + i + «)«! ^ ^ 

jA's ^ r(7' + 1 + ?l)(-7l)»(-72)m ^y+t,,+ra+n 



m.n—0 



T{j' + /ii + 1 + n)m\n\ 



m,n— 



r(y + + 1 + m + n)r(y + l + n)(-7i)„(-72)„,xT'+^^+^^+"'+" 



r(7' + /ii + /i2 + 1 + m + n)r(7' + /ii + 1 + Ji)? 
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E 



(7' + Ail + l)™+„(7' + l)n(-7l)n(-72)ma^™+" 



r(7' + 

r(7' + Ml + M2 + 1) (7' + Ml + + l)m+n(7' + Ml + I)™"!!/!! 



Applying the last equality in (O) to the above second equality, we have 



E 



r(7' + 1 + n)(-7i)„ ^y+^,+^,+n^^ _ 



^ r(7' + ^Ji + 1 + n)n\ 
r(7' + ^1 + 1 + n) 



E 



(M2)m(-72)r 



r(7' + ^1 + + 1 + n) (7' + /ii + n + M2 + l)m"i! ^2; 



r(7' + l)xT'+^i+A'^(l-a:;)"^^ ^ (7' + l)n(-7l)n(-72)m(M2) 



r(7'+Mi+M2 + l) 
r(7' + 1) 



E 



(7' + /xi + yLi2 + l)m+„m!n! 



a; 



a;- 1 



r(7' + /ii + /i2 + 1) 

• x'>'+'''+^- (1 - a;)-''^f^3 (-72, -71, M2, 7' + 1; Y + Mi + M2 + 1; a^, ^) , 

X — I 



where ^3 is Appell's hypergeometric function (15.52). 

Let u^^" (ai, . . . , a„; /?!, . . . , /3„_i; x) be the local solution of Pn{oi, f3)u = at 
X = 1 such that u^^"{a; (3; x) = {x — 1)^^" mod (a; — iy^^"Oi for generic a and 
/3. Since the reduction 



■Ao,i [0] 



(n-l) 



A2,l 



A04 [0](„-2) ^'2,1 



A' 



A'l, 



a; 



satisfies Aj 2 = Ai^2 + Aqj + Ao,2 — 1 and Aq + Aa^ = Aoj+i + A2J+1 for j 

proves 



1 



, n — 1, Theorem 13.3 



lij ^"{a;(3;x) = (ai, . . . , a„ + 1; . . . + l;x) 

(a;^i,...,/?„_i + l;a;). 



(15.25) 

^ ~ 1 - /9n 

The condition for the irreducibility of the equation equals 
(15.26) Ao,^ + Ai,i + A2,^' (^Z (l < 1^ < n, 1 < ly' < n), 



which is easily proved by the induction on n (cf. Example 12.17 ii)). The shift 
operator under a compatible shift (ej,iy) is bijective if and only if 



(15.27) 



Ao,iy + Ai,i + A2,iy' and Aq + Al,l + £1,1 + A2 



are simultaneously not integers or positive integers or non-positive integers for each 
y £ {1, . . . ,n} and v' & {1, . . . , n}. 



Connection coefficients in this example are calculated by Lc| and [OTY| etc. In 
this paper we get them by Theorem 14.6. 

There arc the following direct decompositions {ly ~ 1, ■ • ■ , n). 



l...ll;n- ll;l...l =:0...01; 1 0; . . . 010 . . . 
el...l0;ri-21;1...101...1. 

These n decompositions m = m' m" satisfy the condition itlq = m 



= 1 in 

(14.10), where hq = n and rii ~ 2. Since no + ni — 2 = n. Remark 14.8 i) shows 



l.ni 
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that these decompositions give all the decompositions appearing in ( 14.10| ). Thus 
we have 



nr(Ao,„-Ao,. + l)-r(Ai,i-Ai,: 



nr(Ao,n + Ai,i + A2,^) 



n 



= lim (l-x)^"„i^„_i(a,/3;x) (Rc/3„>0). 

X— ^-l — 

Other connection coefficients are obtained by the similar way. 

c(Ao,n ~^ A2,n) : When n = 3, we have 

111,21,111=001,10,100 001,10,010 101,11,110 011,11,110 
©110, 11, 011 = 110, 11, 101 = 010, 10, 001 = 100, 10, 001 

In general, by the rigid decompositions 



1---11, n- 11, 1---11=0---0I, 1 0, 0...010---00 
©1---10, n-21, 1---101---1T 



= 1 • • • 101 • • • 11, n - 21 , 1 • • • 10 
©0...010---00, 1 0,0- ••OT 



for i = 1 , . . . , n — 1 we have 

c(Ao,n A2,„) = W 



Moreover we have 
c(Ai,2-~^Ao,„) = 



Here we denote 



r(A2,fe — A2,n) 



^ r(| {Ao,„ Ai,i A2^fc} I) 



n 

fc=l 



r(Ao,„ - Ao.fc + 1) 



(Ao,.) [Aia](„-2) (A2 ,u } l<i/<n— 1 

Al,2 



n 



r(/?fe)rK - a„) 



fe=i r(Q;fc)r(A- - 

r(Ai,2 - Ai,i + 1) • uZl r(Ao,. - Ao,„) 



^\ r(i-a,)- 



[Al,l](n-2) (A2.i/)l 
A1.2 



(Aii^)i<i^<n =1 : 1 e C" and (Ai,.)i<,.<r 



for complex numbers /ii, . . . , /i^. 



These connection coefficients were obtained by pel and [Y05] etc. 
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We have 

oo oo 

k=0 k=0 

(15.28) Co = „F„_i(a,/3; 1) (Re/3„ < 0), 



^o=n 



for < a; < 1 if a and /3 are generic. Since 

= T^T^^^ — «-F„_i(ai + fc,...,a„ + fc,^i + fc,...,^„_i + A:;a::), 
iPijfc • • • (Pn-lj/c 

we have 

(15.29) Ck = 7^^^i^^^y^^^4^„F„_i(ai+A:,...,a„ + fc,/3i + A:,...,/3„_i + A:;l). 

(Pl)*; • • ■ (Pn-l)fcfc' 

We examine the monodromy generators for the sohitions of the generalized hy- 
pergeometric equation. For simphcity we assume /3i ^ Z and Pi — j3j ^"L for i ^ j . 
Then u = (uo'''\...,Uo'''") is a base of local solution at and the corresponding 
monodromy generator around with respect to this base equals 



rg27r\/^Ao,i \ 



and that around oo equals 



Ve'"^^^'"c(Ao,. ^ A2.fc)c(A2,fc - \k.,)] 

^ — ^ / l<i<n 

k=l ' l<j<ri 

■sp 27ry^A2 TT sin27r(Ao,, + Ai^ + \2^y) 
' ..{i.-^.im.} -n2.(Ao,.-Ao,.) 
sin27r(Ao,i + Ai,i + A2,,y)' 



n 



sin27r(A2.j - A2.1/) /!<*<" 

i/G{l,...,n}\{j} ' ^ l<]<n 

Lastly we remark that the versal generalized hypergeometric operator is 
P = RAd(a"'^"-i) o RAd((l - cixf^) o • • • o RAd(a-^i) 
o RAd I (1 — cix) ^1 ^i(<^i-':2) (1 — C2x) "^i^^-"!) I d 

= RAd(a-'^"-M o RAdci( ^"'^ ) o • • • o RAd(5^''M 

1 — CiX 

, RAdei I + -, r 1 d 



1 — cix (1 — cia;)(l — C2a;) , 
and when ri = 3, we have the integral representation of the solutions 

exp( 



j:^'-''j^+^'\ du) it sr-' (1 - cit) ^{x~ tr-'ds dt. 

(1 - CiU)(l - C2M) / 



Here c equals — or — or 00. 

^ Ci C2 
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15.5. Even/Odd family. EOn 

The system of differential equations of Schlesinger canonical form belonging to an 
even or odd family is concretely given by |G1|. Wc will examine concrete connection 
coefficients of solutions of the single differential equation belonging to an even 
or odd family. The corresponding tuples of partitions and their reductions and 
decompositions are as follows. 

m + Im, m^l, l^^+i = 10, 10, 1 © m^,mm - 11, 1^™ 

= 1^ 1^0, 1^ e mm - 1, (m - 2)^1, l^™"^ 

1, 100, 1 ® mm - 1, (m - 1)^1, l^™"! 

1^ 110, 1^ ® (m - 1)2, m - Im - 21, l^"-^ 



rn^mm - 11, 1^'" 



EOn =Hi® EOn-l ■■ 271 = H2® SO„„2 

[A(m)] = l(2')+2» 

EOn > EOn-l 

RIEOROEO 

EO2 = H2, EO3 = i/3 

The following operators are shift operators of the universal model Peo„{^)u = 0: 

PkW, Pho„^,W, Plo^^M)^ PkW^ Pko„-.W, Peo^.A^)- 

E02m (m = (1^™, mm — 11, mm) : even family) 

X = 00 1 

Ao,l [Al,l](m) [A2,l](m) 

: [^1,2] (m-1) [A2,2](m) 



2m 

E 



^0,1/ + m{Xi^i + + A2,2) + (to — l)Ai,2 + Ai,3 = 2m — 1. 



The rigid decompositions 

1 • • • 1 1 , mm — 11 , TOTO 



= 0---01, 100, 10®1---10, to-Ito-11, 01 

1 i 

= - • • IT, 110, 11 ® 1 • • - 00, TO - Ito- 21 , TO - Ito - 1, 

which are expressed by E02m = Hi® E02m-i ~ H2® E02m~2, give 

2 r(-'^ — A ) 2m — 1 



:(Ai,3 ~^ Ao,2m) = Y\_ 



j=l r(|{-^0,2m Ai,i A2.^}|) ^.^j 

r(Ai,3-Ai,, + i) 



r(Ao,2m 




+ 1) 






^2,1 


\Ao,2)ri 


Al,2 


-^2,2 



2m- 1 

n 



[Al,l](m-1) [A2,iy](m) 

(Ao,i/)l<i/<2m.-l [Al,2](m-1) [^2,3-4] (m.-l) 
Al,3 

r(Aoj — Ao,2m) 



[Al,l](m_l) [A2,l](m-1) 
(Ao,iy)l<iy<2m-l [Al,2](m-2) [A2,2](m-1) 
Al,3 
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These formulas were obtained by the author in 2007 (cf. [06|), which is a main 
motivation for the study in this paper. The condition for the irreducibihty is 

f Ao,^ + Ai,i + X2,k ^ Z (1 < 1/ < 2m, fc = 1, 2), 

\ Ao,^ + Ao,^' + Ai,i + Ai,2 + A2,i + A2,2 - 1 ^ Z (1 < < i/' < 2™, fc = 1, 2). 

The shift operator for a compatible shift (ej ,^) is bijective if and only if the values 
of each linear function in the above satisfy ( 13.30 ). 

For the Fuchsian equation Pu = of type EO4 with the Riemann scheme 



(15.30) 



X = CG 1 

[ai](2) 61 [0](2) 



[a2_ 



(2) 



62 





Cl 
C2 



and the Fuchs relation 

(15.31) 201+202 + 61+62 

we have the connection formula 



Cl + C2 



(15.32) 



c(0:0 1:C2) = 



r(ci-c2)r(-c2)nLir(i-M 



r(ai)r(a2) n.=i r(ai + 02 + 5, + Cl - 1) 
Let Q be the Gauss hypergeometric operator with the Riemann scheme 



- Ol — 02 — Cl 






We may normalize the operators by 
P = x^{l- x)d'^ + ■■ 

Then 



and Q = x{l- x)d'^ + 



P = SQ - \[{ai+a2 + b, + Cl -1) ■ d 

Q = (a;(l — x)d + (oi + 02 + ci — (oi + 02 + l)x))d — 0102 



with a suitable S, T Cz W[x] and e G C and as is mentioned in Theorem 13.7, Q is 
a shift operator satisfying 



(15.33) 



a; = 00 1 

[ai](2) h [0](2) ;x 

[02] (2) h Cl 

63 C2 





X = 00 
[ai + 1](2) 
[02 + 1](2) 



1 

h-l [0](2) 

62 - 1 Cl 

63 - 1 C2 - 1 





Letug = 1 + --- andui" = {l-xy^ + 







be the normalized local solutions of Pu 
corresponding to the characteristic exponents at and C2 at 1, respectively. Then 
the direct calculation shows 

_ 0102 Y[l=l (oi +0.2+ K + Cl - 1) 



QUi^ = C2(C2 - Ci)(l - x) 



C2-1 
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Denoting by 0(01,02,61,62,^3,21,02) the conn ection coefficient c(0 : 1:C2) for 
the equation with the Riemann scheme (15.30), we have 

3 

ai02 (oi + 02 + 6^ + ci - 1) 



0(01,02,61,62,63,01,02) 



c(ai + 1,02 + 1,61 - 1,62 - 1,63 - 1,01,02 - 1) 



(ci-C2)(-02)n(l-M 
iy=l 



which proves (15.32) since Muik^^ o(oi + fc, a2+A:, bi — k, 62 — A:, b^ — k, oi, C2 — k) ~ 1. 
Note that the shift operator ( |15.33 ) is not bijective if and only if 

3 

Qu = JJ^ (oi + 02 + 6^ + 01 - 1) • 9u = 

i/=i 

has a non-zero solution, which is equivalent to 

3 

ai02 (oi + 02 + 6y + oi - 1) = 0. 
jy=i 

By the transformation x 1— > we have 
X = 00 1 

[0](2) [01] (2) 
Cl 61 [02](2) 

C2 62 
63 



l-»l-f'l(l_j.)l-»l-»2 



X = 00 1 

2 — 2ai oi 

1 + Oi - fli ai+61-l [0i+02-l](2) 
1+02-01 Oi + 62 - 1 

ai + 63 - 1 

a; = 00 1 

02 + 61 1 - 02 

01+02+61+01-1 [0](2) 

Ol + O2 + 61 + 02 - 1 62-61 

63 - 61 



and therefore Theorem 14.4 gives the following connection formula for (15.30): 

r(6i + i)r(ai-02) 



0(0 : 61 00: 02) 



r(oi + 6i)r(i - 02) ^^^^"^ + 61, 01 + 02 + 61 + 01 - 1, 

Ol + 02 + 61 + 02 — 1; 61 — 62 — 1, 61 — 63 — 1; 1). 



In the same way, we have 

/I ^ r(ci + l)r(ai - 02) 

o(l:ci 00:02) = ■ — r • 3-^2(61 - 01,62 - 01,63 - ci; 

r(oi + ci)r(l - 02) 

Ol + ci,0i - 02 + 1; 1). 



We will calculate generalized connection coefficients defined in Definition 14.17 . 
In fact, we get 



(15.34) 



:;(1:[0](2) 



[a2](2)) 



(15.35) o(cx):[a2](2)-l:[0](2)) 



nLir(2-o,)-nLir(oi-02 + z) 
r(ai)nLir(ai + 6.) 

nLi r(c^ - 1) ■ nLo r(Q2 - 01 - z) 
r(i-ai)nLir(i-ai-6,) 
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according to the procedure given in Remark 14.19, which we will explain. 

X = oo 1 

«1 [0](2) [0](2) 

"2 [/3](2) 7l 

"3 72 

a4 



The differential equation with the Riemann scheme < 



> IS 



Pu = with 

4 

P = l[{^ + aj) + d{'d - /3) {{d - 2i5 + 71 + 72 - - P) 
(15.36) J=i 

+ ^ a,aj - (/3 - 271 - 272 - 4)(/3 -l)- 7172 + 1). 

l<i<j<3 

The equation Pu = is isomorphic to the system 

B ^ 



du A ^ 
dx X X — 1 



(15.37) 



A = 



/o 





1 






/O 




















1 























c 





s 1 


a 





, u = 




Vo 








^) 




\r t 












by the correspondence 

Ui = u, 

U2 = {x — l)xu" + ((1 — a — c)x + a — l)it' — sm, 

= 2:^(3; - l)w"' + ((3 - a - c)x2 + (a - 2)a;)u" + (1 - a -c- s)xu', 
where we may assume Re 71 > Re 72 and 

/3 = c, 71 = a + 1, 72 = 6 + 2, 

4 

n - = + ('^ + ^ + + {{a + c){b + c)^s- t)f 

- ((5 + c)s + (a + c)i)^ + si - r. 

Here s, t and r arc uniquely determined from ai, a2, 0^3, a4, /3, 71, 72 because 5 + c 7^ 
a + c. We remark that PlA{x~'^)u satisfies a system of Okubo normal form. 

Note that the shift of parameters (ai, . . . , 04, /3, 71, 72) ^ (ai, . . . , 04, /3 — 1, 71 + 
1, 72 + 1) corresponds to the shift (a, &, c, s, t, r) 1— > (a + 1, + 1, c — 1, s, t, 



Let 



'qi,...,Q4,/9,7i.72 



hood of a; = determined by 



{x) be local liolomorphic solutions of Pu = in a neighbor- 



for J = and 1 . Then Theorem 14.10| proves 

,/3-fe.7i+fc,7i+fc(^) = '^0.^ = 0,1,2,.. .) 

uniformly on D — {x €z C ; \x\ < 1}. 

Put u = Wq,,3.7i,72 = (71 ~ 2)~^w^ ^ Then Theorem 14.10 



proves 



,1™ ■£r7Va,p-k.',i+k.-(2+k{x) =0 (l^ = 0, 1, 2, . . .), 

>-CX3 

lim ({x - l)x^ + ((2 - ;3 - 7i)x + 71 + /c - 2) ^ - s) u„,/^-fc,7i+fc,7,+fc(x-) 1 

A:— ^00 \ / 



WEYL ALGEBRA AND FUCHSIAN DIFFERENTIAL EQUATIONS 157 

uniformly on D. Hence 

0(^) = 1 
uniformly on D. Thus we obtain 

lim c(cxj:[a2](2) ^ 1 : [0](2))|aii-i.ai-fc, c^^c^+k, Ci^c^+k = 1 

for the connec tion co efficient in ( 15.35 ). Then the procedure given in Remark 14.19| 
and Corollary 14.22 with the rigid decompositions 

22,1111,211 = 12,0111,111 e 10, 1000,100 = 12, 1011, Til 10, 0100, TOO 
= 12,1101,111® 10, 0010, Too = 12, 1101, Til® 10, 0010, Too 



prove (15.35). Corresponding to Remark 14.19 (4), wc note 



^(c^ - 1) + '^{0-2 - ai - i) = (1 - ai) + ^(1 - ai - K 



because of the Fuchs relation (15.31). We can similarly obtain (15.34). 
The holomorphic solution of Pu = at the origin is given by 



Uq{x) 



E 

■|TI>0, ?l>0 



(ai + 02 + &3 + C2 - rn+n 

(oi + 02 + 6iy + Ci — l)m) 

(1 - 6i)m+„(l - 62)m+n(l - bz),n'm\n\ 
and it has the integral representation 



nLir(i-M 



n.=i (r(a.)r(l - a. - K)V{K + c, + ai + 02 - 1)) 



JQ JO 



tl2+C2+a2+Ol — 2 



(1-^2)- 



-C2 — — a2 — + 1 



ds2dsidsQ 



The equation is irreducible if and only if any value of the following linear functions 
is not an integer. 

ai a2 

fli +bi ai+ 62 0,1 + &3 02 + h 02 +62 0,2 + 63 

ai + 02 + &i + ci - 1 ai + 02 + fci + C2 - 1 fli + 02 + 62 + ci - 1 

Oi + a2 + ^2 + C2 - 1 ai + 02 + 63 + Ci — 1 fli + 02 + 62 + C2 - 1. 

In the same way we have the connection coefficients for odd family. 
^'02,ri+i (m = (1^™"'"^, mml, m + Im) : odd family) 



a; = 00 1 

Ao,l [Al,l](m) [A2,l]( m+1) 



: [Al,2](m) [^2,2]( 

Ao,2m+l Ai,3 
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^o.i^ + "i(Ai,i + Ai^2 + A2^2) + ("^ + l)A2,i + Ai,3 ^ 2m. 



c(Ao,2m+l ^ Al,3) = Y\_ 



r(Ai^fc — Ai^3 



r(| I Ao,2in+l Ai.fc A2,l}|) 
r(Ao,2m+l — Ao.fe + 1) 

k=i r( 

2 



Ao,fc A14 A2a 

Ao,2m+l Al,2 A2^2 



c(Ai,3 Ao,2m+l) = Y\. 



r(Ai,3 - Ai,fc + 1) 



k=l 



r( 



n 

fc=i 



[Al,fe](,„) [A2.i](to) 

(Ao,iy)l<jy<2m [Al.3-fc](,„_i) [A2.2](to) 
Al,3 

r(Ao,fe — Ao,27n+l) 



[Al,l](m_l) [A2,l](m) 
(Ao,^)l<,y<2m [Al,2](m-1) [A2,2](m-1) 

Al,3 



The condition for the irreducibihty is 

JAo.,. + Xi.k + A2,i iZ {l<t^< 2m +1, k = l, 2), 

\ Ao,,. + Ao,,.' + A14 + Ai^2 + A2a + A2^2 - 1 ^ Z (1 < 1/ < i/' < 2m + 1, fc = 1, 2). 

The same statement using the above hnear functions as in the case of even family is 
vaHd for the bijectivity of the shift operator with respect to compatible shift 

We note that the operation RAd(i9~'')oRAd(a::"^i-2(l -a;)"^^ ^") transforms the 
operator and solutions with the above Riemann scheme of type EOn into those of 
type EO„+i: 

■Ao,l [Ai,i]([:|]) [A2,l]([i+i]) 

[Al,2]([Il_i]) [A2,2]([^]) 
.Ao,n Ai^3 

' Ao,l + Ai_2 + A2,2 [Ai,i — Ai_2]([.n.]) [A2,l — A2,2] QiL+i]) ' 



[;"^i-2(l-2;)-*2.2 



[0]([-^il) 

. Ao,ri + Ai_2 + A2,2 Al^3 — Al^2 



mm 



' A04 + Ai^2 + A2,2 — [Al,l — Ai^2 + ]) [A2,l — A2,2 + M]([Ii±i]) ' 

d-r I : \„] [^] 



Ao,n + Ai^2 + A2,2 — M Ai,3 — A1.2 + M 



J([^]) 



15.6. Trigonometric identities. The connection coeff icients corresponding to the 
Riemann scheme of the hypergeometric family in §15.4 satisfy 



^c(l : Ai^2^0 : Aq,.) • c(0 : Ai,,wl : Ai,2) = 1, 



^c(cx) : A2,i~^0 : Ao,i/) • c(0 : Ao,i/~^oo : A2j) = (5^. 
iy=i 
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These equations with Remark 14.8 iii) give the identities 



Sin 



E n 



sin(yi - Xy) 



n 



sin(xfc - Ui,) 



sinfxfc — Xu) smiy^ — y^,) 

fc=ii.e{i,...,«}\{fe} ^ ,.e{u...,n}\{j} ^ ' 



6ij (1 <i, j < n). 



We have the foUowing identity from the connection coefficients of even/odd famihes. 

E" • / , ^ • / , +^ TT sin(a::fc + x^ + 2m) 

sv[v{xk + s) ■ sin{xk + t) ■ II 

fc=i 



sin(a;fc - x^) 



ue{l,....n}\{k} 

n n 

sinf nu + Xi, j • sinf s + t + {n — 2)u + x,y 



sinf s + (n — l)u + j • sinf t + (n — l)u + 



if n = 2to, 
if ?i = 2m + 1 . 



The direct proof of these identities using residue calculus is given by |0c| . It is 
interesting that similar identities of rational functions are given in |G1, Appendix] 
which studies the systems of Schlesinger canonical form corresponding to Simpson's 
list (cf. §|l5j). 

15.7. Rigid examples of order at most 4. 

15.7.1. order 1. 1,1,1 

u{x)=x^'{l-x)^' {-A1-A2 Ai A2} 

15.7.2. order 2. 11,11,11 : H2 (Gauss) [A(m)] = l" 

15.7.3. order 3. There are two types 



-/ii + 1 

Ai - A2 - Ml Ai + Ml A2 + Ml 



111,21,111 : i/3 (3i^2) [A(m)] = l^ 

UH^= d~''^X^'>UH2 



[0] 



(2) 



1-M2 
-A3 - Ml - + 1 A3 + M2 

-Ai - A2 - A3 - Ml - Ai + A3 + Ml + M2 A2 + Ml + A*2 , 

21,21,21,21 : P3 (Jordan-Pochhammer) [A(m)] = 1** • 2 

UP3 = d-f^X^^'il - xf^ (C2 - xf^ 

[1-M](2) [0](2) [0](2) [0](2) 

-Ao - Ai - A2 - M Ao + M Ai + M A2 + m 

15.7.4. order 4- There are 6 types. 

211,211,211 : a2 [A(m)] = l^o • 2 

d-^'^x^^il- x)^''uH2 

[-M2 + l](2) [0](2) [0](2) 

-Ml - A3 - A4 - M2 + 1 A3 + M2 A4 + M2 

-Ai - A2 - A3 - A4 - Ml - M2 Ai + A3 + Ml + M2 A2 + A4 + Ml + M2 
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1111,31,1111 : Hi (4F3) [A(m)] = l^^ 

-M3 + 1 [0](3) 

— A4 — /i2 — M3 + 1 ^4 
-A3 - A4 - /ii - /i2 - Ma + 1 -^3 + A4 + /i2 + M3 

^ -Ai - ■ ■ ■ - A4 - Ml - M2 - M3 ^1 H + A4 + Ml + M2 + M3 A2 + Mi + M2 + M3 , 

211,22,1111 : EOi [A(m)] = l^^ 
d^^^ {1 — UH3, A' = A2+mi+M2 

' A2 + Ml - M2 - M3 + 1 [0](2) [-A2 - Ml - M2 + M3](2) " 

A2 — A3 - M3 + 1 A3 + M2 + M3 

-Ai — A3 - M3 Ai + A3 + Ml + M2 + M3 [0](2) 

-M3 + 1 

We have the integral representation of the local solution corresponding to the ex- 
ponent at 0: 

ms 

211,22,31,31 : /4 [A(m)] = 1^-2'^ 

\ hM2 + l](2) [01(3) [0](3) [0](2) ] 

< -A3-M1-M2 + I [A3+M2](2)> 

[ - Ai - A2 — A3 - Ml — M2 -^1 + Ml + M2 -^2 + Ml + M2 J 
31,31,31,31,31 : P4 [A(m)] ^ ■ i 

Up^= a-^.T^» (1 - xf^ (C2 - xf^ (C3 - xf"" 

[-M+l](3) [0](3) [0](3) [0](3) [0](3) 

-Ao - A2 - A3 - M Ao + M Ai + M A2 + m '^s + M 
22,22,22,31 : P4,4 [A(m)] = 1^-2 

d-^''x^^'«{l-x)-^'^{c2-x)-^'^up^, A^=Aj+/i, m' = -^o + Ai+A2 + 2m 

[1 - M'] (3) [Al + A2 + m] (2) [Ao + A2 + m] (2) [Ao + Ai + /i] (2) 1 



-A0-A1-A2 [0](2) [0](2) [0](2) / 

15.7.5. Tuple of partitions : 211,211,211. [A(m)] = 1^" • 2 

211,211,211 = i7iei73 ■.6^H2(SH2:4 = 2Hi®H2:l 

From the operations 

X ~ 00 1 

l-Mi 

-ai - /?i - Ml «! + Ml A+Mi. 

,, , X ~ CO 1 

-> < 1 - q;2 - P2 - Ml "2 P2 



-q;i - q;2 - /3i - /32 - Ml ai+ a2 + Mi /3i+/?2+Mi. 
a; CX3 1 

I [-M2 + l](2) [0](2) [0](2) 

1 - /?2 - Ml - M2 a2 + M2 132 + M2 

-ai - - /32 - Ml - M2 ai + mi + M2 /3i + ^^2 + Mi + M2 
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X ~ oo 1 

[^2,l](2) [Ao,l](2) [-^l,l](2) 

^2,2 Ao,2 Ai.2 

^^2,3 Ao,3 Ai 3 



2 

with ^(2Aj- 1 + Aj- 2 + Aj- 3) = 3, 

3=0 



we have the integral representation of the solutions as in the case of other examples 
we have explained and so here we will not discuss them. The universal operator of 
type 11, 11, 11 is 

Q = a;^(l - xfd'^ - {ax + b)x{l - x)d + {cx^ + dx + e). 

Here we have 

^ Aq_i + Aq_2 - 1, e = AQ iAg 2, 

-a - 6 = A'l 1 + A'l 2 -1, c + rf + e = A'^ ^Ai 2, 

c = Aj^Aj 2, 

Ao,i=a2, Ao^2 = ct'i + "2 + Mij 

A'i,i=/^2, A'i^2=/3l+/^2+Ai2, 

A2,i = 1 - /?2 - Ml - A*2, A2 2 = -ai - A - /?2 - - M2 

corresponding to the above second Ricmann scheme. The operator corresponding 
to the tuple 211,211,211 is 

P = RAd(a-^^)Q 

==RAd(a-^^)((^-A;,,i)(^-Aj,^2) 
+ x{—2iP + (2Aq 1 + 2Aq 2 + + A'l 2 — 1)?? + A'l lA'i 2 — Aq ^Aq 2 ~ A2^iA2 2) 
+ a;2(^ + A^^i)(z? + A^,2)) 

= 92(^_A^,i-M2)(i?-A;,,2-M2) 

+ 9(7? - M2 + l)(-2(?9 - /i2)' + (2A;,,i + 2A^,2 + A'1,1 + A'1,2 - 1)(^ - M2) 

+ A'ljA'i 2 - Ag ^Ag 2 — A2_lA2^2) 

+ (i? - M2 + - M2 + + A^_i - + >^2,2 - m)- 

The condition for the irrcducibility: 
'Ao,i + Ai,i + A2,i ^ Z, 

Ao,^ + Ai,i + A2,i i Z, Ag,i + Ai,^ + A2,i ^ Z, Agj + A14 + A2,^ iZ (1/ = 2, 3), 
. Ao,i + Ao,2 + Ai,i + Ai,^ + A2,i + A2,^' ^ Z (i/, i/' e {2, 3}). 

There exist three types of direct decompositions of the tuple and there are 4 direct 
decompositions which give the connection coefhcient c(Ao.3 A1.3) by the formula 
( |14.10| ) in Theorem pA6| : 



211, 211, 211 = OOT, 100, 100 © 210, 111, 111 
= 111, 210, 111 ® 100, 001, 100 
= lOT, 110, 110 ® 110, 101, 101 
= 101, 110,101® 110, 101, 110 
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Thus we have 

c(Ao,3 Ai,3) = 



nLir(Ao,3-Ao,. + l) 



r(Ao,3 + Ai^i + A2,i) • r(l — Ao,i — Ai_3 — A2,i) 

nLir(Ai,.-ri,3) 

Ul=2 r( Vi + ^0,3 + Ai,i + Xi.2 + Aaa + X-ij. - 1) ' 



We can also calculate generalized connection coefficient defined in Definition 14.17 



c([Ao,l](2)~^[Al,l](2)) 



nL2(r(Ao,i - Ao,. + 2) • r(Ai^, - Aia - 1)) 



n.=2(r(Ao,i+Ai,. + A2,i)-r(l-A, 



A 



1,1 



A 



2,1 



)) 



This can be proved by the procedure given in Remark 14.19 as in the case of the 



formula (15.35). Note that the gamma functions in the numerator of this formula 
correspond to Remark 14.1S| (2) and those in the denominator correspond to the 
rigid decompositions 

211, 211, 211 = 100, 010, 100 © 111, 201, 111 = 100, 001, 100 ® 111, 210, 111 
= 210,Tll, 111 © 001, Too, 100 = 201, Til, 111 ® 010, TOO, 100. 



The equation Pu = with the Riemann scheme 
morphic to the system 

B _ , 




IS iso- 



A 



B 



A 
—u 

X 



/O 





\0 



1 



/ 



ci 

ai 







hi 





ci 

0.2 



U2 
"3 

\ 

- C2 



Ul = u, 



-ai - 62 + ci 
\-ai + 02 + C2 

ai = Ai_2, 

0-2 

bi 
b2 

Cl 






-fel + 62 + C2 






b2 



0\ 







— 02 — 61 + Cl Oi — 02 — C2 bij 



LC2 



Al,3, 
A2,2 — 2, 
A2,3 — 1, 

^Ao,i, 

Ao,l + Ao,2 + Ai,2 + A2,2 



1 



when Ao,i(Ao,i + A2,2)(Ao,i + Ao,2 + Ai,2 + A2,3 — 2) 7^ 0. Let u{x) be a holomorphic 
solution of Pu = in a neighborhood of x = 0. By a direct calculation we have 

(ai-l)(a2-l) 



ui(0) = 



-u'ioy 



{bi - Cl + l){bi - 62 - C2)ci 
(02 + 62 + C2 - l)ai - (ci + C2)a2 + (02 



Ol + C2)bi - (C2 + 1)^2 



ci + ci 



(61 - Cl + l)(6i -62-C2) 



w(0). 
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Since the shift described in Remark 14.19| (1) corresponds to the shift 
(fli, 02, 61, &2, ci, C2) ^ (fli - fc, 02 - k, hi +k,b2 + k, Ci, C2), 
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it fohows from Theorem 14.10 that 



lim c([Ao,i](2)^[Ai,i](2)) 



Ao,2^^A,o_2 — A;, Ao.s'— ^Ao_3 — A; 
Ai,2'^Ai^2+^, Ai^si— ^Ai.s+A; 



. ,,-fc,-e,)c, "^(0) + Cu{0) With C e C 

when fc — >■ 00. Thus we can calculate this generalized connection coefficient by the 



as in the proof of (15.35) because ui(0) 



procedure described in Remark 14.19 



Using (4.8), we have the series expansion of the local solution at a; = corre- 
sponding to the exponent ai + /ii + ^2 for the Riemann scheme parametrized by 
Qfi, Pi and with i = 1, 2. 

^ r(ai + 1) (qi + l)„(-/3i)„ ^^ 

° r(ai+M+l)^o(ai+M+l)«n! 
r(ai + l)r(ai +a2+pLi + l)a;"i+"2+Mi+M2 
T{ai + ^1 + l)r(Q;i + q;2 + /ii + M2 + 1) 



E 



jai + l)n(Q^l + Q!2 + Ml + l)m+n(-/?l)n(-;32)m ^ 

(ai -l-Aii + l)„(ai + a2 + Ml + + l)m+„n!TO!' 

^2 + Ml + l)x"^+"^+^'^+^"'{^ - 



m+n 



m,n— 

r(ai + l)r(ai 



r(ai + Ml + l)r(Q!i + Q'2 + Ml + M2 + 1) 



(cti + l)n(Q!l + Q!2 + Ml + l)n(M2)m(-/3l)n(-/32)n^ 

m rllo '■'^1 + Ml + l)«(ai + Q;2 + Ml + M2 + l)m+„m!n! 



Note that when /32 = 0, the local solution is reduced to a local solution of the 
equation at a; = satisfied by the hypcrgcomctric series 3F2{Q:'-^,a2,a'^Tl3'i,l32',x) 
and when a2 = 0, it is reduced to a local solution of the equation corresponding to 
the exponent at x = 1 with free multiplicity. 

Let wo(ai, a2, /32, Mii M2; x) be the local solution normalized by 



iio(a,/3,M;a;)-a;"i+"^+^i+^^ G 



ai+a2+A'l+/J2 + l 



Oo 



for generic a, /3, m- Then we have the recurrence relation 

(ai + l){ai + a2 + A*i + 1) 



uoia, l3i - 1, 132, m; a;) = Uo{a, l3, ^; a;) + 



{ai + /ii + l){ai + q;2 + Ml + M2 
Mo(ai + 1, Q!2, /3i - 1, /32, m; a;)- 



1) 



15.7.6. r-upZe of partitions : 211,22,31,31. [A(m)] = 1^ • 2 

211, 22, 31, 31 = Hi e P3 : 4 = i/2 e i^2 : 2 = 2i7i ® i72 : 2 

= 010, 10, 10, 10® 201, 12, 21, 21 = 010, 01, 10, 10 201, 21, 21, 21 
= 001, 10, 10, 10® 210, 12, 21, 21 = 001, 01, 10, 10 ® 210, 21, 21, 21 
= 110,11,11,20® 101,11,20,11 = 110, 11,20, 11® 101,11,11,20 
= 200,20,20,20® 011,02,11,11 

^^^^ 011,02,11,11 
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X = -!- OO 

Cl C2 

[Aoa](3) [Al,l](3) [A2,l](2) [^341(2) 

Ao,2 Ai,2 A2,2 [A3, 2] (2) 

A2,3 

a;-^0,l (l_ci2;)-*l.l (1_C22;)"^2,1 



X = 

[0](3) 
Ao,2 ~ Ao,l 



[o];3) 

Ai,2 — Ai 1 



[0k2) 
A2,2 ~ A2,l 
A2,3 ^ A2,l 



00 



[As,! + Ao,i + Ai,i + A2,i](2) 
[A3, 2 + Ao,i + Ai,i + A2,i](2) 



x = 




Cl 





C2 



00 



Ao,2 + X'l — Ao,i Ai,2 + X'l — Ai,i A2,2 + A'j^ — A2,i [A3, 2 — As,! + 1](2) 

A2,3 + X'l — A2,l 

The condition for the irreducibihty: 

I Ao,i + Ai,i + A2,. + A3,.' iZ {i^e {1, 2, 3}, ly' G {1, 2}), 

I Ao,i + Ao,2 + 2Ai,i + A2,i + A2,. + A3,i + A3,2 ^ Z (j/ e {2, 3}), 



c(Ao,2~^Al,2) 
c(Ao,2 ^ A2,3) 



r(Ao,2 - Ao,i + l)r(Ai,2 - Ai,i)(l - f^)^^-i 



njy=2 r(Ao,i + Ao,2 + 2Ai,i + A2,i + A2,. + As,! + A3, 2 — 1) 
2 



n 



r(A2,3 — A2,iy) 



r(l — Ao,i — Ai,i — A 



2,3 



A3,.) 



r(Ao,2-Ao,i + l)(l-f^)^i-i 



r(Ao,i + Ao,2 + 2Ai,i + A2,i + A2,2 + As,! + As, 2 — 1) 
15.7.7. Tuple of partitions : 22,22,22,31. [A(m)] = 1^ • 2 

22, 22, 22, 31 = i7i ® Ps : 8 = 2(11, 11, 11, 20) e 00, 00, 00, (-1)1 

= 10, 10,10, 10© 12,12,12,21 ^ 10,10,01,10© 12,12,21,21 
= 10,01,10, 10© 12,21,12,21 = 10,01,01,10© 12,21,21,21 
= 01,10,10, 10 ©21, 12, 12, 21 = 01, 10, 01, 10 ©21, 12, 21, 21 
= 01,01,10, 10 ©21, 21, 12, 21 = 01, 01, 01, 10 ©21, 21, 21, 21 

4 12,12,12,21 

The condition for the irreducibihty: 

f Ao,, + Xij + A2,fc + As,! ^ Z {i, J, k e {1, 2}), 

I Ao,l + Ao,2 + Ai,i + Ai,2 + A2,l + A2,2 + As,! + As, 2 ^ Z. 

15.8. Other rigid examples with a small order. First we give an example 
which is not of Okubo type. 

15.8.1. 221,221,221. The Riemann Scheme and the direct decompositions are 



a; = 1 00 

[Ao,l](2) [Al,l](2) [A2,l](2) 

[Ao,2](2) [Al,2](2) [A2,2](2) 

Ao,S Ai,3 A2,3 



^(2A,,i + 2A,,2 + A„s) 

J=0 
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[A(m)] = 1^^ • 2 
22T, 221, 221 = Hi® 211, 211, 211 : 8 6 = |2, 2, 2| 

= H2®H3:6 11 = |21,22,22| 

= loT, 110, 110 e 120, 111, 111 = on, no, no ® 210, 111, 111 
= 111, 120, 111 e no, 101, no = iiT, 210, 111 ® no, on, no 
121,121,121 

and a connection coefficient is give by 



c(Ao,3-^Ai_3) = 



' ' r(Ao^3 - Ao,. + 1) 



i/=i 



r(Ao,,y + Ao,3 + A14 + Ai_2 + A2,l + A2,2 — 1) 

r(Ai..-Ai.3) 

r(2 — Ao,l — Ao,2 ^ ^ Ai_3 — A2,l — A2,2) 

Using this example we explain an idea to get all the rigid decompositions m = 
m' © m". Here we note that idx(m, m') = 1. Put m = 221,221,221. We may 
assume ordm' < ordm". 

Suppose ordm' — 1. Then m' is isomorphic to 1,1,1 and there exists tuples 
of indices (€0,^1,^2) such that m'j ^ = Then idx(m, m') — too.^o + ™i.^i + 

— (3 — 2) ordm • ordm' and we have mg/o + mu-^ + mi^i^ = 6. Hence 
(^o/oi '^1,^1 ' ™i-^2) = (2,2,2), which is expressed by 6 = |2,2,2| in the above. 
Since Ij = 1 or 2 for < j < 2, it is clear that there exist 8 rigid decompositions 
with ordm' = 1. 

Suppose ordm' = 2. Then m' is isomorphic to 11,11,11 and there exists 
tuples of indices (^o,ii -^0,2, -^1,1, ^1,2, ^24, -^2,2) which satisfies I]j=o Z]^=i "^i.^.- = 
(3 — 2) ordm-ordm' + l = 11. Hence we may assume (^o,i' ^0,2, ^i,i: ^1,2, ^2,1, -^2,2) = 
(2, 1, 2, 2, 2, 2) modulo obvious symmetries, which is expressed by 11 = |21, 22, 22|. 
There exist 6 rigid decompositions with ordm' = 2. 

In general, this method to get all the rigid decompositions of m is useful when 
ordm is not big. For example if ordm < 7, m' is isomorphic to 1,1,1 or 11, 11, 11 
or 21, 111, 111. 

The condition for the irreducibility is given by Theorem 12.10| and it is 



Ao,^ + + X2.k i Z (i, J, fc e {1, 2}), 

E'=o ELi a,.. + (A.,3 - Km) i1 [ie {0, 1, 2}, k e {1, 2}). 



15.8.2. Other examples. Theorem 14.6 shows that the connection coefficients be- 
tween local solutions of rigid differential equations which correspond to the eigenval- 
ues of local monodromies with free multiplicities are given by direct decompositions 



of the tuples of partitions m describing their spectral types. 

We list the rigid decompositions m = m'©m" of rigid indivisible m in 
satisfying TOo,no = ™i.r n = n T-'o.nn ~ "^1 ni = 1- The positions of TOo,no and mi^r 



in m to which Theorem 14.6 applies are indicated by an overline and an underline, 
respectively. The number of decompositions in each case equals hq + ni ^ 2 and 
therefore the validity of the following list is easily verified. 

We show the tuple dmax^ after The type [A(m)] of A(m) is calculated by 



(9.42), which is also indicated in the following with this calculation. For exam- 
ple, when m = 311,221,2111, we have d(m) = 2, m' = ^m = 111,021,0111, 
[A(s(lll, 021,0111))] = l^ {m;., -m;-! e Z>o} U {2} = {1,1,1,1,2,2} and 
hence [A(m)] = 1^ x l^* • 2^ = l^^ . 2^, which is a partition of h{m) - 1 = 17. 
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Here we note that /i(m) is the sum of the numbers attached the Dynkm diagram 
1 



13 



o— o— i— o— §— o corresponding to am e A+. 

All the decompositions of the tuple m corresponding to the elements in A(m) 
are given, by which we easily get the necessary and sufficient condition for the 
irreducibility (cf. Theorem |l2J3| and §|l5.9.2D. 



ord m = 5 

311, 221, 2111 = 100, 010, 0001 211, 211, 2110 6 = |3, 2, 1| 

= 100, 001, 1000 © 211, 220, 1111 6 = |3, 1, 2| 

= 101, 110, 1001 ® 210, 111, 1110 11 = |31, 22, 21| 

= 2(100, 100, 1000) © 111, 021, 0111 
4 111,021,0111 
[A(m)] = 1^ X l" ■ 2' = 1^^ ■ 2' 

m = Hi® 211, 211, 211 -.6 = Hi® EO4 : 1 = H2 ® H3 : 6 = 2Hi ® H3 : 2 
311, 22T, 2111 = 211, 211, 2110 ® 100, 010, 0001 = 211, 121, 2110 © 100, 100, 0001 
= 100, 001, 1000 © 211, 220, 1111 

= 210, 111, 1110 © 101, 110, 1001 = 201, 111, 1110 © 110, 110, 1001 
3lT, 221, 2111 = 211, 211, 2110 © 100, 010, 0001 = 211, 121, 2110 © 100, 100, 0001 
= 201, 111, 1110 © 110, 110, 1001 

= 101, 110, 1010 © 210, 111, 1101 = 101, 110, 1100 © 210, 111, 1011 

32, 2IIT, 2111 = 22, 1111, 2110 © 10, 1000, 0001 = 10, 0001, 1000 © 22, 2110, 1111 
= 11, 1001, 1010 © 21, 1110, 1101 = 11, 1001, 1100 © 21, 1110, 1011 
= 21, 1101, 1110 © 11, 1010, 1001 = 21, 1011, 1110 © 11, 1100, 1001 

4 12,0111,0111 
[A(m)] = l"* X 1^ ■ 2 = l'*" ■ 2 

m = Hi®H4:l = Hi® EO4 : 6 = H2 ® Ha : 9 = 2Hi ® H3 : 1 

221, 221, 41, 41 = 001, 100, 10, 10 © 220, 121, 31, 31 = 001, 010, 10, 10 © 220, 211, 31, 31 
= 211, 220, 31, 31 © 010, 001, 10, 10 = 121, 220, 31, 31 © 100, 001, 10, 10 
4 021,021,21,21 
[A(m)] = 1^ ■ 2 X 1* ■ 2^ = 1*^ ■ 2* 

m = Hi® 22, 211, 31, 31 : 4 = © -^3 : 2 = 2Hi © P3 : 4 
22T, 221, 41, 41 = 001, 100, 10, 10 © 220, 121, 31, 31 = 001, 010, 10, 10 © 220, 211, 31, 31 
= 111, 111, 30, 21 © 110, 110, 11, 20 

22T, 32, 32, 41 = 101, 11, 11, 20 © 120, 21, 21, 21 = Oil, 11, 11, 20 © 210, 21, 21, 21 
= 001, 10, 10, 10 © 220, 22, 22, 31 
4 021, 12, 12,21 
[A(m)] = l"* ■ 2 X 1^ ■ 2^ = l'' ■ 2^ 
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m = iJi ffi 22, 22, 22, 31 : 1 = //i ffi 211, 22, 31, 31 : 4 = Ha P3 : 2 
= 2Hi ®Pa:2 

3lT, 311, 32, 41 = 001, 100, 10, 10 310, 211, 22, 31 = 211, 301, 22, 31 100, 001, 10, 10 
= 101, 110, 11, 20 210, 201, 21, 21 = 201, 210, 21, 21 110, 101, 11, 20 
A Oil, Oil, 02, 11 
[A(m)] = 1'* X 1* • 2 ■ 3 = 1* ■ 2 • 3 

m = Hi 211, 31, 22, 31 : 4 = J/a P3 : 4 

3lT, 311, 32, 41 = 001, 100, 10, 10 301, 211, 22, 31 

= 101, 110, 11, 20 210, 201, 21, 21 = 101, 101, 11, 20 210, 210, 21, 21 

32, 32, 4T, 41, 41 = 11, 11, 11, 20, 20 21, 21, 30, 21, 21 
= 21, 21, 21, 30, 21 11, 11, 20, 11, 20 
A 02,02,11,11,11 
[A(m)] = 1'' X 2^ ■ 3 = 1'' ■ 2^ ■ 3 

m = ffi P4 : 1 = -^2 P3 : 3 = 2J/i P3 : 2 = 3Hi i^a : 1 

ord m = 6 and m £ Vs 
321, 3111, 222 = 311, 2111, 221 010, 1000, 001 7 = 12, 3, 2] 

= 211, 2110, 211 110, 1001, Oil 13 = |32, 31, 22| 

= 210, 1110, 111 111, 2001, 111 
4 121, 1111,022 111,0111,012 
[A(m)] = 1" X 1 ■ 2^ = 1'^ ■ 2^ 

m = Hi® 311, 2111, 221 : 3 = Ha 211, 211, 211 : 6 = H3 H3 ; 6 
= 2Hi EOi : 3 

32T, 3111, 222 = 211, 2110, 211 110, 1001, Oil = 211, 2110, 121 110, 1001, 101 
= 211, 2110, 112 110, 1001, 110 

= 111, 2100, 111 210, 1011, 111 = 111, 2010, 111 210, 1101, 111 
321, 3IIT, 3111 = 221, 2111, 3110 100, 1000, 0001 = 100, 0001, 1000 221, 3110, 2111 
= 211, 2101, 2110 110, 1010, 1001 = 211, 2011, 2110 110, 1101, 1001 
= 110, 1001, 1100 211, 2110, 2011 = 110, 1001, 1010 211, 2110, 2101 
A 021,0111,0111 
[A(m)] = l"* X 1^ ■ 2 ■ 3 = l''' ■ 2 ■ 3 

m = Hi 221, 2111, 311 : 6 = Hi 32, 2111, 2111 : 1 

= Ha 211, 211, 211 : 9 = 2Hi H4 : 1 = 3Hi H3 : 1 



32T, 3111, 3111 = 221, 3110, 2111 100, 0001, 1000 = 001, 1000, 1000 320, 2111, 2111 
= 211, 2110, 2110 110, 1001, 1001 = 211, 2110, 2011 110, 1001, 1100 
= 211, 2110, 2011 110, 1001, 1100 
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321, 321, 2211 = 211, 220, 1111 110, 101, 1100 = 101, 110, 1100 220, 211, 1111 
= 111, 210, 1110 © 210, 111, 1101 = 111, 210, 1101 210, 111, 1110 
4 121, 121, 0211 -> 101, 101, 0011 
[A(m)] = l"' • 2 X 1* • 2' = l" ■ 2^ 

m = Hi © 311, 221, 2111 : 4 = J/i 221, 221, 221 : 2 

= ffa © EOi ■.2 = H2® 211, 211, 211 : 4 = Jfg © -ffs : 2 

= 2Hi 211, 211, 211 : 2 = 2(110, 110, 1100) © 101, 101, 0011 : 1 

321, 32T, 2211 = 221, 221, 2210 © 100, 100, 0001 = 110, 101, 1100 © 211, 220, 1111 
= 211, 211, 2110 © 110, 110, 0101 = 211, 211, 1210 © 110, 110, 1001 
= 210, 111, 1110 © 111, 210, 1101 

4lT, 2211, 2211 = 311, 2210, 2111 © 100, 0001, 0100 = 311, 2210, 1211 © 100, 0001, 1000 
= 101, 1100, 1100 © 310, 1111, 1111 = 201, 1110, 1110 © 210, 1101, 1101 
= 201, 1110, 1101 © 210, 1101, 1110 
4 211, 0211, 0211 ^ Oil, 001, 0011 
[A(m)] = 1'" ■ 2 X 1^ • 2=^ = l" ■ 2* 

m = i/i © 311, 221, 2211 : 8 = H2 e : 2 = H-a S) H-s : A 
= 27?! 211,211,211 : 4 

411, 221T, 2211 = 311, 2111, 2210 © 100, 0100, 0001 = 311, 1211, 2210 © 100, 1000, 0001 
= 100, 0001, 0100 © 311, 2210, 2111 = 100, 0001, 1000 © 311, 2210, 1211 
= 201, 1101, 1110 © 210, 1110, 1101 = 210, 1101, 1110 © 201, 1110, 1101 

4lT, 222, 21111 = 311, 221, 21110 100, 001, 00001 = 311, 212, 21110 100, 010, 00001 
= 311, 122, 21110 © 100, 100, 00001 = 201, 111, 11100 © 210, 111, 10011 
= 201, 111, 11010 © 210, 111, 10101 = 201, 111, 10110 210, 111, 11001 

4 211, 022, 01111 111, 012, 00111 
[A(m)] = 1" X 1"* • 2=* = 1'* • 2^ 

m = Hi® 311, 221, 2111 : 12 ^ H3 ® Hs : 6 = 2Hi ® EO4 ■ 3 

42, 221T, 21111 = 32, 2111, 21110 © 10, 0100, 00001 = 32, 1211, 21110 © 10, 1000, 00001 
= 10, 0001, 10000 © 32, 2210, 11111 = 31, 1111, 11110 © 11, 1100, 10001 
= 21, 1101, 11100 © 21, 1110, 10011 = 21, 1101, 11010 © 21, 1110, 10101 
= 21, 1101, 10110 © 21, 1110, 11001 
4 22,0211,01111 12,0111,00111 
[A(m)] = l'"* X 1® • 2' = l"*" • 2' 

m = Hi® 32, 2111, 2111 : 8 = Hi ® EO4 : 2 = H2 ® H4 : 4 
= Hs ®Hs:6 = 2Hi © EO4 : 2 

33, 3IIT, 21111 = 32, 2111, 21110 © 01, 1000, 00001 = 23, 2111, 21110 © 10, 1000, 00001 
= 22, 2101, 11110 © 11, 1010, 10001 = 22, 2011, 11110 © 11, 1100, 10001 
= 11, 1001, 11000 © 22, 2110, 10111 = 11, 1001, 10100 © 22, 2110, 11011 
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= 11, 1001, 10010 © 22, 2110, 11101 
4 13, 1111,01111 
[A(m)] = l''' X 1'' • 2' = l"*" • 2' 

m = Hi® 32, 2111, 2111 : 8 = H2 e EO4 : 12 ^ 2Hi ® Hi : 2 

32T, 3111, 3111 = 221, 3110, 2111 © 100, 0001, 1000 = 001, 1000, 1000 © 320, 2111, 2111 
= 211, 2110, 2110 © 110, 1001, 1001 = 211, 2110, 2101 © 110, 1001, 1010 
= 211, 2110, 2011 © 110, 1001, 1100 
A 021,0111,0111 
[A(m)] = 1^ X 1^ ■ 2 ■ 3 = l'*' ■ 2 ■ 3 

m = Hi® 221, 2111, 311 : 6 = //i © 32, 2111, 2111 ; 1 

= H2® 211, 211, 211 ; 9 = 2//1 © //4 : 1 = 3i/i ® H3 : I 

321, 3IIT, 3111 = 100, 0001, 1000 © 221, 3110, 2111 = 221, 2111, 3110 © 100, 1000, 0001 
= 211, 2101, 2110 © 110, 1010, 1001 = 211, 2011, 2110 © 110, 1100, 1001 
= 110, 1001, 1100 © 211, 2110, 2011 = 110, 1001, 1010 © 211, 2110, 2101 

33, 221T, 2211 = 22, 1111, 2110 © 11, 1100, 1001 = 22, 1111, 1210 © 11, 1100, 0101 
= 21, 1101, 1110 © 12, 1110, 1011 = 12, 1101, 1110 © 21, 1110, 1011 
= 11, 1001, 1100 © 22, 1210, 1111 = 11, 0101, 1100 © 22, 2110, 1111 
4 23, 1211, 1211 -> 21, 1011, 1011 
[A(m)] = l''' ■ 2 X 1* = 1^" ■ 2 

m = Hi® 32, 2111, 2111 : 8 = //2 © EO4 : 8 = H3 ® H3 : 4 
= 2(11, 1100, 1100) © 11, 0011, 0011 : 1 

We show all the rigid decompositions of the following simply reducible partitions 
of order 6, which also correspond to the reducibility of the universal models. 

42, 222, mill = 32, 122, 011111 ® 10, 100, 100000 
= 21, 111, 111000021, 111, 000111 

4 32,122,011111 ^ 22,112,001111^ 12,111,000111 
[A(m)] = 1^8 

m = iJi ® EO5 : 18 = H3 ® H3 : W 

33, 222, 21111 = 23, 122, 11111 ffi 10, 100, 10000 
= 22,112,10111® 11,110, 11000 
= 21, 111, lllOOffi 12, 111, 10011 

4 23,122,11111 ^ 22,112,01111^ 12,111,00111 
[A(m)] = 1^4 

m = iJi © EO5 : 6 = iJ2 ® EOi : 12 = H3 Q) H3 : 6 



15.9. Submziximal series and minimal series. The rigid tuples m = {mj^,,} 
satisfying 

(15.38) ^{rrij^^ ; < rrij^i, < ordm} > ordm + 5 
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are classified by Roberts |Ro]. They are the tuples of type i7„ and P„ which satisfy 
(15.39) ; < ruj^^ < ord m} 2 ord m + 2 

and those of 13 series An = EOn, Bn, C„, Ai, En, F„, G2m, In, Jn, Kn, i2m+l, 

Mn, Nn called submaximal scries which satisfy 



(15.40) 



jj^{mj^y ; < irij^i, < ordm} = ordm + 5. 



The series iJ„ and Pn are called maximal series. 

We examine these rigid series and give enough information to analyze the series, 
which will be sufficient to construct differential equations including their conflu- 
ences, integral representation and series expansion of solutions and get connection 
coefficients and the condition of their reducibility. 

In fact from the following list we easily get all the direct decompositions and 
Katz's operations decreasing the order. The number over an arrow indicates the 
difference of the orders. We also indicate Yokoyama's reduction for systems of 
Okubo normal form using ex tensi on and restriction, which are denoted Ei and i?j 
{i = 0, 1, 2), respectively (cf. [ Yo2 |). Note that the inverse operations of Ei are Ri, 
respectively. In the following we put 



(15.41) 



UH, 



UP„^ = a-^X^" (1 - X)^' (C2 - xf-" ■ ■ ■ {Cm-l - xY 

UH2 = , 



We give all the decompositions 

(15.42) m= (idx(m',m)-m')©m" 

for am' G ^(m)- Here we will not distinguish between m' m" and m" m' 
when idx(m',m) = 1. Moreover note that the inequality assumed for the formula 
[A(m)] below assures that the given tuple of partition is monotone. 



15.9.1. Bn- {B 

2m+l = IIIrn, B2 



m2l,m+ ll'",ml™+i 



[A{B2m+l)] = 



mm - 



Ilm, B3 — H3, B2 — H2) 



a-^ (1 - xY UH„,^, 

10, 10, 01 e mm - 11, ml™, ml™ 
01,10,10em2,ml™,m- ll™+i 
1^0,11,11® (m- l)2l,ml™"\m 



11' 

„2 



-S2m+1 — Hi® i?2m 




2(m ^ 


f 1) 




= Hi® C2m 




1 






= H2® i?2m- 


1 


m{m 


+ 1) 




= mHi ® H,n 


+1 


2 






^d-"' x^' {l- 


- xY" 








"'^mV' = 100, 01, 10 € 


D (m - 


- l)2l,ml™"\ 


m - 11™ 


= 001, 10, 10 € 


3 mm 


-10, 


771-11™ 


,771-11™ 


= 110, 11, lie 


dm- 


Im — 


21,m - 


ll™~\m 
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[A(S2„0] 


= 1"' X . (to - 


1) = 




■ (to — 1) 




m R 




2m 






= Hi (B C2rn-2 




1 






= H2® B2m-2 










= {m - l)Hi © H„,+i 




1 






= mHi © H„i 




1 




B2rn+1 


> -Dri 7 


-Bri 


-1, Bn ' 


> Cn~l 


R2E0 








B2m 


_R1_E0 


Hm+1 





15.9.2. An example. Using the example of typ e i?2m+i, we explain how we get 



explicit results from the data written in § 15.9.1 
The Riemann scheme of type i?2m+i is 





00 

[Ao,l](r: 
[-^0,2] (r: 

Ao,3 



1 



[^1,1] (m+1) [A2,l](Tn) 
Al,2 A2.2 



p "j 



Al,Tn+l 

= 2m 



A2,m+2 ^ 

(Fuchs relation). 



Theorem |12.13| says that the corresponding equation is irreducible if and only if 
any value of the following linear functions is not an integer. 



B^"^^ := Ao,3 + Ai,i + A2,i, 



{i = l,2, ly = 2,...,m + 2), 



B^i^}, Ao,i + Ao,2 + Ai_i + Ai^^, + A24 + A2,,y — 1 

= 2,..., 772 + 1, i/ = 2,...,m + 2), 



L 



(4) 



Ao,i + Ai 1 + A2, 



(7 = 1,2). 



Here i'^J (resp. L^^' etc.) correspond to the terms 10, 01, 01 and i?i©-B2m ■ 2(to+1) 
(resp. Oi, 10, 10 and Hi © Ca™ : 1 etc.) in § |l5.9.l|. 

It follows from Theorem 8.13 and Theorem 12.13 that the Fuchsian differen- 



tial equation with the above Riemann scheme belongs to the universal equation 



^,{X)u = if 



L 



(4) 



{-l,-2,...,l-m} (7 = 1, 2). 



Theorem 14. 6| says that the connection coefficient c(Ai.m+i X2.V1+2) equals 



n:=ir(Ai, 



m+1 



Ai,Ai + 1) • Il'!!=i r(A2,i/ - Ai^m+2) 



r(l - L\^L+2) ■ IlT=2 r(imVl,i') ' n™=2 - L^p,,m+2J 



(3) 



and 



c(Ai,m+l ^ 
c(A2,m+2 



Ao.s) 
Ao.s) 



nr=i r(Ai^„i+i — Ai_^ + 1) • ni=i ^(Ao,; — ao,3) 



r(i-i(2))-n"LYr(4=:^ij 



r(A2,,n+2 - Al.. + 1) • riLl r(Ao,. - Ao,3) 



nil nL^U ■ nL^ij 
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It follows from Theorem 13.7 that the universal operators 

PkW PhM) pL.W Pk,.W PkJ^) PkJ>^) PkJ^) 
PkW PkW Pk..-.W Pk„.-M) Pk,.-M) 

define shift operators i?B2m+i(^i under the notation in the theorem. 

We also explain how we get the data in Q5.9.1. Since dmax '■ B2m+i = m := 
mml,m + ll",ml"+i -+ H,n+i = m' := 0ml, 11™, 01"+\ the equality ( |9.42| ) 
shows 



[A{B2,n+i)] = [A{H„,+i)] U {di,i,i(m)} U {m'^ - ?7i' > 0} 



X m^ X l"+2 . ^- 



T-'j.i > 0} = {m, 1,1'"+!} 



Here we note that {m^ ^ 
is given in § 15.4 . 

We check ( 9.44 ) for m as follows: 
/i(m) = 2(H h m) + (2m + 1) + 2(m 



m+n - l'"+2 . ^1 and [A(i?™+i)] 



-|^m-^+3m+3 , ^^2 



1 



m"^ + 5m + 4, 

i = (m^ + 3m + 3) + 2m 



1) + 1 



bm 



»e[A(m)] 

The decompositions mHi®Hm+i and Hi@B2m etc. in j |15.9.1 



Jm + 1 

12 ml m + 1 21 
o — o — — o — o — o — — o — o 

2m + 1 

are easily obtained 



and we should show that they arc all the decompositions ( 15.42 ), whose number is 



given by [A{B2m+i)\- There are 2 decompositions of type mHi H„i+i, namely, 
S2m+i = mm,l,m + ll™,ml™+i = m(100, 10, 10) e • • • = m(010, 10, 10) © • • • , 
which correspond to L^^' for i = 1 and 2. Then the other decompositions are of 
type m' © m" with rigid tuples m' and m" whose number equals m^ + 3m + 3. 
The numbers of decompositions Hi © B2m etc. given in § 15.9.1 are easily calculated 
which correspond to L^J etc. and we can check that they give the required number 
of the decompositions. 

15.9.3. Cn. {Ci = EOi, C3 = Fa, C2 = H2) 



m + lm,ml"*+\ml™+i 
[A(C2™+i)] 

C2m+1 



10,01,10©m^mr 



11 



m+1 



11, 11, 11 ©m(m- l),m - ll™m - 11' 
l('»+i)' X I2-+2 . ^ . _ 1) 

^(m+l)(m+3) . ^ . _ 1) 



2m + 2 
{m + lf 
1 
1 



m , ml' 



, m 



[A(C2„0] 
C2m 



Hi © C2m 
H2 © C2m-2 

mHi © H^+i 
(m - l)Hi © H,n+2 

9-'^'a;^'(l-x)-^i-"-^'" 

1, 10, 01 © mm - 1, m - ll"-\ 
1^, 11, 11 © (m - 1)2, m, - ll'"-\ m - 21" 
^(m+i)^ X l-^+i • (m - 1)2 = i™'+3™+2 . _ 1)2 
Fi©C2,„_i :2m + 2 

H2®C2 : m{m + 1) 

(m - l)Fi © : 2 



11 



rn — 1 
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R2E0RQE0 
RIEORQEG 



2m+l 
1 



^ Hm+2 

Cri-1 



15.9.4. (Dg = Xe : Extra case, Dg = SOg) 



UE. 



(2m - 1)2, 2'"1, 2"-^l^ = 10, 01, 10 (2m - 2)2, 2"\ 2"'-^l'^ 

= 10, 10, 01 ® (2m - 2)2, 2""^^ 2"-3l4 



-)m — 2 -1 5 



ml,l"l,l™-2i3 



m > 2 



[A(I?2r„+l)] 
^2m+l 



m > 3 



(m- l)l,l'"0,l™-2i2, 

26?n+2 2(''^~1)(''^~'^) ^ 22"^— 3 j^6m+8 _ (2m{m. — 2) 

Hi ® 152™ : m - 2 

Hi ® i?2jri : 5m 

Hm © H„i+i : 10 

2i?i ® 152™-! : m(m - 2) 

10, 1, 01 ® (2m - 3)2, 2™-^, 2""'^^ 
= {m - 1)1, 1™, l™-3l3 © (to - 1)1, 1™, l'"-3l3 

^^^^^ -j^6m+6 _ 2(^^1)("^^4) X _ 2^27n—A -j^6m+10 _ 2^C"^~3) 

D2rn 



(2m - 2)2, 2™, 2™-3l6 



Hi ® i:'2m-l 
2i?l ffi 152™- 2 



6m 
10 

m(m — 3) 



R2E0 



Dn- 



Dn D„- 



2m+l 



2m 



15.9.5. En. iE5 = Cs, Ei = EO^, E^ = H3) 

a"^"(l -x)^"W£;„_, (n > 5) 
10, 01, 10 e (2m, - 2)2, 2'"-il2, 2"'-2i4 

(m - 1)1, r'-^i, r'-^i ® ml, r'-^i^, r 



UE3 

UEi 

m — li3 o"^^ll3 



(2m- l)2,2"-n^2™-^l 



m > 2 



[HE2ra+l)] 
E2m+1 



(m - 2)1, r'-^o, r'-^o ® (m + 1)1, r'-^i^, r'-iis 



Hi © E2m 
Hrn-1 ffi H„i+2 
H„i Hm+1 

2Hi ® -E2m-1 



6(m — 1) 
1 
9 

(m- 1)2 

(2m - 2)2, 2™-il2, 2^-214 ^ iq, iq, 01 ® (2m - 3)2, 2"-2i^3^ 2^-213 

= 10, 01, 10 ffi (2m - 3)2, 2™-il, 2''''~^l^ 
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= (m - 2)1, V'^O, rnl, V'H^, 



m>2 



^^2m — Hi® E2m-1 
2 



i^ri ^ -En- 2 

_R2£;0 



-En 



4(m - 1) 

2(m-2) 

4 

6 

(m- l)(m-2) 



2m-l 



15.9.6. ^^„. (Fs = Bs, = ^^3 = H3) 

UF3 = U_f/3 



{n > 5) 



(2m- I)l2,2™l,2 



m— 1 "1^3 



10,10,01® (2m- 2)1^,2" 



= 10, 01, 10 e (2m - 2)l^ 2™, 2'"-2l4 
= (m - 1)1, 1"0, l^^-H ® ml, 1™1, l"-il2 
m > 1 ^ [A(i^2m+i)] = 1"^"+^ ■ 2(™-i)('"-2) X l'^ • 2^'"^^ = l'^™+'5 • 2'"('"-i) 
^2m+i ^ Hi® G2V1 ■■ 3m 

= i/i ® F2r,i -.m-l 

= Hm © Hm+1 ■ 6 

= 2J?i © F2m-i ■■ m{m - 1) 
(2m- 2)l2,2'",2™-2j^4 ^ 10,1,01© (2m- 3)1^2™-ll,2™-2l3 



m > 2 



= (m - 1)1, 1", l™-2l2 © (m - 1)1, 1™, l™-2l2 



F2.. 



Hi © F2m-l 
Hm © -ffrn 
2iJi © F2„i_2 



Fn > Fn-2, 

R2E0 



4m 
6 

m(m — 2) 



F 



2m+l 



G 



2 m 



15.9.7. G2m- (G4 = B4 



WG2 



1 2 r)?n-— 1 1 2 orn— 1 1 2 



(2m-2)r,2'"~^r,2™-^l' 



(9-^^'"(l-x)'-"UG2,. . 
10, 01, 01 © (2m - 3)l^ 2™-^, 2™-2l^ 
(m-2)l,l'"-i0,l'"-i0©ml,l 



?n — 1 2 -j^ ?n — 1 T 2 



1^ 



m > 2 



[A(G2„0] 

G2m 



_ ^4m-2 ^ 2(™-2)^ ^ ^4 . 22™-3 _ ^4m+2 ^ 2(™-l)^ 



-ffl © F2m-1 
Hm-1 © Hm+1 
2Hi © G2m-2 



4m 
2 

(m-l)2 
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G2m — Hi® F2m-l — © H,n+1 



G 



2" Wo^2(™-i'' 



G 



2m 



2m— 1 



15.9.8. /„. (/2m+l — III*nJ ^2)ri — 11*^, I3 — P3) 

(2m)l,m+ lm,TO+ ll",m + 11™ 

= 10, 10, 10, 01 © (2m - 1)1, mm, ml", m + 11™"^ 
= 20, 11, 11, 11 © (2m - 2)1, mm - 1, ml™"\ ml'""i 
[A(/2™+i)] = 1™' X l2™ . m • (m + 1) = l™'+2'» . m • (to + 1) 

hm+l = i^l © /2m 



= i?2 © /2m- 1 

: mHi © -ff,„+i 
= (m + l)i/i © i/,„ 

a-^'(l -cx)^"mh^ 



2m 
m^ 
1 
1 



(2to - 1)1, mm, toI™, to + 11'"-^ 

= 10,01,01,10© (2m- 2)1, mm - 1, to1'"-\ ml"'~^ 
= 20,11, 11,11© (2m- 3)1,TO- Ito- l,m- ll'"~\ 

[A(/2m)] = 1"' X 1™ . to2 = 1' 
/2m = //l © /2m- 1 : 2m 

= //2 © /2m-2 : "i(to - 1) 

= mHi © //„ : 2 

m+l 



ml 



m-2 



im{m+l} , ^2 



/2m+l 
/2m+l 



//mj /27n+l ^ 
^ /2?ri > /2m.- 2 



/T, 



m+l 1 



/2 



//„ 



/,, 



/„-i 



15.9.9. J„. (J4 = /4, ^3-/^3) 

wj2 = (c - a;)^ 

u,/„ = 9"^"x^"uj„_2 {n > 4) 
(2to)1,(2772)1,2"1,2™1 



10, 10, 01, 10 © (2to - 1)1, (2m - 1)1, 2™, 2' 



'11 



= (m - 1)1, mO, 1™0, 1™0 © (to + 1), toI, 1™1, 1"1 
[A(J2„,.+i)] = 1^"' • 2("'-i)' X 1^ . 22™-i = l2™+2 . 2"' 

^2m.+ l = //l © J2m 

= //m © //m+l 



— 2//i © J2m-2 



2to 

2 
TO^ 



(2to - 1)1, (2to - 1)1, 2™, 2'"-il2 

= 10, 10, 1, 01 © (2to - 2)1, (2m - 2)1, 2"-^, 2""'^ 



= (m - 1)1, mO, 1™, 1™"^ © mO, (m - 1)1, 1™, 1 



m 1 m — 1 



1 
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>/2m = Hi® J2rn~l 
Jn Jn-2 [n > 6), 



2m 
2 

TO(m — 1) 



Jn-1 



15.9.10. i^„. (A's = A/s, A4 = A, Ks - P3) 

m + lra,m + Im, (2m) 1, (2m) 1, (2m) 1, . . . e T-'m+s'^^ 

= 11, 11,11,20,20, . . .0 mm - l,mm- 1, (2m- 1)0, (2m- 2)1, (2m 

[A(if2m+l)]=l"+'-(™-l)xj71 

Ar2,„+1 = i?2 ffi Ar2,„_i 

= (m - l)i?i ® P„+2 
= mFi ® : 2 

= (m + l)i?i ® P,„ : 1 



(m + 1) = 1™+^ • (m - 1) • m^ • (m 
m + 1 
1 



mm, mjTi - 11, (2m - 1)1, (2m - 1)1, ...eV, 



(2m) 
m+2 



01,001,10,10,10,. 
11,110,11,20,20,. 



. ® mm - 1, mm - 10, (2m - 2)1, (2m - 2)1, . . 
. ® m - Im - 1, m - Im - 21, (2m - 2)0, (2m - 



[/^{K2„^)] = 1"+^ • (m - 1) X 1 • (m - 1) • m^ l™+2 . (m - if ■ m^ 



K 



K2m = Hi® A'2m-1 
= iJ2 ® A'2,„-2 

= (m - l)Hi ® 
= mHi ® 

m+l 



2 

m 

2 

2 



2m+l 



-^2m+l -Pm+1, 



2m 



Rl 



-^2ra ^ Pi 



m+ 1 5 



A' 



i-2m+l 
1 



m+2 



2 m 



K 



2rn—l 



15.9.11. L2m+1. {Ls = J5, L3 = H3) 



UL2 



mml, mml, (2m)l, (2m)l, . . . G -p^l^m+i) 



Tn+2 



= 001, 010, 10, 10, ... ® mmO, mm - 11, (2m - 1)1, (2m - 1)1, . . . 
= 110, 110, 11, 20, ... ® m - Im - 10, m - Im - 11, (2m - 1)0, (2m 



[A{L2m+l)] = 1 



™+2 . m X 1^ . m^ = l'"+4 



L2m+1 — i?l ® Ar2Tn 


: 4 




= iJ2 ffi p2m-l 


: m 




= mHi ® P™+i 


: 4 




A2m+1 = -ff 1 ® Ar2m7 ^2m^ 


-1 = 


-^2 ® A2m-1 


A2m+1 > Pm+l, L2m+1 

R2EQ 


1 ^ 


A'2m 
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15.9.12. M„. (Ms = K5, Ah = h, A/3 = P3) 

_ gn+X'sA hAj 



+2 (C3 - X)^'^ ■ ■ ■ (c™+2 - x)^''^ + ^UH^ 



^(2m+l) 
' m+3 



(2m)l, (2m)l, (2m)l, (2m - 1)2, (2m - 1)2, 

= m — 11, mO, mO, m — 11, m — 11, . . . © m + 10, ml, ml, ml, ml, . . 

= m - 10,?7i- 10, m- 10,m- 21,m - 21, . . . 
©m + ll,m+ll,m+ll,m+ll,m+ll,... 
[A(M2rn+i)] = 1^ X 2™ • (2m - 1) 1-* • 2" • (2m - 1) 



M2m + 1 — Pm-1 ffi Pm+2 
= Pm © Pm+1 

= 2Hi © M2™-i 
= (2m - l)Hi © i72 



1 
3 
m 
1 



(2m) 
ni+2 



"M2„ = 9"'' (c3 - a;) 3 . . . (c„i+i - x) "^+^uh2 
(2m - 2)l^ (2m - 1)1, (2m - 1)1, (2m - 2)2, . 

= 01, 10, 10, 10, ... © (2m - 2)1, (2m - 2)1, (2m - 2)1, (2m - 3)2, . . . 
= m — 21, m — 10, m — 10, m — 21, ... © ml, ml, ml, ml, . . . 
= m— 11, m — 11, mO, m — 11,. ..©m — 11, mO, m — 11, m— 11,... 
[A(A/2m)] = 1'* X l2 . 2™-i • (2m - 2) = 1^ • 2"-^ • (2m - 2) 



M2m =Hi® M2rn-1 
= Pm-1 ffi Pm+l 

Pm ® Pra 
= 2Hi © M2m-2 

= (2m - 2)Hi © H2 



2 
2 
2 

m — 1 
1 



, f 71—2 

Mr, > H2, 



Mn 



M, 



n-2, 



M- 



2m 



RIEO 



A'hm-l > M2m-3 

Rl 



15.9.13. Nn. {Ne = IV*, N5 = h, N4 = G4, N3 = H3) 



,(2m+l) 



(2m - 1)1^ (2m - 1)1^ (2m)l, (2m - 1)2, (2m - 1)2, ... € 
= 10,01,10,10,10... 

© (2m - 2)1^ (2m - 1)1, {2in - 1)1, {2m - 2)2, {2m - 2)2, . . . 
= m— 11, m — 11, mO, m — 11,7ti— 11,...© ml, ml, ml, ml, ml, . . . 

• (2m- 1) 



[A(A^2m+l)] 


^l^X 


l4 . 2™"i 


• (2m- 


- 1) = 1« 


^2m+l 




3 M2m 




4 




— -frn ^ 


3 /ni+l 




4 




= 2Hi 


©A^2m-1 




m — 1 




= (2m 


- l)Hi © 


H2 


1 




x^'«{l - 


-^)^'^(C3 


^xf^ 


• ■ ■ (Cm - 



(2m - 2)1^, (2m - 2)1^, (2m - 2)1^, (2m - 2)2, (2m - 2)2, . . . G V^^^^l 
= 01,10,10,10,10... 
© (2m - 2)1, (2m - 3)1^ (2m - 3)l^ (2m - 3)2, (2m - 3)2, . . . 
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= m — 11, m — 11, m — ll,7Ti— 11, m — 11,... 
0m — 11, TO — 11, m — 11, m — 11, m — 11,. .. 
[A(iV2„0] = 1** X 1^ . 2"-2 . (^2m - 2) = 1^" • 2"-^ . (^2m - 2) 



= (2m - 2)Hi ® i72 



6 
4 

m - 2 
1 



15.9.14. minimal series. The tuple 11, 11, 11 corresponds to Gauss hypergeometric 
series, which has three parameters. Since the action of additions is easily analyzed, 
we consider the number of parameters of the equation corresponding to a rigid tuple 
m = (toj i/) o<j<p S ^p+i modulo additions and the Fuchs condition equals 

l<i^<nj 

(15.43) no + nl^ hnp-(p+l). 

Here we assume that < rrijn < n for 1 < v < Uj and j = 0, . . . ,p. 

We call the number given by ( |15.43| ) the cfFective length of m. The tuple 11,11,11 



is the unique rigid tuple of partitions whose effective length equals 3. Since the 
reduction dmax never increase the effective length and the tuple m € P3 satisfying 
dmax = 11, 11, 11 is 21, 111, 111 or 211, 211, 211, it is easy to see that the non-trivial 
rigid tuple m G V3 whose effective length is smaller than 6 is H2 or H3. 

The rigid tuple of partitions with the effective length 4 is also uniquely deter- 
mined by its order, which is 

Pi 2m+i : "1 + Ito, to + Im, m -|- Im, m -|- Im 

(15.44) 

_f4,2m : ITT- + liTi — 1, TOm, mm, mm 

with m e Z>o. Here P4,2m+i is a generalized Jordan-Pochhammer tuple in Exam- 
ple |lUi). 



In fact, if m G T' is rigid with the effective length 4, the argument above shows 
mGVi and nj = 2 for j = 0, . . . , 3. Then 2 = J^^.^o + E^=o(" " ™jm)^ " 
and X]j=o(" ~ 2toj^i)^ — 4 and therefore m = P4,2m-i-i or Pi,2m- 
We give decompositions of P4,n' 

m + l,m;m-f l,m;m + 1,to;to + l,m 
= k,k + l;k + l,k;k + l, k; k +l,k 

® m — /c + 1, TO — A: — 1; TO — /c, m — k;m — k,m — k;m — k,m — k 
= 2{k + l,k;k + l,k;k + l,k;...) 

m — 2/s — 1, TO — 2k; m — 2k — l,m — 2k; to — 2fc — 1, to — 2k; . . . 
[A(P4,2m+i)] = 1'*'"^'* • 2™-i X 1^ • 2 = 1"*'" • 2™ 

-P4,2m+1 = ^4,2fe+l © -P4,2(m-A;) : 4 (fc = 0, . . . , TO - 1) 

= 2P4,2fe+l © -P4,2m-4fc-l : 1 (fc = 0, . . . , TO - 1) 

Here Pk,-n — ^Pk,n and in the above decompositions there appear "tuples of 
partitions" with negative entries corresponding formally to elements in A^'^ with 



(9.12) (cf. Remark 9.11 i)). 
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It follows from the above decompositions that the Fuchsian equation with the 
Riemann scheme 

oo 1 C3 

(m+l) [''^l.llCm+l) ['^2,l](m+l) (m-f-l) 
[Ao,2](m) [Al,2](m) [A2,l](m) [A3,2](m) 

4 

^^((m + l)Aj_i + mXj 2) ~ 2m (Fuchs relation). 

j=o 

is irreducible if and only if 
4 2 

X]X!(^ + '^-i + (l"2<5.4)5,,,)Aj-, (i = 0,l,...,5, fc = 0,l,...,m). 

When m = -P4.2m, we have the following. 

m + 1, m — 1; m, m; m, m; m, m 

= k + l,k;k + l,k;k + l,k;k + l,k 

©m — fc,m— fc— l;m — fc— l,m — fc;TO — A: — l,m — A:; m — fc — 1, m — fc 
— 2 /c ~)~ 1 ^ A; 1, k ^ J\i J k ^ J\i J k ^ 

0m — 2fc — l,m — 2fc + l;m — 2k, m — 2fc; m — 2fc, m — 2fc; m — 2fc; m — 2/c 
[A(P4,2m)] = 1^""^ ■ 2"~i X 1^ = 1^" • 2"'^i 

^'4,2>n = -P4,2fe+l(= fc+ + • • •) ffi A,2m-2fc+l :4 (fc = 0, . . . , m - 1) 

= 2P4,2A; © ^'4,2m-4fe : 1 (fc = 1, . . . , m - 1) 

1 2 



Roberts []Rc| classifies the rigid tuples m G 7^p+i so that 

(15.45) — + ■■■ + — >p-l. 

no Up 

They are tuples m in 4 series a, /3, 7, (5, which are close to the tuples rE^, rEj, 
rEs and rD^, namely, (no,...,np) = (3,3,3), (2,2,4), (2,3,6) and (2,2,2,2), re- 
spectively (cf. ( |9.46 )), and the series are called minimal series. Then (5„ = P4_„ and 



the tuples in the other three series belong to V3. For example, the tuples m of type 
a are 

ct3m = m + 1mm — 1, m^, m^, = H^, 

(15.46) , „ 2 

a3„-i-]^ = mm±l,mm±l,mm±l, a4 = i?4, 

which are characterized by the fact that their effective lengths equal 6 when n > 4. 
As in other series, we have the following: 

1 2 

an — > Cln-l, (X^rn+l " > a3m-l 

[A(a3„0] = [A(a3,„_i)] x f\ [A(a3,„-i)] = [A(a3,„_2)] x l^ 
[A(a3™_2)] = [A(a3m-4)] X 1^ • 2 

[A(a3„_i)] = [A(a2)] x . 2™"! = . 2™-i 

[A(a3„0] = 1'"'""' • 2'"-' 
[A(a3m-2)] = 1'"'"-'° • 2"-i 
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<X3m = m + 1mm — 1, m^ , m^ 

— Ai/c/c 1 ^ /c hj " 1 ^ /l k 1 

® (m - fc + 1)(to - fc)(m - /c), (m - fc)^(m - fc + 1), (m - A:)^(m - + 1) 

— hj ~\~ 1 /l 1 ^ ^ k 

®{m-k + 1)(to - fc)(m - /c - 1), (to - /c)^, (m - fe)^ 
= 2(/^ + lfcfc-l,fc^fc^) 

© (to - 2fc - 1)(to - 2A:)(to - 2fc + 1), (to - 2fc)^, (m - 2fc)^ 
"sm = asfc-i ffi a3(m-/c)+i :9 (fc = l,...,TO) 

= aafc e a3(,„_fc) :1 (A: = 1, . . . , m - 1) 

= 2Q;3fc © Q;3(„j_2fc) :1 (A: = 1, . . . , m - 1) 

dsm- 1 = mmm — 1 , mmm — 1 , mmm — 1 
= /sA: - Ifc - 1, fcfc - Ifc - 1, fcfc - U- - 1 

© (to — fc)(7Ti — /c + l)(m — /c), (m — k)(rn — k + 1)(to — A:), • • • 

— /c ~|~ 1 1 ^ 7 A^ 

© (to — k — 1)(to — A;)(to — A:), (m — A;)(m — A;)(to — fc — 1), • • • 
= 2{kkk- l,kkk-l,kkk~ 1) 



© (to - 2A;)(m - 2fc)(m - 2A; + 1), (m - 2A:)(to - 


2A;)(to 


- 2A; 


+ 1), 






asm-i = a3fe-2(= A:, A; - 1, A; - 1; • • • ) © Q!3(™_fc)+i 


: 4 


(fc = 


1,... 


m) 




= 0!3k © a3(m-fe)-l 


: 6 


(fc = 


1,... 


TO — 


1) 


= 2a3fc-i © a3(„i_2fc)+i 


: 1 


(fc = 


1,... 


TO — 


1) 


«3m-2 = JTITO — Ito — 1, TOTO — Ito — 1, TOTO — Ito — 


1 











— Jvkk 1^ kkk 1^ kkk 1 

© (to — A;)(to — fc — 1)(to — fc), (m — fc)(m — fc — 1)(to — fc), • • • 
^ fc Ifcfc 1, fc , fc 

© (to — fc — 1)(to — fc — 1)(to — fc), (to — fc)(TO — fc — 1)(to — fc — 1), • • • 
= 2(fcfc - Ifc - 1, fcfc - Ifc - 1, fcfc - Ifc - 1) 

© (to - 2fc)(m - 2fc + 1)(to - 2fc + 1), (to - 2fc)(m - 2fc + 1)(to - 2fc + 1), • • • 

Q!3m-2 = a3fc-l(== - - 1; ■ ■ • ) ® "3(rn-fc)-l :4 (fc 1 , . . . , TO - 1 ) 

= a3fc © a3(™_fe)_2 :6 (fc = 1, . . . , to - 1) 

= 2a3fc_2 © a3(„_2fc)+2 : 1 (fc = 1, • . • , to - 1) 

The analysis of the other minimal series 



Pirn, 2 


= (2to + 1)(2to- l),m'^,m'^ 


/34,2 


= i/4 


/?4m,4 


= {2mf, to"*, (to + l)m2(m - 1) 


/34,4 




Pim±l 


= (2TO)(2m ± 1), (to ± l)m^, (to ± 1)to^ 




= Cs, /33 = 




= (2to + 1)^, (to + 1)^TO^, (m + 1)^TO^ 






76m, 2 


= (3to + 1)(3to-1),(2to)3,to^ 


76,2 


- i?6 = ^6 


76m, 3 


= (3to)2, (2to + l)(2m)(2TO - 1), m^ 


76,3 


^EOq 


76m., 6 


= {imf, (2m)3, (to + l)m'*(m - 1) 






76m.±l 


= (3TO)(3m ± 1), (2to)2(2to ± 1), m'^(m ± 1) 


75 


= EOz 
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76m±2 = (3m± 1)(3to± 1), {2m){2m±lf,m'^{m±lf 74 = £^04 
76m+3 = (3to + 2)(3m + 1), (2m + l)^ (m + ifm^ 73 = iJs 

and general Pp+i^„ will be left to the reader as an exercise. 

15.9.15. Relation between series. We have studied the following sets of families of 
spectral types of Fuchsian differential equations which are closed under the irre- 
ducible subquotients in the Grotliendicck group. 



{Hn} 
{Pn} 

{An = EOn} 
{ B,i , C„ , Hn } 
{Cri7 

{Dn, En, Hn} 
{Em G2m, Hn} 
{/„, Hn} 
{Jm Hn} 
{Kn, Pn} 

771+ 1; ^7li Pn} 

{Mn, Pn} 
{Nn, M„, Pn} 
{Pi.n = 6n} 
{Otn} 

Yokoyama classified m 



hypcrgeomctric family) 
Jordan-Pochhammer series) 
even/odd family) 
3 singular points) 
3 singular points) 
3 singular points) 

3 singular points) 

4 singular points) 
4 singular points) 
[^^^] singular points) 
m + 2 singular points) 
[^^^] singular points) 
[^^] singular points) 
4 effective parameters) 

6 effective parameters and 3 singular points) 
o<j<p <= Pp+i such that 

l<i/<r( j 



3 {M2m+l, Pn} 
3 {7V2m+l, Mn. Pn} 



(15.47) m is irreducibly realizable, 

(15.48) TOo.i + ■ ■ ■ + JTip-i i = (p — 1) ord m (m is of Okubo type), 

(15.49) mj> = 1 (0<j<p-l, 2<i/< rij). 



The tuple m satisfying the above conditions is in the following list given by [Yo 
Theorem 2] (cf. @). 



Yokoyama 


type 


order 


P+1 


tuple of partitions 


In 


Hn 


n 


3 


l",n - 11, 1" 




Pn 


n 


n+1 


n — 11, n — ll,...,7i — 11 




B2n 


2n 


3 


Til", nl", nn — 11 


n; 


hn 


2n 


4 


nl",n + ll""\2n- 11, nn 


ni„ 


B2n+1 


2n + l 


3 


nl"+\n + ll",nnl 


III* 


hn+l 


2n + l 


4 


n + 11", n + 11", (2n)l, n + In 


IV 


Ee 


6 


3 


21111,411,222 


IV* 




6 


4 


411,411,411,42 



15.10. Appell's hypergeometric functions. First we recall the Appell hyper- 
geometric functions. 



(15.50) 



m,n— 
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(15^51) Y ; .) ^ f '■'^!^j!!2' '-y''- 

m,n— V ' / 

(15.52) F3(a,a';/3,/3';7;x,2/)= £ i^hi^^M^^pi^r^yU ^ 

m,n— I jm-\-n 

(15.53) F4(a;/3;7,7';-,2/)= £ ""^" x";/". 
They satisfy the following equations 

(15.54) (^{i9,+i9y + a){d,+P)-d^{d,+Aj+l-l))Fi=0, 

(15.55) ((i?, +79^, + a)(79, + /3) - 9,(7?, + 7 - 1)) ^^2 = 0, 

(15.56) ((i9, + a)(z?, + /?) - 9,(z?, +i}y + j- 1))f3 = 0, 

(15.57) ((z?, + + a)(^?, + + /3) - 9,(79, + 7 - 1))f4 = 0. 

Similar equations hold under the symmetry x ^ y with (a,/3,7) o (a',/3',7'). 

15.10.1. Appell's Fi. First we examine F^. Put 

u{x,y):= f e{l~tf{y~ty-^{x^t)^-^dt (t ^ xs) 








1 

a;"+^+is"(l - xs)''(y - xsy-^{l - s)^-'^ds 

s"(l - s)^-i(l - xs)^(i - ^s)^"'^^, 
"(a;-l)'^(x-y)'^-^ 



a; 



Since the left ideal of M^[a::, y] is not necessarily generated by a single element, we 
want to have good generators of RAd(9~^) o RAd{hx){W[x, y]dx + W[x, y]dy) and 
we have 

P := Ad{K)dx = 9, - - - - 

X x — I X — y 

x-y 

Px 

R := xP + yQ ^ xdx + ydy - (a + 7 - 1) -, 

X — 1 

S := a,(.T - l)R = (i9, + +^y-a- I3--1+1)- d,{d, + ^y - a - j + 1) 

+ 1)(?9, +§y-a~ P~-i-X + l)- d4dx +i9„-a-7-A + l) 

with 

a = —a — /3 — 7 — A+1, 6=1 — A, c = 2 — a — 7 — A. 



This calculation shows the equation Tu{x, y) = and we have a similar equation by 
changing (a;, y, 7, A) H> {y, x, A, 7). Note that TFi{a; b, b'; c; x,y) ~ with b' = 1 — 7. 
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Putting 

»1 







we have 

u{x,y) = y'^^'^v{x, i), 



y 

oo 



m\n\ 



V{X,Z)^ y + + + - 7)» ^a+7+^+„_„ 

' T(a + /i + m + ?^ + l)m!n! 

m,n— 

= + 1; 1 - 7; a + M + 1; 2:, xz). 

Using a versal addition to get the Kummer equation, we introduce the functions 



v,ix,y):= / e{l-ct)^(y-ty-\x-t)^-\ 
Jo 

hc,x := x"{l - cx)~{x - y)''~^. 



Then we have 

px 



R Ad(/ie,x)('?x + i^y) =i}x+Aj-ia + l-l) + Y 
S d^{l - cx)R 

= [d,, + 1) (/3 - c{d., +dy-a--i + l))+d.,{d.,+'dy^a--i + 1), 
T := kd{d-^)R 

= - A + l)(/3 - c(i?, + - A - a - 7 + 1)) + +i9j,-A-a-7 + l) 

and hence Uc{x,y) satisfies the differential equation 

— cx)d^ + y(l — cx)dxdy 
+ (2-a-7-A+(/3 + A- 2 + c(a + 7 + A- l))^)^:^ + (A - l)^;, 
- (A - 1)(^ + c(a + 7 + A - = 0. 

15.10.2. AppeU's F4. To examine F4 we consider the function 

w(x,y) ~ / s^H^^{st~ s-t)^^{l- sx-ty)^'dsdt 
J A 

and the transformation 

(15.58) J^{u){x):= I u{ti,...,tn){l-tixi i„x„)'^dti • • • dt„ 



A 
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for function u{xi, . . . , u„). For example the region A is given by 

v{x,y)= / s^H^^{st- s-t)^^l- sx-ty)''dsdt. 

Js<0, t<0 



Putting si-^-s ^, 1 1-^ t ^ and + \y\ < c < ^, Aomoto [Ao] shows 



(15.59) 



2 



r(7)r(7')r(a-7-7' + 2) 
which follows from the integral formula 



(2niy 



/ ... nc^ 'dt,...dt. 

J TT- — CK32 J TT- — OO'i -_i -_i 



(15.60) 



j=i j=i 



n:^^r(a,) 

Since 

j,^(i.) = jrHu) - ^x,jr'(^.«) 

and 

J-(«(t)(l-^t.x.)'^) 

'^"-(i)(l - ^t^x^)^ - /^u(i)x,(l - ^ Ux^T-\ 



dti 



we have 



j,^(a.^.)(x) = /.x,jr'(")(x) 

/d 



J^(9i(xiu)) = -x.d^J^iu), 
J^{d,u) ^ ^ix,J^-\u) 



^iXiJt^iu) + ^iXi^XyJ^ '^{x^u) 
fix,J^{u)+x,Y.J!:{dA^,'U)) 
fj.XiJ!^{u) - XiY^x^dyJ^{u) 



and therefore 



(15.61) J^{xAu) = (-1 - x,di)J^{u), 

(15.62) J^(9,u) =x,(/i-Ex.a.)J^(u). 
Thus we have 

Proposition 15.1. For a differential operator 

(15.63) c„,^5r...5;j"< •••<", 

Q=(Q!l,...,a„)6Z>Q 
/3=(/3i,...,/3„)eZ5o 
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we have 

Jii{Pu{x))^J^i{P)J^i{u{x)), 

^''■''^ j'AP) ■■ - E n (-'^(M - E ^^)r n {-^^ - 

a, 13 k=l iy=l k=l 



Using this proposition, we obtain the system of differential equations satisfied by 
Jx{u) from that satisfied by u{x). De not ing the Laplace transform of the variable 
X = (xi, . . . , Xn) by Ijx (cf. Definition 2.1), we have 

n 

(15.65) J^L-\d,) = d,, JiL-\xi) = E^-)- 

v=l 

We have 



a; xy ~ X — y 

Ad{x^^y^^ {xy^x- yf^)dy = 9, - ^ - Ai^^, 

yxy — X — y 

Ad{x^'y''^{xy-x-yf'){x{x-l)d,) 

= x{x - 1)9, - Ai(a; - 1) - 

xy — X — y 

Ad{x^'y^^xy ~x~ y)^'){x{x - 1)9, - ydy) 

= x(x - 1)9, - ydy - Ai(a; - 1) - A2 - Xsi^ - 1) 
= xz?, - i9, - i9^y - (Ai + X3)x + X1-X2 + A3, 
9, Ad(x^i2/^Hxy - X - 2/)^-^)(x(x ~ 1)9, - ydy) 

= 9,x(i?, - Ai - A3) - 9,(??, + 'dy - Xi + X2 - A3) 

and 

J,^,y(9,rE(79, - Ai - A3) - 9,(^9, + - Ai + A2 - A3)) 

= + I?, + Ai + A3) - x{-ij + ??, + 'i9y)(2 + z?, + + Ai - A2 + A3). 
Putting 

r := (z?, + tJj, - //)(i9, + + Ai - A2 + A3 + 2) - 9,(7?, + Ai + A3 + 1) 

with 

a^-fi, /? = Ai - A2 + A3 + 2, 7 = Ai+A3 + 2, 

we have Tv{x,y) = and moreover it satisfies a similar equation by replacing 
(x, ?/, Ai, A3, 7) by (y, a;, A3, Ai, 7'). Hence v{x,y) is a solution of the system of 
differential equations satisfied by F^ia] /?; 7, 7'; a;, y). 
In the same way we have 

Ad(x^-i/'-i(l - X - yV-f'-P'-')dx = - /3 + 1 + il-P-P'-^)^ ^ 
^ ' 1 — X — y 

Ad(x^-i/'-i(l -X- y)^-''-^'-i)(^, - + dy)) 

(15.67) = 79, - x(i9, + s9y) - /3 + 1 + (7 - 3)x 

= (79,-/? + l)-x(i9,+79j,-7 + 3), 

<y(5a^(^x - /3 + 1) - 9,x(i9, + *y - 7 + 3)) 

= a;(-i?, - dy + Ai)(-z?, - /?) + t9,(-2 - t?, - - 7 + 3) 

= x((i?, + - m)(^5, + /?) - 9,(i9, + + 7 - 1)) • 
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which is a differential operator kilhng -^1(0!; /3, /?'; 7; cc, y) by putting fi —a and in 
fact we have 

/ ^>o t>o ^^"^^'''"^(1 - « - - sa; - ty)-"dsdt 

Y s0+^-HP'+^-Ui - s - ty-P-P'-^^^hit+i^^^ds dt 

^ ' m\n\ 



s>a. t>o 

l-s-t>0 ™, n=0 



E 



r(/3 + m)r(/3' + n)r(7 - /3 - /?') (a)™+„ „ „ 



r(7 + m + n) m!n! 

m, n— 



r(7) 

Here we use the formula 



.x.-ux.-m „ .^A.,-l.„.._^(Al)^(A2)^(A3) 



(15.68) // s^'-H^-'-'(l - s - tV'-'dsdt = 

Jj^-°'%n rAi+A2 + A3 

15.10.3. Appell's F3. Since 

T3 J-"'a;-ij-"(a,(^?, - /3 + 1) - + *y - 7 + 3)) 

= {-d. + a){d^ d^{d^ +'dy + -t-l) 



with ( 15.67 ), the operator kills the function 

gP-itP'-\l - s - t)^-l^-^'-\l - xs)-"(l - yty'dsdt 



s' 

s>0, t>0 
1-s-OO 



= // y (1 - s - ty~P'P'-^ (t^)n,(«')na;'"y" 



l-s-t>0 m, n=0 

00 

E 



r(/3 + m)r(/3' + n)r(7-/3-/3')(aW«% ™ „ 

X y 



r(7 + m + n)m!n! 

m, n— ^ ^ 

r(/3)r(/3')r(7 -/?-/?') 



r(7) 

Moreover since 



-F3(Q;,a';/3,/3';7;a;,y). 



Ad(a-^) Ad(a-^')((t9, + 1)(79, - Ai - A3) - a,(t?, +^y-\i + \2- A3)) 
= (t?^ + 1 - ^)(i?^ - Ai - A3 - /i) - a^(?9:. + - Ai + A2 - A3 - M - m') 



with (15.66) and 

a = -Ai - A3 - /?==1-^, 7 = -Ai + A2 - A3 - ^ - + 1, 
the function 

(15.69) U3{x,y):^ / s^ii^^(st - s - t)^^(a; - s)^"^(y - t)^ ^^dsdi 



satisfies r3U3(x, y) = 0. Hence ^3(0;, y) is a solution of the system of the equations 
that F3(a, a'; /3, /3'; 7; X, y) satisfies. 
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and 



15.10.4. Appell's F2. Since 

= a,x(l - x)d, - (Ai - 1)9, + 9,(Ai + A2 - 2)x 
= d,xi-^^ + Ai + A2 - 2) + 9,(79 - Ai + 1) 

T2 -.^J^JdM-^x + Ai + A2 - 2) + 9,(t9, - Ai + 1)) 

= -M^x + 1 + Ai + As - 2) + ^y)i-l - - Ai + 1) 

= a;((79, + Ai)(i9, + ,9^, - m) - 9,(7?, + Ai + A2 - 1)) 
a = -^, /3 = Ai, 7 = ^1+^2, 



with 
the function 



(1-.) 



{l-ty-^-'{l-xs-yt)^'ds dt 



•''^ m.n=0 



mini 



E 



r(Ai +m)r(A2) r(A'i +n)r(A^) i^^iU+n ^^ „ 
^ r(Ai + A2 + m) r(A'i + a;, + m) win! ^ ^ 



E 



(Ai),„(A'i)„(-/x) 



_ r(Ai)r(A2)r(A;)r(A'2) 

r(Ai + A2)r(A; + A^) ^^^^ (Ai + A2),„(Ai + A;,)„m!n! 

is a solution of the equation T2U = that -^2(0;; /3, /?'; 7, 7'; x, y) satisfies. 

Note that the operator T3 transformed from Tg by the coordinate transformation 

ix,y)^ ih-^) equals 

fg = + a)(-79, + /3) - x(-i?,)(-79, - Ay + 7 - 1) 

= (^?. - - /?) - X79,(79, + 79y - 7 + 1) 

and the operator 

Ad{x-"y-"')f3 = M^^ + a~l3)- x{d^ + a)(t9, + i9.y + a + a' - 7 + 1) 

together with the operator obtained by the transpositions x -(-)■ a -s-)- a' and 
/3 O /3' defines the system of the equations satisfied by the functions 

J i^2(a + q;' — 7 + 1; a, a'; a — /3 + 1, a' — /?' + 1; x, y), 



(15.70) 



^x-" y-"F3(a,a';/3,/3';7;i,i), 



which also follows from the integral representation (15.69) with the transformation 
(x,2/,5,t)^(i i,i,i). 

15.11. Okubo and Risa/Asir. Most of our results in this paper are constructible 
and they can be explicitly calculated and implemented in computer programs. 

The computer program okubo |08| written by the author handles combinatorial 
calculations in this paper related to tuples of partitions. It generates basic tu- 
ples (cf. j jlS.l ) and rigid tuples (cf. §15.2), calculates the reductions originated by 
Katz and Yokoyama, the position of accessory parameters in the universal operator 
(cf. Theorem 3.13 iv)) and direct decompositions etc. 

The author presented Theorem 14.6 in the case when p = 3 as a conjecture 
in the fall of 2007, which was proved in May in 2008 by a completely different 
way from the proof given in §14.1, which is a generalization of the original proof 
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of Gauss's summation formula of the hypergeometric series explained in §14.3. 
The original proof of Theorem 14.6 in the case when p = 3 was reduced to the 
combinatorial equality (14.16). The author verified ( 14.16| ) by okubo and got the 
concrete connection coefficients for the rigid tuples m satisfying ordm < 40. Under 
these conditions (ordm < 40, p = 3, mo^no — fni.ni = 1) there arc 4.111,704 
independent connection coefficients modulo obvious symmetries and it took about 
one day to got all of them by a personal computer with okubo. 

Several operations on differential operators such as additions and middle convo- 
lutions defined in can be calculated by a computer algebra and the author wrote 
a program for their results under Risa/Asir, which gives a reduction procedure of 



the operators (cf. Deffiiition 7.11), integral representations and series expansions of 
the solutions (cf. Theorem 10.1), connection formulas (cf. Theorem 14.5), differen- 



tial operat ors (cf. Theorem |8.13| iv)), the condit ion o f their reducibility (cf. Corol- 
lary 12.12 i)), recurrence r elatio ns (cf. Theorem 13.3 ii)) etc. for any given spectral 
type or Ricmann scheme ( 1.10 ) and displays the results using T^K.. This program 
for Risa/Asir written by the author contains many useful functions calculating ra- 
tional functions, Weyl algebra and matrices. These programs can be obtained from 

http : // www . math . kobe-u .ac.jp/ Asir/ asir . html 

f tp : // akagi .ms .u-tokyo . ac . jp/pub/math/muldif 

ftp: / / akagi .ms .u-tokyo . ac . jp/pub/math/ okubo. 



16. Further problems 

16.1. Multiplicities of spectral parameters. Suppose a Fuchsian differential 
equation and its middle convolution are given. Then we can analyze the corre- 
sponding transformation of a global structure of its local solution associated with 
an eigenvalue of the monodromy generator at a singular point if the eigenvalue is 
free of multiplicity. 

When the multiplicity of the eigenvalue is larg er th an one, we have not a satis- 
factory result for the transformation (cf. Th eorem 14. 5| ). The value of a generalized 
connection coe fficient defined by Definition 14.17 may be interesting. Is the proce- 
dure in Remar k |l4.19| always v alid? In particular, is there a general result assuring 
Remark 14.19 (1) (cf. Remark 14.23 )? Arc the multiplicities of zeros of the gener- 
alized connection coefficients of a rigid Fuchsian differential equation free? 

16.2. Schlesinger canonical form. Can we define a natural universal Fuchsian 
system of Schlesinger canonical form (2.74) with a given realizable spectral type? 
Here we recall Example 11.2 . 

Let Prn be the universal operator in Theorem B.13. Is there a natural system of 



Schlesinger canonical form which is isomorphic to the equation PmU = together 
with the explicit correspondence between them? 



16.3. Apparent singularities. Katz |Kz] proved that any irreducible rigid local 
system is constructed from the trivial system by successive applications of middle 
convolutions and additions and it is proved in this paper that the system is realized 
by a single differential equation without an apparent singularity. 

In general, an irreducible local system cannot be realized by a single differential 
equation without an apparent singularity but it is realized by that with apparent 
singularities. Hence it is expected that there exist some natural operations of 
single differential equations with apparent singularities which correspond to middle 
convolutions of local systems or systems of Schlesinger canonical form. 

The Fuchsian ordinary differential equation satisfied by an important special 
function often hasn't an apparent singularity even if the spectral type of the equa- 
tion is not rigid. Can we understand the condition that a iy(a:;)-module has a 
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generator so that it satisfies a differential equation without an apparent singular- 
ity? Moreover it may be interesting to study the existing of contiguous relations 
among differential equations with fundamental spectral types which have no appar- 
ent singularity. 

16.4. Irregular singularities. Our fractional operations defined in §^ give trans- 
formations of ordinary differential operators with polynomial coefficients, which 
have irregular singularities in general. The reduction of ordinary differential equa- 
tions under these operations is a problem to be studied. Note that versal additions 
and middle convolutions construct such differential operators from the trivial equa- 
tion. 

A similar result as in this paper is obtained for certain classes of ordinary differ- 
ential equations with irregular singularities (cf. pl^). 

A "versal" path of integral in an integral representation of the solution and 
a "versal" connection coefficient and Stokes multiplier should be studied. Here 
"versal" means a natural expression corresponding to the versal addition. 

We define a complete model with a given spectral type as follows. For sim- 
plicity we consider differential operators without singularities at the origin. For a 
realizable irreducible tuple of partitions m = {nij^^^ o<j<p of a positive integer n 



Theorem 8.13 constructs the universal differential operator 



(16.1) = - ^.^)" • x:^ + E «^(^' ^' ^' 9):^ 



dx^ ^ ' ' ' dx'' 

j=l k=o 



with the Ricmann scheme 



j_ ... j_ 



X = OO 

['^O,l](mo.l) [•^l,l](rni,i) I'^P.l] (mp,l ) 



and the Fuchs relation 

P "j . , 

X ^ X ^ idx m 

2^ 2^ TOi,i^Aj> = n —. 

j=Q u=l 

Here c = (co,...,Cp), A = (Aj>) and g — {gi, . . . ^g^) are parameters. We have 
CiCj{ci — Cj) 7^ for < i < j < p. The parameters gj are called accessory 
parameters and we have idx m = 2 — 2N . We call the Zariski closure Pm of Pm in 
W[x] the complete model of differential operators with the spectral type m, whose 
dimension equals p + X]j=o + N — 1. It is an interesting problem to analyze the 
complete model P^- 

When m = 11,11,11, the complete model equals 

(1 - cixf{l - C2xY^ - (1 - cix){l - C2x){aisx + ais))-^ + ao,2X^ + a^^ix + ao,o, 

whose dimension equals 7. Any differential equation defined by the operator belong- 
ing to this complete model is transformed into a Gauss hypergeometric equation, 
a Kummer equation, an Hermitc equation or an airy equation by a suitable gauge 
transformation and a coordinate transformation. A good understanding together 
with a certain completion of our operators is required even in this fundamental 
example. It is needless to say that the good understanding is important in the case 
when m is fundamental. 
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16.5. Special parameters. Let Pm be the universal operator of the form ( 16.1 ) for 
an irreducible tuple of partition m. When a decomposition m = m' + m" with real- 
izable tuples of partitions m' and m" is given, Theorem |6.19 gives the values of the 



parameters of Pm corresponding to the product Pm>Pm" ■ A W{x, ^)-automorphism 
of PmU ~ gives a transformation of the parameters {X,g), which is a contiguous 
relation and called Schlesinger transformation in the case of systems of Schlesinger 
canonical form. How can we describe the values of the parameters obtained in this 
way and characterize their position in all the values of the parameters when the 
universal operator is reducible? In general, they are not all even in a rigid differen- 
tial equation. A direct decomposition 32, 32, 32, 32 = 12, 12 12, 12® 2(10, 10, 10, 10) 
of a rigid tuples 32, 32, 32, 32 gives this example (cf. ( |12.65| )). 

Analyse the reducible differential equation with an irreducibly realizable spectral 
type. This is interesting even when m is a rigid tuple. For example, describe the 
monodromy of its solutions. 

Describe the characteristic exponents of the generalized Riemann scheme with 
an irreducibly realizable spectral type such that there exists a differential operator 
with the Riemann scheme which is outside the universal operator (cf. Example |7.5| 



and Remark B.15). In particular, when the spectral type is not fundamental nor 
simply reducible, does there exist such a differential operator? 

The classification of rigid and simply reducible spectral types coincides with 



that of indecomposable objects described in [ MWZ , Theorem 2.4]. Is there some 
meaning in this coincidence? 



Has the condition ( B.2S ) a similar meaning in the case of Schlesinger canonical 
form? What is the condition on the local system or a (single) Fuchsian differential 
equation which has a realization of a system of Schlesinger canonical form? 

Give the condition so that the monodromy group is finite. Give the condition so 
that the centralizer of the monodromy is the set of scalar multiplications. 

Suppose m is fundamental. Study the condition so that the connection coeffi- 



cients is a quotient of the products of gamma functions as in Theorem 14.6 or the 



solution has an integral representation only by using elementary functions. 

16.6. Shi ft op erators. Calculate the polynomi al func tion Cm(e; A) of A defined in 
Theorem [l3^ . Is it square free? See Conjecture |13.12|. 



Is the shift operator Rin{£,X) Fuchsian? 



Study the shift operators given in Theorem 13.7, 

Study the condition on the characteristic exponents and accessory parameters 
assuring the existence of a shift operator for a Fuchsian differential operator with 
a fundamental spectral type. 

Study the shift operator or Schlesinger transformation of a system of Schlesinger 
canonical form with a fundamental spectral type. When is it not defined or when 
is it not bijective? 

16.7. Several variables. We have analyzed Appell hypergeometric equations in 



§15.10. What should be the geometric structure of singularities of more general 
system of equations when it has a good theory? 

Describe or define operations of differential operators that are fundamental to 
analyze good systems of differential equations. 

A series expansion of a local solution of a rigid ordinal differential equation 
indicates that it may be natural to think that the solution is a restriction of a 



solut ion of a sys tem of differential equations with several variables (cf. Theorem 10.1 



and § 15.3 - 15.4 ). Study the system. 



16.8. Other problems. 
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For a rigid decomposition m = m' m", can we determine whether am' S 
A(m) or am" G A(m) (cf. Proposition |9.9| iv))? 

Are there analyzable series £ of rigid tuples of partitions different from the 
series given in § 15. 9[ ? Namely, C C V, the elements of C are rigid, the 



number of isomorphic classes of £ n P'"-* arc bounded for n e Z>o and the 
following condition is valid. 

Let m = km' + m" with k e Z>o and rigid tuples of partitions m, m' 
and m". If m G £, then m' E C and m" e C. Moreover for any m" e C, 
this decomposition m = km' + m" exists with m E C, m' G £ and k E Z>o. 
Furthermore £ is indecomposable. Namely, if £ = £' U £" so that £' and 
£" satisfy these conditions, then £' ~ £ or £" = £. 

Characterize the ring of automorphisms and that of endomorphisms of the 
localized Weyl algebra W{x). 

In general, different procedures of the reduction of the universal operator 
PmU = give different i ntegr al represe ntati ons and series expansi ons o f 



its solution (cf. Example 10.2 , Remark 10.3 and the last part of § 15.3 ) 
Analyze the difference. 

17. Appendix 

In this section we give a theorem which is proved by K. Nuida. The author 
greatly thanks to K. Nuida for allowing the author to put the theorem with its 
proof in this section. 

Let {W, S) be a Coxeter system. Namely, is a group with the set S of gen- 
erators and under the notation S = {si ; i E I}, the fundamental relations among 
the generators are 

(17.1) ~ {siSj)™''^ ~ e and m^.j — mj^i for Vi, j, k E I satisfying i ^ j. 

Here m,;.j E {2, 3, 4, . . .} U {oo} and the condition m^.j = oo means (siSj)"^ =/= e for 
any m E Z>o. Let £' be a real vector space with the basis set 11 = {a^ ; i E 1} and 
define a symmetric bilinear form ( | ) on by 

7r 

(17.2) (a,;|ai) = 2 and (aila,) = — 2 cos . 

Then the Coxeter group W is naturally identified with the reflection group gen- 
erated by the reflections s^- with respect to a.i {i E I). The set An of the 
roots of (W, S) equals WH, which is a disjoint union of the set of positive roots 
Aj!j := An n '^aen^>o'^ ^^'^ set of negative roots Ajj := — Aj![. For w E W 
the length L{w) is the minimal number k with the expression w ~ SiiSj^ • • • Sj^_ 
{ii, . . . ,ik E I). Defining An(w) := Aj!j n w~^A^, we have L{w) = #An(w). 
Fix /3 and /3' E An and put 

(17.3) Wl^, -.^{weW; P' = wf3} and W^'' := . 

Theorem 17.1 (K. Nuida). Retain the notation above. Suppose W^, ^ and 
there exist no sequence Si-^ , Si^, . . . Si^, of elements of S such that 
'fc > 3, 

Sj, 7^ Sj'„ (1 < 1/ < i/' < fc), 

'^^^ ^h-ik '^^'^ '"^^ integers {I < v < fc'). 
Then an element w E W^, is uniquely determined by the condition 
(17.5) L{w) < L{v) (Vw E W^,). 

Proof. Put A^ := {7 E Aj!j ; (/?|7) = 0}. First note that the following lemma. 



(17.4) 
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Lemma 17.2. If w e W/^, satisfies ( |17.5| ), then wA^ C A^. 



In fact, if w e Wp, satisfies ( |17.5[ ) and there exists 7 € Afj satisfying G 



Ajj, then there exists j for a minimal expression w 



and contradicts to (17.5) 



7 = ai- , which implies WS, 9 v 



ws^ 



such that 



It follows from [Br| that the assumption (17.4) implies that is generated by 



{s^, ; 7 e A^}. Putting = A(^\{ri7i +r272 G A^ ; 72 <^ M71, 7j e A^ and > 
for j = 1, 2} and 5'^ = {s-, ; 7 € 11''}, the pair {W/^, S*^) is a Coxeter system and 
moreover the minimal length of the expression of w G by the product of the 
elements of 5'^ equals #(A^ Dw-^A^) (cf. Theorem 2.3]). 

Suppose there exist two elements wi and W2 € Wi^, satisfying L{uij) < L{v) 
for any v G and j = 1, 2. Since e 7^ Wj^^W2 € W'^, there exists 7 G A^ 



W27 G A^, Lemma 17.2 



such that Wi W2"f G Ajj. Since — 
wi(— wj~^?ii27) G Aj'j, which contradicts to Lemma 17.2 

The above proof shows the following corollary. 



-1027 



□ 



Corollary 17.3. Retain the assumption in Theorem 17.1. For an element w G 
Wp,, the condition (17.5) is equivalent to wA^ C A^. 



Let w G W^, satisfying (17.5). Then 



(17.6) 

[Ao] 
[AK] 

[BH] 

[Br] 

[CB] 

[DR] 

[DR2] 

[Dix] 
[EMO] 

[Ge] 

[Gl] 

[Ha] 

[HF] 

[HY] 

[HO] 

[Hi] 

[Kc] 
[Kz] 



W^, = w{s^ ; ^ 0, 7e A+). 
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